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Massive amounts of data collected by modern information systems give
rise to new challenges in the fields of signal processing, machine learning, and
data analysis. In contemporary large-scale datasets, there are often hidden
low-dimensional structures either in the form of parsimonious representations
that best fit the data or the desired unknown information itself. Identify-
ing parsimonious representations and exploiting underlying structural con-
straints lead to improved inference. Furthermore, these large-scale datasets
are distributed among a network of resource-constrained systems capable of
exchanging information. Hence, designing accelerated and communication ef-
ficient learning and inference algorithms is of critical importance. In the first
part of this dissertation, we first study the setting where the unknown pa-

rameter of interest has hidden sparsity structures. The task of reconstructing

v



the sparse parameter can be formulated as an {y-constrained least square prob-
lem. Motivated by the need for fast and accurate sparse recovery in large-scale
setting, we propose two efficient sparse reconstruction and support selection
algorithms and analyze their reconstruction performance in a variety of set-
tings. Next, we consider applications of the proposed algorithms in structured
data clustering problems where the high-dimensional data is a collection of
points lying on a union of low-dimensional and evolving subspaces. By ex-
ploiting sparsity to model the low-dimensional union-of-subspaces structure of
the data as well as its underlying evolutionary structure, we propose a novel
evolutionary subspace clustering framework and demonstrate its successful
deployment in computer vision and oceanography applications. In the second
part of this dissertation, we consider observation selection and information
gathering algorithms in communication-constrained networked systems where
we study structural properties of observation selection criteria, design efficient
greedy algorithms, and analyze their performance by leveraging the frame-
work of weak submodular optimization. In the final part of this dissertation,
we study the task of learning parameters of a machine learning model in a
collaborative manner over a communication-constrained network, and design
an efficient communication compressing optimization algorithm that reduces
the amount of communication in the network while achieving a near optimal

converge rate for general nonconvex learning tasks.
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Chapter 1

Introduction

1.1 Motivation

In recent years, data-driven approaches have become immensely pop-
ular in science and engineering due to their successes in a wide variety of
applications. The enabling factor for success of modern data-driven systems
is the ability to learn efficient algorithms from massive amounts of large-scale
data. Such large-scale and high-dimensional datasets have certain structures
and properties, including: (i) hidden low-dimensional structures in the form of
parsimonious representations that best fit the data, and (ii) being distributed
across a network of resource-constrained systems capable of exchanging infor-
mation. Identifying and exploiting these underlying relational and structural
constraints will not only enable us to improve performance of current data-
driven approaches, but also will help us achieve deeper understanding of how
and when the designed learning schemes succeed. In this dissertation, we aim
to contribute to solving these fundamental challenges by improving the com-
putational efficiency of finding solutions to several large-scale inference and

learning problems.

While structured and distributed inference and learning tasks are well-



studied in a wide range of scenarios, large-scale problems dealing with mas-
sive amounts of high-dimensional data still present numerous challenges. For
instance, for sparse regression and support selection tasks where the data
often contains hidden low-dimensional structures, existing algorithms entail
a computational cost that is linear in the number of variables representing
the features of the underlying problem. Furthermore, ever-increasing size of
the models in distributed and collaborative learning tasks poses communi-
cation burdens on existing schemes that rely on exact (full) communication
among the participating agents in the network. Motivated by these observa-
tions and challenges, in this dissertation we focus on the design and analysis
of efficient algorithms for structured regression and clustering tasks as well
as communication-efficient optimization and information-sharing schemes for

collaborative learning problems.

1.2 Research Topics

The first part of this dissertation presents our work on the development
and analysis of efficient algorithms for identifying low-dimensional structures
for improved performance in regression and clustering. First, we consider the
task of large-scale sparse reconstruction and support selection where the goal
is the recover an unknown sparse signal from few linear measurements of its
coordinates. Specifically, this involves solving a least-squares regression prob-
lem where the number of non-zero entries in the unknown vector is constrained

by a given upper bound. This task is encountered in a number of settings in



machine learning and signal processing including sparse linear regression [7],
compressed sensing [8], image processing [9], subspace clustering [3], column
subset selection [10], and group testing [11]. In each of these applications, ex-
ploiting the information about sparsity of the unknown variable enables finding
a near optimal solution in a faster and more accurate fashion. In this part of
the dissertation, we present two efficient greedy algorithms and theoretical
analyze their reconstruction performance. In doing so, we show that the pro-
posed schemes are able to reconstruct the unknown sparse vector exactly with
high probability from a few random linear measurements. We further show
that the proposed schemes achieve the information theoretic lower bound on
sample complexity of this problem while requiring lower computational costs
compared to existing schemes. The proposed schemes have been applied to a
structured clustering and dimensionality reduction tasks in signal processing

and machine learning.

In the next part of this dissertation, our focus is on development of
efficient low-dimensional representation learning schemes for the problem of
structured clustering of temporally evolving datasets. Specifically, we consider
problems where the data can be thought of as being a collection of points lying
on a union of low-dimensional and evolving subspaces. Such tasks are encoun-
tered in many applications including motion segmentation and face clustering
in computer vision [12,|13|, image representation and compression in image
clustering [14}|15], robust principal component analysis (PCA), and robust

subspace recovery and tracking [16-20|. Exploiting the temporal behavior of



the data as well as the underlying low-dimensional subspace structure pro-
vides more informative description and enables improved clustering accuracy.
To this end, we provide a mathematical formulation of evolutionary subspace
clustering and introduce the convex evolutionary self-expressive model, an op-
timization framework that exploits the self-expressiveness property of data and
learns sparse representations while taking into account prior representations.
We demonstrate that learning parameters of the proposed framework requires
finding solutions to a nonconvex optimization problem which we solve approx-
imately by relying on the alternating minimization ideas. In the process of
learning data representation, we automatically tune a smoothing parameter
which is reflective of the rate of evolution of the data and signifies the amount
of temporal changes in consecutive data snapshots. We demonstrate that the
proposed framework significantly improves the performance and shortens run-
times of state-of-the-art clustering algorithms through testing the performance
of the proposed scheme in two real-world applications, namely, real-time mo-

tion segmentation and a study of evolution of ocean water masses.

In the next contribution of this dissertation, we consider the task of
observation selection in resource-constrained networks. Sensor networks de-
ploy a large number of nodes that either exchange their noisy and possibly
processed observations of a random process or forward those observations to a
data fusion center. Due to constraints on computation, power and communi-
cation resources, instead of estimating the process using information collected

by the entire network, the fusion center typically queries a relatively small sub-



set of the available sensors. The problem of selecting the sensors that would
acquire the most informative observations arises in a number of applications
in control and signal processing systems including sensor selection for Kalman
filtering [21-23|, batch state and stochastic process estimation [24}25], mini-
mal actuator placement [26,27], voltage control and meter placement in power
networks [28-30], sensor scheduling in wireless sensor networks [21,31], and
subset selection in machine learning [32-34]. For a variety of performance cri-
teria, finding an optimal subset of sensors requires solving a computationally
challenging combinatorial optimization problem. Additionally, non-linearity of
the observation model as well as the large number of gathered measurements
by contemporary networked systems calls for efficient observation selection
and information gathering schemes with guaranteed performance. To address
these challenges, we examine conditions under which the mean-square error
behaves similar to a submodular function. We further propose a randomized
greedy algorithm for observation selection and establish performance guaran-
tees on its achievable mean-square error. Finally, we propose a novel submod-
ular information-exchange protocol to reduce the amount of communication in
a network of sensing units operating under communication constraints. The
proposed schemes have been tested in multi-target tracking applications via a

swarm of UAVs.

In the final part of this dissertation, we study the problem of decen-
tralized learning over communication-constrained networks where the goal of

participating clients is to collaboratively optimize a global objective. This



tasks arises in many important distributed machine learning, signal processing
and control tasks, such as federated learning and multi-agent systems [35-37].
Solving such distributed tasks is often facilitated by communication of agents’
local model parameters over a network that that limits the amount of informa-
tion they can exchange. Compared to a centralized optimization framework,
distributed optimization enables locality of data storage and model updates
which in turn offers computational advantages by delegating computation to
multiple clients, and further promotes preservation of privacy of user infor-
mation [35]. As the size of ML models grows, exchanging information across
the network becomes a major challenge in distributed optimization [37]. It is
therefore imperative to design communication-efficient strategies which reduce
the amount of communicated data by performing compressed communication
while at the same time, despite the use of compressed communication, achieve
convergence that is on par with the performance of centralized and distributed
methods utilizing uncompressed information [37-39]. To this end, we propose
an iterative decentralized optimization algorithm with compressed communi-
cation and establish theoretical guarantees on its achievable convergence rate
for a variety of decentralized learning scenarios. We further demonstrate ef-
ficacy of the proposed scheme in the context of distributed regression and

classification.

1.3 Thesis Contributions

The contributions made in this dissertation are formally stated below.



Greedy Algorithms for Sparse Reconstruction

e [ developed the accelerated orthogonal least-squares and the progressive
stochastic greedy algorithms for the problem of sparse reconstruction
and support selection, and derived a theoretical lower bound for their

probability of exact reconstruction.

e [ showed that the proposed schemes achieve the information-theoretic
lower bound on sample complexity while incurring lower computational

costs compared to existing schemes.

e [ demonstrated efficacy of the developed algorithms in practical settings,
including applications to sparse subspace clustering and column subset

selection.

FEvolutionary Subspace Clustering

e [ proposed evolutionary subspace clustering, a method whose objective
is to cluster a collection of evolving data points that lie on a union
of low-dimensional evolving subspaces. The proposed framework learns
a parsimonious representation of the data points at each time step by
establishing a non-convex optimization framework that exploits the self-
expressiveness property of the evolving data while taking into account

representation from the preceding time step.



I developed a scheme based on alternating minimization that both learns
the parsimonious representation as well as adaptively tunes and infers a

smoothing parameter reflective of the rate of data evolution.

I successfully employed the proposed algorithm in a motion segmentation

application as well as an application in oceanography.

Submodular Observation Selection in Networks

I established conditions under which the mean-square objective for ob-

servation selections in linear sensor network is weak submodular.

I proposed new weak submodular observation selection criteria for sensor

networks following a quadratic model.

I proposed a new randomized greedy algorithm for weak submodular
observation selection in sensor networks and established a lower bound

on its worst-case achievable performance.

I proposed a greedy information-exchange scheme to reduce the amount
of communication in a network of sensing units operating under com-
munication constraints. The proposed scheme aims to minimize the
network-wise estimation error while promoting a balanced performance

among the participating units.

Compressed Decentralized Optimization via Multiple Gossip Steps



e [ proposed an iterative decentralized algorithm with arbitrary commu-
nication compression (both biased and unbiased compression operators)
that performs multiple gossip steps in each iteration to enable fast con-

vergence.

e [ showed that the proposed scheme achieves a near-optimal convergence
rate for convex and nonconvex collaborative learning tasks that satisfy

the Polyak-Lojasiewicz condition.

e [ demonstrated that the proposed scheme compares favorably to central-
ized and decentralized schemes without communication compression in

a variety of convex and nonconvex learning tasks.

1.4 Thesis Outline

The rest of this dissertation is organized as follows.

To make the thesis self-contained, in Chapter [2 we provide an overview
of the existing mathematical background relevant to the material in subsequent
chapters. This chapter aims to facilitate comprehension of the methodologies
and concepts discussed in Chapters 3 [ 5] and [0, namely, sparse reconstruc-

tion, weak submodular optimization, and decentralized optimization methods.

Chapter [3| presents the novel greedy sparse reconstruction and support
selection algorithms and discusses techniques that we adopt in the theoretical
analysis. Proofs of the theoretical results are provided in Appendix [A] The

chapter concludes with a demonstration of the efficacy of the method when ap-



plied to sparse subspace clustering and column subset selection, two important

applications in machine learning and computer vision.

Chapter [4] presents the evolutionary subspace clustering problem that
deals with clustering of evolving data that lies on a union of low-dimensional
subspaces. The chapter further presents an approximate solution based on al-
ternating minimization, namely the convex evolutionary self-expressive model
(CESM) algorithm and discusses potential practical issues and challenges that
may come up in applications, and demonstrate how the proposed framework
can be extended to handle such cases. The chapter concludes with extensive
numerical experiments with applications in real-time motion segmentation and

study of ocean water masses.

Chapter [f] presents the contributions of this dissertation in design of
observation selection and information gathering methods for networked sys-
tems. First, we discuss conditions under which the mean-square error in lin-
ear systems is weak submodular. Then, the chapter continues to define new
weak submodular performance criteria for quadratic observation models. The
chapter further presents novel greedy information-exchange and observation
selection algorithms along with their theoretical analysis. The proofs of the

theoretical claims are provided in Appendix [B]

Chapter [6] presents a decentralized communication-efficient algorithm
for collaborative learning using a resource-constrained network. Detailed proofs
of the theoretical claims regarding performance of the proposed scheme are

provided in Appendix [C]

10



Chapter [7| concludes the dissertation with a summary of the presented

works and outlines possible avenues of future research. The

11



Chapter 2

Methodological Background

This chapter presents the concepts and background materials pertinent
to the methods developed in subsequent chapters. We start this chapter by

defining the notation that will be used throughout this dissertation.

2.1 Notation

Italic letters represent scalars and numerical constants, e.g., a, ¢, and C.
We use calligraphic letters to denote sets, e.g., S. Bold capital letters denote
matrices, e.g., A, while bold lowercase letters represent column vectors, e.g.,
a. Matrix or vector transpose is represented by the superscript T, e.g., AT.
We denote the j™ column of A by a;, and use A to denote the submatrix of
A that consists of the columns of A indexed by the set §. Identity matrices
of size n are represented by I,. Vectors and matrices of all zeros and ones are
denoted by 0 and 1, respectively. We further denote the set {1,2,...,n} by
[n]. Further, ||al|s and ||al|o denote the Euclidean norm and the number of
nonzero entries of a, respectively. Finally, |A|| denotes the Frobenius norm of

matrix A.

12



2.2 Sparse Reconstruction and Support Selection

In this section, we overview the problem of sparse reconstruction and
discuss greedy solutions studied later in Chapters [3] and [4] in the context of

performing structured clustering tasks.

The goal of sparse reconstruction, or sparse support selection, is to
reconstruct a sparse vector from a relatively small number of its linear mea-

surements. In particular, we are given a linear measurement model
y=Ax+v, (2.1)

where x € R™ is a k-sparse unknown vector, i.e., a vector with at most k
non-zero components, y € R™ denotes the vector of measurements, A € R™*™
is the coefficient matrix assumed to be full rank, and v € R"™ denotes the
additive measurement noise vector. For simplicity, we here focus on the case
v=0and A ~N (O, %) The search for a sparse approximation of x leads to

the NP-hard cardinality-constrained least-squares problem
minimize ||y — Ax||3

(2.2)
subject to  ||x[|o < k.

One can readily reformulate as a subset selection task according to the
following procedure. For a fixed subset S C [m] where |S| < n, we can find
an approximation to x via the least-squares solution x;g = Al«y, where AL, =
(AgAg)fl A denotes the Moore-Penrose pseudo-inverse of As. Finding the

optimal k-sparse vector x* is equivalent to identifying the support of x*, i.e.,

13



determining the set of nonzero entries of x* which we denote by S*. More

formally, (2.2]) is recast as
minimize [y — P(S)y|3
s (2.3)
subject to  |S| <k,
where P(S) = ASAL is the projection operator onto the subspace spanned
by the columns of As. Since ||y||3 = |ly — P(S)yl3 + |P(S)yll3, (2.3) can

equivalently be written as
maximize ¢(8S) := [|P(S)yl/5
s (2.4)
subject to  |S| <k,
which we denote by P(m, k). Note that since A is full rank, it can be shown

that (2.4) has a unique solution.

Sparse reconstruction schemes can be broadly categorized as those pur-
suing ¢; minimization and greedy schemes. Although both groups are shown
to achieve the optimal sampling complexity, schemes in the latter category are
typically characterized by lower computational complexity. In general, greedy
schemes identify one or more non-zero components of a sparse vector in an

iterative manner according to a specific selection criterion.

The vanilla greedy selection scheme for solving is in signal pro-
cessing community known as orthogonal least-squares (OLS) [40]. Orthogonal
Matching Pursuit (OMP) [41] is another well-known greedy algorithm for solv-
ing the same task and can be thought of as an efficient approximation of OLS.

In particular, OLS uses the criteria

]
y (In_P(S))aj

max ¢;(S) := max , 2.5

xg,(8) = max P (S)ay s (2:5)
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while OMP performs greedy selection according to

T _ .
max g;(S) := max y (I = P(S) % (2.6)
j j a2

For A ~ N/ (O, %), the performance of OMP and OLS is nearly identical since

both ||a;||2 and ||a;||2 — [|P(S)a;||2 are concentrated around 1 [42].

2.3 Weak Submodular Optimization

In this section, we provide an overview of weak submodular optimiza-

tion that is the pillar of the results in Chapter

Definition 2.3.1. Set function f : 2¥ — R is monotone non-decreasing if

f(S) < f(T) forallSC T C X.

Definition 2.3.2. Set function f : 2% — R is submodular if

FSULG}) = f(8) = A(TU{s}) = F(T) (2.7)

for all subsets S CT C X and j € X\T. The term f;(S) = f(SU{j})— f(S)

s the marginal value of adding element j to set S.

Definition 2.3.3. The multiplicative curvature of a monotone non-decreasing

function f is defined as

¢ = max fi(T)/fi(S), (2.8)

(S,Ti)eX

where X = {(S,T,i)[SCT C X,ie X\T}.
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The multiplicative curvature [43,44] is a closely related concept to sub-
modularity and essentially quantifies how close the set function is to being
submodular. A set function with bounded curvature is called weak submod-
ular. It is worth noting that a set function f(S) is submodular if and only if

its multiplicative curvature satisfies ¢; < 1 [45-47].

A similar notion of weak submodularity is the additive curvature de-

fined below [43].

Definition 2.3.4. The additive curvature of a monotone non-decreasing func-
tion f is defined as
e = max _fi(T) = fi(S), (2.9)

(S,T)eX

where X = {(S,T,i)[SCT C X,ic X\T}.

Note that when f(S) is submodular, its additive curvature satisfies e; <
0. Multiplicative and additive curvatures are closely related to submodularity

ratio [45].

For the above additive and multiplicative curvatures, we have the fol-

lowing proposition [22}43}48-50].

Proposition 2.3.1. Let ¢y and €5 be the multiplicative and additive curvatures
of f(S), a monotone non-decreasing function with f(0) = 0. Let S and T be

any subsets such that S C T C X with |T\S| = r. Then, it holds that

=S| =

F(T) = F(8) <~ (1+(r=Deg) D filS), (2.10)

JET\S
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and

F(T) = f(S) < (r=Des+ Y [(S). (2.11)

JET\S

Proof. First note that we can define ¢y equivalently as ¢y = max?z_l1 C; where

Cr= max fi(T)/fi(S), (2.12)

(S, TH)ex;
and X, = {(S,T,9)|SCT C X,i € X\T,|T\S| =1}. Now, let S C T and
T\S ={j1,.--,7}. Then,

F(T) = f(8) = F(SU{jr, - 0r}) = F(S)
= [3(8) + [(SU{n}) + ..

+ [ (SULn, - dral). (2.13)

Applying yields
f(T) = f(S) < fiu(8) + Cifpn(S) + -+ Crm f5,(S)

)+ Y s 2
=1

Note that is invariant to the ordering of elements in 7\S. In fact, it

is straightforward to see that given ordering {ji,..., 7.}, one can choose a set

Q = {Py,..., P} with r permutations — e.g., by defining the right circular-

shift operator P;({j1,-..,7+}) = {Jrots1s---,J1,.-.} for 1 < ¢t < r — such

that P,(j) # Py(j) for p # q and Vj € T\S. Hence, holds for r such
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permutations. Summing all of these r inequalities we obtain

F(T) = £(S) < % (1 +§jcl> > fi(S)

, JET\S (2.15)
S+ (= 1)ey) > 5(S).

JET\S

IN

Next, we prove the second inequality. Note that we can define ¢; =
11[1.90(?;11 e where €, = max(s7ecx, fi(T) — fi(S). Using a similar argument as

the one that we used for ¢y, for any S C 7 and T\S = {ji,...,J,}, it holds

that B
FT) = f(S) < et > fi(S)
=1 JET\S (2.16)
<(r—=De+ Y fi(S),
JET\S
which completes the proof. |

Definition 2.3.5. Let X be a finite set and let T denote a collection of subsets

of X. The pair M = (X,Z) is a matroid if the following two statements hold:

e Hereditary property. If T € Z, then S € T for all S C T.

o Augmentation property. If S, T € T and |S| < |T|, then there exists
e € T\S such that SU{e} € T.

The collection I is called the set of independent sets of the matroid M. A
maximal independent set is a basis. It is easy to show that all the bases of a

matroid have the same cardinality.
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Algorithm 1 Greedy subset Selection

1: Input: Utility function f(S), set of all observations X', number of selected
observations K.
Output: Subset Y C X with |S9] = K.
Initialize 89 = ()
fori=0,..., K —1do
Js = argmax;c y\ s f5(S?)
89+ S9U {Js}
end for
return &Y.

Given a monotone non-decreasing set function f : 2% — R with f(()) =
0, and a uniform matroid M = (X,Z), we are interested in solving the com-
binatorial problem

max f(S). (2.17)

Sez
It has been shown that finding an optimal solution to is generally NP-
hard [51]. To this end, efficient heuristic approaches that rely on a simple
greedy search (see Algorithm (1) are developed. If the set function f(S) is
monotone, Algorithm [I| has a guaranteed lower bound on its achievable per-

formance as stated in Proposition [22,43.|48-50].

Proposition 2.3.2. Let ¢y and €; be the multiplicative and additive curvatures
of f(8), a monotone non-decreasing function with f(0) = 0. Let S C X with
|SY| < K be the subset selected when mazimizing f(S) subject to a cardinality
constraint via the greedy observation selection scheme, and let S* denote the

optimal subset. Then
rs = (1-et) 1), (2.18)
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where ¢ = max{cys,1} and

7(8%) > (1 _ 1) (F(8%) = (k— 1)ey). (2.19)

(&

Proof. The proof follows the classical proof of greedy maximization of sub-
modular functions given in |48]. We first prove the performance bound stated
in terms of ¢;. Consider S;, the set generated at the end of the i iteration of
the greedy algorithm and assume |S*\St(i)| = r < k. Employing Proposition
2.3 with S =S, and T = §* U S;, and using monotonicity of f yields
f(8*) = [(S) < f(S*US) — f(S)
A+ (r—1)cp) = 2+ (r—1)cy)
< Y fi(S) (2.20)

JESH\S;
<7r(f(Sis1) = f(S)),
where we use the fact that the greedy algorithm selects the element with the

maximum marginal gain in each iteration. It is easy to verify, e.g., by taking
the derivative, that (14 (r — 1)cy) is decreasing (increasing) with respect to
rif ¢; <1 (¢p > 1). Let ¢ = max{cy,1}. Then (14 (r — 1)Ciax) < c
Therefore, using the fact that » < k we get

f(8%) = f(Si) < ck(f(Siv1) — f(Si)). (2.21)

By induction and due to the fact that f(0) = 0 we obtain

1(8g) 2 (1 - (1 - ,}C)k> f8 = (=) fs, (222)

where we use the fact that (1 + )V < e™ for y > 0. The proof of second

inequality is almost identical except we employ the second result of Proposition

2.3.7] to begin the proof. [ ]
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In Chapter [f we resort to (2.17) to propose novel observation selection

schemes in networked systems.

2.4 Decentralized Optimization

One of the major bottleneck of centralized optimization algorithms is
the high communication cost, especially in large-scale settings. Compared to
a centralized optimization framework, decentralized optimization enables lo-
cality of data storage and model updates which in turn offers computational
advantages by delegating computations to multiple clients, and further pro-

motes preservation of privacy of user information [35].

In the standard decentralized optimization setup [52], n clients, each
having a local function fi(.), aim to collaboratively reach x* € X* C R?, an

optimizer of the following optimization problem
min [ fx)=>" fi(x)] : (2.23)
i=1
Problem ({2.23)) can be written equivalently as [39}/52-54]

min

X1=:=Xn

F(X) = Zfi(xi)] , (2.24)

where x; € R? is the vector collecting the local parameters of client i, and
X € R¥" js a matrix having x; as its i column. Therefore, the goal of
the agents in the network is to achieve consensus such that x; = x* for some
x* € X*; in matrix notation, X = X*, where all the columns of X* are equal

to x*, i.e. X* =x*1".
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To solve , each client can communicate only with its neighbors,
where the communication in the network is modeled by a graph. Specifically,
we assume each node 7 associates a non-negative weight w;; to any node j in
the network, and w;; > 0 if and only if node j can communicate with node 7,
and w; > 0 for all 7. Let W = [w;;] € [0,1]"" be the matrix that collects
these weights. We call W the mixing or gossip matrix and state some its

properties (following [55]) below.

Assumption 2.4.1. (Mixing Matrix) The gossip matric W = [w;;] € [0, 1]"*"
associated with a connected graph is non-negative, symmetric and doubly stochas-
tic, i.e.

W=W" = Wi=1. (2.25)

Under this condition, eigenvalues of W can be shown to satisfy 1 = |\ (W)| >
[Ae(W)| > -+ > |\,(W)]| [55]. Furthermore, 6 := 1 — |A2(W)]| € (0,1] is the

so-called spectral gap of W.

A frequently used choice for W is to set w;; = 1/ max{deg(i),deg(j)}
[55]. A large spectral gap implies a faster convergence rate of decentralized
algorithms. When the graph is fully connected and deg(i) = n, with W =
117 /n, it holds that § = 1 which in turn implies consensus can be achieved

exactly after one iteration of message passing.

Designing the communication network and its associated mixing matrix
W with a large spectral gap is an important task and an active area of research

in multi-agent systems [52,55,(56] which is beyond the scope of this dissertation.
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Here, we make the common assumption that W and its spectral gap ¢ are

known and can be used as inputs of our proposed algorithm.

We now define some commonly assumed properties of the objective

function.

Assumption 2.4.2. (Smoothness) A function f; is L;-smooth, if

fix) < fily) + (x —y) ' V/fily) + %HX -yl* vxyeR” (2.26)

Assumption 2.4.3. (strong convexity) A function f; is p;-strongly convex if
i
fi%) = fily) + (x=¥) 'VAE) + Flx =yl >0, (2.27)

We will find it useful to define L := ). L;/n, L = max; L;, p =
> ti/n and i = max; p;.
Assumption 2.4.4. (Polyak-Lojasiewicz Condition) A function f satisfies

the Polyak-Lojasiewicz condition (PLC) with parameter u, if

IVFEI* = 20(f(x) = f*), p>0, [f"=minf(x), ¥xeR". (2.28)

The Polyak-Lojasiewicz condition implies that when multiple global
optima exist, each stationary point of the objective function is a global opti-
mum [57,58|. This setting enables studies of modern large-scale ML tasks that
are generally nonconvex. It is worth noting that p-strongly convex functions
satisfy PLC with parameter y — thus, PLC is a weaker assumption than strong

convexity.
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Convergence of centralized gradient descent under PLC follows a very
simple analysis [57,58|. However, in decentralized settings with compression,
analysis of the existing algorithms, e.g. [36,[39,/53|, relies on co-coercivity of
strongly convex objectives (see Theorem 2.1.11 in [59]). Unfortunately, the
results of such analysis do not generalize to PLC settings. In Chapter [ by
performing a novel and simple convergence analysis, we establish convergence
of DeLi-CoCo for decentralized nonconvex problems with compressed commu-

nication under PLC.

Finally, we characterize the compression operator C that we use in our
algorithm. The following assumption is standard and has been previously

made by [39,60,61].

Assumption 2.4.5. (Contraction Compression) The compression operator

C satisfies
Ee [IC(x) — x| | x] < (1 —w)|x]? VxeR? 0<w<l, (2.29)
where the expectation is over the internal randomness of C.

Note that C can be a biased or an unbiased compression operator in-

cluding;:

e Random selection of £ out of d coordinates or k coordinates with the
largest magnitudes. In this case w = k/d [60]. We denote these two by

rand(w) and top(w), respectively.
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e Setting C(x) = x with probability p and C(x) = 0 otherwise. In this case
w =p [39]. We denote this by rand2(w).

e b-bit random quantization (i.e., the number of quantization levels is 2°)

_ sign(x)|[x]|

qsgdb(x) o 2040 \\21) H H + uJ ) ngdb(()) =0 (230>

where w = 1+ min{v/d/2°,d/2?*} and u ~ [0, 1]%. In this case, w = 1/w
[62].
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Chapter 3

Greedy Algorithms for Sparse Reconstruction

Sparse reconstruction and sparse support selection, i.e., the tasks of
inferring an arbitrary m-dimensional sparse vector x having k nonzero entries
from n measurements of linear combinations of its components, are often en-
countered in machine learning, computer vision, and signal processing. In this
chapter, we study large-scale sparse reconstruction problems where we aim
to design efficient schemes that entail lower computational costs compared
to existing methods while at the same time maintain a favorable and prov-
able reconstruction performance. To this end, swe propose two new iterative
schemes, namely accelerated orthogonal least-squares (AOLS) and progressive
stochastic greedy (PSG). AOLS aims to decrease the cost of reconstruction via
incurring fewer number of iterations while PSG aims to decrease the cost each
iteration compared to existing greedy schemes, e.g. OLS and OMP. We further
consider application of the proposed methods in clustering high-dimensional
data lying on the union of low-dimensional subspaces and demonstrate its su-

periority over existing methods. The content of this chapter was published

in [42./63] [

!This chapter is based on existing publication: [Hashemi, Abolfazl, and Haris Vikalo.
Accelerated orthogonal least-squares for large-scale sparse reconstruction. Digital Signal
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3.1 Introduction

The task of sparse reconstruction and support selection that we intro-
duced in Chapter [2]is encountered in a number of settings in machine learning
and signal processing including sparse linear regression [7},64,65|, compressed
sensing [8], image processing [9], subspace clustering [3|, column subset selec-
tion |10], group testing [11], and graph signal processing [66]. The common
goal in such problems is to identify the support (i.e., the collection of nonzero
components) of a high-dimensional data vector such as an image or a signal
that has sparse representation in a certain domain. The identification relies
on noisy measurements of random linear combinations of the sparse vector’s

components.

Finding the optimal solution to sparse reconstruction or support selec-
tion is in general an NP-hard problem; this in turn motivates the design of
efficient approximation algorithms and studying the conditions under which
exact identification of the optimal subset is possible. In a series of prominent
papers, Candes et al. [67-69] show that in order to find the support of a k-
sparse m-dimensional vector with overwhelming probability, the information-
theoretic lower bound on sample complexity, i.e., the minimum number of
measurements, is O(klog7'). Additionally, they develop an approximation
algorithm based on linear programming and ¢; minimization known as basis

pursuit (BP) — which shares similarities with LASSO [70] — that achieves the

Processing 82 (2018): 91-105.] The author of this dissertation is the primary contributor.
Prof. Vikalo aided in editing the paper and supervised the work.
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optimal sample complexity. BP however incurs a computational complexity
which is often prohibitive in settings where one deals with high-dimensional

and large-scale data.

The OMP and OLS algorithms [40441,71] that we introduced in Chapter

Bl are more efficient alternatives to BP and LASSO.

Recently, necessary and sufficient conditions for exact reconstruction of
sparse signals using OMP have been established. Examples of such results in-
clude analysis under Restricted Isometry Property (RIP) [72-74], and recovery
conditions based on Mutual Incoherence Property (MIP) and Exact Recovery
Condition (ERC) |75H77]. For the case of random measurements, performance
of OMP was analyzed in [78|79]. Tropp et al. in [78] showed that in the
noise-free scenario, O (klogm) measurements is adequate to recover k-sparse
m-~dimensional signals with high probability. In [80], this result was extended
to the asymptotic setting of noisy measurements in high signal-to-noise ratio
(SNR) under the assumption that the entries of A are i.i.d Gaussian and that
the length of the unknown vector approaches infinity. Recently, the asymptotic
sampling complexity of OMP and GOMP is improved to O(klog %) in [81]

and [82], respectively.

Recently, performance of OLS was analyzed in the sparse signal recov-
ery settings with deterministic coefficient matrices. In 83|, OLS was analyzed
in the noise-free scenario under Exact Recovery Condition (ERC), first intro-
duced in |75]. Herzet et al. |84] provided coherence-based conditions for sparse

recovery of signals via OLS when the nonzero components of x obey certain de-

28



cay conditions. In [85], sufficient conditions for exact recovery are stated when
a subset of true indices is available. In [86] an extension of OLS that employs
the idea of [87,88| and identifies multiple indices in each iteration is proposed
and its performance is analyzed under RIP. However, all the existing analysis
and performance guarantees for OLS pertain to non-random measurements
and cannot directly be applied to random coefficient matrices. For instance,
the main results in the notable work [81] relies on the assumption of having
dictionaries with f-norm normalized columns while this obviously does not
hold in the scenarios where the coefficient matrix is composed of entries that

are drawn from a Gaussian distribution.

Motivated by the need for fast and accurate sparse recovery in large-
scale setting, in this chapter we propose two efficient sparse reconstruction and
support selection algorithms. First, we propose the accelerated OLS algorithm
that efficiently exploits recursive relation between components of the optimal
solution to the original ¢y-constrained least-squares problem . AOLS,
similar to GOMP [88] and MOLS [86] exploits the observation that columns
having strong correlation with the current residual are likely to have strong
correlation with residuals in subsequent iterations; this justifies selection of
multiple columns in each iteration and formulation of an overdetermined sys-
tem of linear equation having solution that is generally more accurate than the
one found by OLS or OMP. However, compared to MOLS, our proposed algo-
rithm is orders of magnitude faster and thus more suitable for high-dimensional

data applications.
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We theoretically analyze the performance of the proposed AOLS al-
gorithm and, by doing so, establish conditions for the exact recovery of the
sparse vector X from measurements y in when the entries of the coeffi-
cient matrix A are drawn at random from a Gaussian distribution — the first

such result under these assumptions for an OLS-based algorithm.

Next, we propose the progressive stochastic greedy (PSG) algorithm,
the first greedy algorithm with quasilinear O(mlog? k) computational com-
plexity that attains the information-theoretic lower bound O(klog 7*) on sam-
ple complexity. The proposed algorithm builds upon OMP to iteratively iden-
tify the optimal support with the following major difference: in each iteration
the search space of the greedy approach is randomly restricted to significantly
reduce the number of oracle calls. The size of these restricted random search
spaces follows a strictly increasing sequence to ensure that the search is success-
ful with an overwhelmingly high probability. We further argue the necessity
of increasing search space, guaranteed worst-case performance of the proposed

scheme, and present its application to the task of column subset selection.

Finally, to further demonstrate efficacy of the proposed techniques, we
consider applications of the proposed algorithms to the task of sparse subspace
clustering (SSC) and the problem of column subset selection that are often

encountered in machine learning and computer vision.
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3.2 Accelerated Orthogonal Least Squares Algorithm

In Chapter [2| we introduced OLS. It can be shown, see, e.g., 64,83,
that the index selection criterion (2.5) of OLS can alternatively be expressed

as
o7 P(S )",
THP(SED) Ly, |

Js — arg manez\S(i—l)

(3.1)

where r;_; denotes the residual vector in the i*" iteration. Moreover, projection
matrix needed for the subsequent iteration is related to the current projection
matrix according to

L P(S(i))LaLjSajTSP(S(i))L

PJ_
< 2
IP(S®)*ay, I,

i+1 P(S(i))

(3.2)

It should be noted that r;—; in (3.1) can be replaced by y because of the

idempotent property of the projection matrix,
P(SO)L = P(SO)L" = P(sD)L”, (3.3)

This substitution reduces complexity of OLS although, when sparsity level k
is unknown, the norm of r; still needs to be computed since it is typically used

when evaluating a stopping criterion.

The complexity of the OLS and its existing variants such as MOLS
[86] is dominated by the so-called identification and update steps where the
algorithm evaluates projections P(S¢~Y)*a; of not-yet-selected columns onto
the space spanned by the selected ones and then computes the projection
matrix P; needed for the next iteration. This becomes practically infeasible in

applications that involve dealing with high-dimensional data, including sparse
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subspace clustering. To this end, in Theorem below, we establish a set of
recursions which significantly reduce the complexity of the identification and
update steps without sacrificing the performance. AOLS then relies on these
efficient recursions to identify the indices corresponding to nonzero entries of x
with a significantly lower computational costs with respect to OLS and MOLS.

This is further verified in our simulation studies.

Theorem 3.2.1. Let r; denote the residual vector in the it iteration of OLS
with vg = y. The identification step (i.e., step 1 in Algorithm 1) in the (i+1)%

iteration of OLS can be rephrased as

Js = arg max ;e\ s ‘quga (3.4)
where
T i T @7
a AT () (i+1) & a; W @ b W
RICERN P A
where t;p) = a; for all j € Z. Furthermore, the residual vector r;i; required

for the next iteration is formed as
A
Wit = Qj,, Tip1 =T — Wigg. (3.6)

Proof. Assume that column a;, is selected in the (i + 1)* iteration of the

P(SW)La;

algorithm. Define q; = [P o | a]Tri, Vj € T\SW. Therefore, by using the
T2
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definition of q;,

PEDay oy,
PO a3
IP(S) oyl

argmax e\ st qjllz = arg max ;ez\s@

= arg max jcz\ st HP(S(i))LajH; ;T (3.7)
]a;rri|
= arg manGI\S(i) M
The idempotent property of P(S®)+ and the fact that
P(SD) 1, = P(SV) P(SW) y = P(SV) 1y — 1, (38)

imply that the last line in (3.7)) leads to the same index selection as the OLS
rule (3.1). That is,

|ajTP(S(z')>Lri| _ |a) 1| (3.9)
[P(SD)La;ll,  [P(SW)*ay,

Therefore, j; = argmax ;eq so (|G, [|2- Let us post-multiply both sides of (3.2)

with the observation vector y, leading to

P(S(i))LajSaj:P(S(i))L

PLy=P SO)ly — y. 3.10
Y = PE IP(S®)+ay,; 1)
Recall that r; = P(S®)1y, implying that
P(S(i))Laj T _
rig.=r; — - z 2a-sri:ri—qjs. (311)
IP(S@)Lay,|l;

Comparing the above expression with ([3.6]), to complete the proof one needs to
P(S®) ay,

show that q;, = qj,; this, in turn, is equivalent to demonstrating W =
Js || o

1 (4)
akd
Js J

. Since A is full rank, the selected columns are linearly independent.
a
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Let {&;}i_, denote the collection of columns selected in the first i iterations

and let £; = {ay, ..., a;} denote the subspace spanned by those columns. Con-

sider the orthogonal projection of the selected column a;, onto £;, P(S (i))LajS.

Clearly, P(S§W)ta;, = a;, — P(S@)a;,. Noting the idempotent property of

P(S®W)* and the fact that ||a;,[|3 = [|[P(SW)ta,, ||+ |[P(S®)a,,||3, we obtain
P(8%)"a;, a;, —P(§V)a,,

= , . 3.12
P(S®)tay [, 2, (a, —P(SW)ay,) (312

2 s

Hence, in order to show step 1 of OLS algorithm can equivalently be replaced
i 1 a-l; u .
by (3.4)-(3.6), we need to demonstrate that P(SW)a;, = >;_, ”fl—l”gul. That is,
the collection of vectors {u;}!_, constructed by ([3.5]) and (3.6) is an orthogonal
basis for £;. To this end, we employ an inductive argument. Consider u; and

u, associated with the 15* and 2"¢ iterations. Using the relations and definitions

given in (3.5 and (3.6)),

=T
U = 7=>»a] (313)
[EE
~T - T
Uy = Ay (rO ~Tu1) 52 o a2—1‘112u1 ) (314)
al (&, — 2w [y 13
a2 \22 7 u g™

— ~ =T
It is straightforward to see that a/ <a2 — ﬁul) = 0; therefore, u/ u, = 0.
2
Now, a collection of orthogonal columns {u;}/_] forms a basis for £, ;. It

follows from (3.5 that

5;(1’1‘,2 — ui,1> ~ L 5:111
u;, = 1 5;_1” ) a; — Z —21.1l . (315)

giT (5,- - 21:1 mul I=1 a3
Consider u/ u; for any [ € {1,...,i—1}. Since the collection {u;}|Z] is orthog-
1 [~ & L. .
onal, ulTui is proportional to alT <a,~ — ﬁul» which is readily shown to be
2
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zero. Consequently, {u;}/_, is an orthogonal basis for £; and the orthogonal
projection of a;, is formed as the Euclidean projection of a;, onto each of the
. . al .
orthogonal vectors w;. Therefore, P(S®)a;, = Y_, ﬁul and hence {w};_,
2

is an orthogonal basis for £;. Using a similar inductive argument one can

. . ORI

show that t/) = ¢ — % Yy hence demonstrating that step 1 of OLS is
J J fluillz

equivalent to (3.4)-(3.6)); this completes the proof of the theorem. [ |

The geometric interpretation of the recursive equations established in
Theorem [3.2.1] is stated in Corollary [3.2.1.1] Intuitively, after orthogonalizing
selected columns, a new column is identified and added it to the subset thus

expanding the corresponding subspace.

Corollary 3.2.1.1. Let {&;}!_, denote the set of columns selected in the first
i iterations of the OLS algorithm and let L = {a;,...,a;} be the subspace
spanned by these columns. Then {w}i_, generated according to Theoremm

forms an orthogonal basis for L;.

Selecting multiple indices per iteration was first proposed in [87,88|
and shown to improve performance while reducing the number of OMP itera-
tions. However, since selecting multiple indices increases computational cost of
each iteration, relying on OMP/OLS identification criterion (as in, e.g., [86])
does not necessarily reduce the complexity and may in fact be prohibitive in
practice, as we will demonstrate in our simulation results. Motivated by this
observation, we rely on recursions derived in Theorem to develop a novel,

computationally efficient variant of OLS that we refer to as Accelerated OLS
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(AOLS) and formalize it as Algorithm 2. The proposed AOLS algorithm starts
with Sy = 0 and, in each step, selects 1 < L < | %] columns of matrix A such
that their normalized projections onto the orthogonal complement of the sub-
space spanned by the previously chosen columns have higher correlation with
the residual vector than remaining non-selected columns. That is, in the i'" it-
eration, AOLS identifies L indices {s1,...,s} C Z\S;_1 corresponding to the
L largest terms ||q;|3. After such indices are identified, AOLS employs (3.6]) to
repeatedly update the residual vector required for consecutive iterations. Note
that since in each iteration of AOLS we select L indices, we need to construct
L linearly independent vectors {uy,, ..., u, }o_; in i*" iteration. Similarly, to
formula to update t;’s now contains L subtractions. The procedure continues
until a stopping criterion (e.g., a predetermined threshold on the norm of the

residual vector) is met, or a preset maximum number of iterations is reached.

Remark 3.2.1. We here analyze the worst case computational complexity of
AOLS (Algorithm 2). Step 1 requires searching over at most m columns and
entails computing inner-product of vectors to find ||q;||2. The overall cost of
this step is O(mn). Step 2 and 3 are variable updates and have constant
computational costs. Step 4 requires O(Ln) operations to update the residual
vector. In step 5, we update the t;’s for j = 1,...,m, for the overall cost
of O(Lnm). Finally, in step 6, we solve a least-square problem using the
MGS algorithm that costs O(L?nk). If there are at most ¢ < k iterations,
the total cost of algorithm 2 is O(mnl + Lnl + Lmnl + L*nkl) = O(Lmnl +

L?*nk(). Note that, as confirmed by our simulation results, when the number
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of measurements is large compared to the sparsity level, the total number of
iterations is significantly lower than £ and the overall cost is approximately
O(Lmnk), i.e., it is linear in k. However, if k is relatively large, more iterations
of AOLS are required and the complexity can be approximated by O(Lmnk +

L?*nk?), i.e., the complexity is quadratic in k.

Remark 3.2.2. As we show in our simulation results, performance of AOLS
matches that of the MOLS algorithm. However, AOLS is much faster and
more suitable for real-world applications involving high-dimensional signals.
In particular, the worst case computational costs of Algorithm 1 and MOLS
are O (mn?k) and O (Lmn*k + L*>nk?), respectively; therefore, AOLS is sig-

nificantly less complex than the conventional OLS and MOLS algorithms.

Algorithm 2 Accelerated Orthogonal Least-Squares (AOLS)
Input: y, A, sparsity level k, threshold ¢, 1 < L < L%J

Output: recovered support Sy, estimated signal fck

Initialize: i=0,S® =0, r; =0, t;i) =a;, q; = 8 ) for all j € Z.

T(
JJ

while ||r;|] > cand i<k
1. Select {Js,,. .-, Js, } corresponding to L largest terms ||q,]|,
2.0 1+1
3. 8O =8V Uy, s}
4. Perform (3.6) L times to update {uy,,...,us, }o_, and r;
§6-07

5. t§-7’) - or H2 Ly, for all j € T\SW
end Whlle
6. x=Al.y
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3.2.1 Analysis of sample complexity

In this section, we first study performance of AOLS in the random
measurements and noise-free scenario; specifically, we consider the linear model
where the elements of A are drawn from N (0, %) and e = 0, and derive
conditions for the exact recovery via AOLS. Then we generalize this result to

the noisy scenario.

The following theorem establishes that when the coefficient matrix con-
sists of entries drawn from A(0,1/n) and the measurements are noise-free,
AOLS with high probability recovers an unknown sparse vector from the lin-

ear combinations of its entries in at most & iterations.

Theorem 3.2.2. Suppose x € R™ is an arbitrary sparse vector with k < m
non-zero entries. Let A € R™™ be a random matriz with entries drawn
independently from N(0,1/n). Let X denote an event wherein given noiseless
measurements y = Ax, AOLS can recover x in at most k iterations. Then
Pr{¥} > pipops, where

p1 = (1 — 2e~(=k+Da(9)?

12
=1—2(=)ke ) gnd
b2 () (3.16)

E—1 m—k—L+1
__n_ 1—e 1—6 2
ps — (1 — E e k—i 1+6( ) ,
=0

forany0<e<land0<d<1.

s
2

Proof. See Appendix [A.2] [ |
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Using the result of Theorem [3.2.2] one can numerically show that AOLS

successfully recovers k-sparse x if the number of measurements is linear in k

m

(sparsity) and logarithmic in —7—.

Corollary 3.2.2.1. Let x € R™ be an arbitrary k-sparse vector and let A €
R™™ denote a matriz with entries that are drawn independently from N'(0,1/n);

Cgk+log%
(k+LT1)§/B’ o}, where 0 < B <

moreover, assume thatn > max{cilk:log
1 and Cy, Cs, and C3 are positive constants independent of 3, n, m, and k.
Given noiseless measurements y = Ax, AOLS can recover x in at most k

iterations with probability of success exceeding 1 — 32

Proof. Let us first take a closer look at ps. Note that (1 —x)! > 1 — [z is valid
for x < 1 and [ > 1; since replacing k£ — ¢ with k in the expression for ps in

(3.16]) decreases ps, k(m —k—L+1) < %(L)6 for m > (k+ L —1)3? and

k+L—1
we obtain
1 m n
>1— S (——— 5Ok 1
where C] = 1—;2(1 —6)? > 0. Multiplying both sides of (3.17) with p; and p,

and discarding positive higher order terms leads to

1 m

Z(m)6e—6‘1% — 908 %ke—nco(%) — feco(e)k ,—nco(e) (3'18)
+L—

Pr{¥}>1-

This inequality is readily simplified by defining positive constants

12 _ 5
Cy = [max, {log 5 cole)}, Cz= o1ain {co(é), col€)} (3.19)
to
1 m "
> _ T " N6 —Chy Cok —nC’3‘ .
Prif} 2 1= =y)e T —bee (3.20)
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We need to show that Pr{3} > 1— 2. To this end, it suffices to demonstrate

that
1 n
2 ) O+ 6, (3.21)
Cyk+log -5
Let n > 20—3%2 This ensures 6e“2*e¢—"Cs < # and thus gives the desired

result. Moreover,

6 m Cok + log
> 2kl , 3.92
n_max{c1 Og(l{:+L—1){‘7§ c (3.22)
guarantees that Pr{3} > 1 — 5% with 0 < 8 < 1. [ |

Remark 3.2.3. Note that when k£ — oo (and so do m and n), p1, po, and p3 are
very close to 1. Therefore, one may assume very small € and § which implies

01%1.

We now turn to the general case of noisy random measurements and
study the conditions under which AOLS with high probability exactly recovers
support of x in at most k iterations. Note that similar to the noiseless scenario,

here the successful recovery is defined as exact support recovery.

Theorem 3.2.3. Let x € R™ be an arbitrary k-sparse vector and let A € R"*™
denote a matriz with entries that are drawn independently from N (0,1/n).
Given the noisy measurements y = Ax + e where ||e|la < 7o, and e is inde-
pendent of A and x, if miny 4o [x;| > (14 4 t)ye for any t > 0, AOLS can

recover X in at most k iterations with probability of success P{X} > pipaps

2This implies n > k for all m, n, and k.
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where

12

pa=1— 2(7)’“6’"00(%), and
=2 (1 gyt m—k—L+1 (3.23)
k—1 —_ ¥y 7
p3 = 1 — e k{mﬂlﬂsﬂ]
i=0
forany0<y<1,0<6<1.
Proof. See Appendix [A.3] [ |

Remark 3.2.4. If we define SNR = %, the condition miny, o |x;] > (1 +

d + t)7e implies
SNR ~ k(1 + 0 +t)?, (3.24)

which suggests that for exact support recovery via OLS, SNR should scale

linearly with sparsity level.

Corollary 3.2.3.1. Let x € R™ be an arbitrary k-sparse vector and let A €

R™™ denote a matriz with entries that are drawn independently from N'(0,1/n);

Cok+log 55
YR/ e =1 where 0 < 8 <

1 and Cy, Cy, and Cs are positive constants that are independent of 5, n, m,

moreover, assume that n > max{c%klog

and k. Given the noisy measurements y = Ax + e where e ~ N(0,0?%) is
independent of A and x, if miny, o [x;| > Cy|le[|2 for some Cy > 1, AOLS can

recover X in at most k iterations with probability of success exceeding 1 — [3%.

Proof. The proof follows the steps of the proof to Corollary |3.2.2.1] leading us
to constants Cy = }1—1(1—5)4(14—152(1—#5)2)*1, Cy = maxgq,5<1 {log 22, co(7)} >

0, C3 = ming<,s<1 {00(3), co(7)} > 0,and Cy = (1 +0 +1). u
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Figure 3.1: Number of noiseless measurements required for sparse reconstruction with 32 =
0.05 when m = 1024. The regression line is n = 2.0109 klog(#) with the coefficient of

determination R? = 0.9888.

Remark 3.2.5. In general, for the case of noisy measurements (' is smaller than
that of the noiseless setting, implying a more demanding sampling requirement

for the former.

3.2.2 Numerical experiments

In this section, we verify our theoretical results by comparing them to

the empirical ones obtained via Monte Carlo simulations.

First, we consider the results of Corollary with L = 1. In each
trial, we select locations of the nonzero elements of x uniformly at random
and draw those elements from a normal distribution. Entries of the coefficient
matrix A are also generated randomly from N(0, 1). Fig. plots the number
of noiseless measurement n needed to achieve at least 0.95 probability of perfect

recovery (i.e., 42 = 0.05) as a function of klog(%@). The length of the

unknown vector x here is set to m = 1024, and the results (shown as circles)
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Figure 3.2: A comparison of the theoretical probability of exact recovery provided by Theo-
rem with the empirical one, where m = 1024 and the non-zero elements of x are drawn

independently from a normal distribution.

are averaged over 1000 independent trials. The solid regression line in Fig.

implies linear relation between n and k log( k%) as predicted by Corollary
. Recall

3.2.2.1] Specifically, for the considered setting, n =~ 2.0109 k log
that, according to Remark 1, for a high-dimensional problem where the exact

(525)

support recovery has the probability of success overwhelmingly close to 1,

C}7 =~ 1; this implies n > 6 k:log(k%) for all m and k. Therefore, Fig.

suggests that our theoretical result is somewhat conservative (which is due to

approximations that we rely on in the proof of Theorem and Corollary

3.2.2.1).

In Fig. [3.2] we compare the lower bound on probability of exact re-
covery from noiseless random measurements established in Theorem [3.2.2| with
empirical results. In particular, we consider the setting where L = 1, m = 1000
and the non-zero elements of x are independent and identically distributed

normal random variables. For three sparsity levels (k = 5,10, 15) we vary the
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Figure 3.3: A comparison of the theoretical probability of exact recovery provided by The-
orem [3.2.3| with the empirical one, where m = 1024 and non-zero elements x are set to

(1464 20)|le]|2-

number of measurements and plot the empirical probability of exact recovery,
averaged over 1000 independent instances. Fig. [3.2] illustrates that the the-
oretical lower bound established in (3.16)) becomes more tight as the signal

becomes more sparse.
Next, we compare the lower bound on probability of exact recovery from
noiseless random measurements established in Theorem [3.2.3] with empirical
results. More specifically, L = 1, m = 1000, k£ = 5,10, 15, and the non-zero
elements of x are set to (1+04-20)||e]|2 to ensure that the condition of Theorem
imposed on the smallest nonzero element of x is satisfied. For this setting,
in Fig. the results of Theorem [3.2.3| are compared with the empirical ones
(the latter are averaged over 1000 independent instances). As can be seen from
the figure, the lower bound on probability of successful recovery becomes more

accurate for lower k, similar to the results for the noiseless scenario illustrated

in Fig. 3.2
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Figure 3.4: Exact recovery rate comparison of AOLS, MOLS, OMP, MMP-DP, MMP-BP,
and LASSO for n = 512, m = 1024, and k non-zero components of x uniformly drawn from

N(0,1) distribution.

To evaluate performance of the AOLS algorithm, we compare it with
five state-of-the-art sparse recovery algorithms for varied sparsity levels k. In
particular, we considered OMP , Least Absolute Shrinkage and Selection
Operator (LASSO) [67]/70], MOLS with L = 1, 3,5, depth-first and breath-
first multipath matching pursuit (refered to as MMP-DF and MMP-BP,
respectively). It is shown in [86l[89] that MOLS, MMP-DF, and MMP-BP out-
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Figure 3.5: Partial recovery rate comparison of AOLS, MOLS, OMP, MMP-DP, MMP-BP,
and LASSO for n = 512, m = 1024, and k non-zero components of x uniformly drawn from
N(0,1) distribution.

perform many of the sparse recovery algorithms, including OLS [40], OMP [41],
GOMP , StOMP , and BP . Therefore, to demonstrate performance
of AOLS with respect to other sparse recovery methods, we compare it to these

three schemes. We also include the performances of OMP and LASSO as base-

lines.

For MOLS, MMP-DF, and MMP-BF we used the MATLAB implemen-
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Figure 3.6: A comparison of AOLS, MOLS, OMP, MMP-DP, MMP-BP, and LASSO for
n = 512, m = 1024, and k non-zero components of x uniformly drawn from the N(0,1)
distribution.

tations provided by the authors of [86]89]. To solve the least-square problem in
OMP, GOMP, MMP-DF, and MMP-BF we use the MGS algorithm which ob-
tains the solution at low cost. As typically done in benchmarking tests [88//90],
we used CVX , to implement the LASSO algorithm. We explored var-
ious values of L (specifically, L = 1,3,5) to better understand its effect on

the performance of AOLS. When £ is known, we run k iterations of OMP and
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OLS. In contrast to OMP and OLS, other algorithms considered in this sec-
tion, AOLS, MMP-DF, MOLS, and LASSO, need a stopping criterion; we set
the threshold to 107!, Note that MMP-BF, a breadth-first algorithm, does

not use a stopping threshold.

We consider sparse recovery from random measurements in a large-scale
setting to fully understand scalability of tested algorithms. To this end, we
set n = 512 and m = 1024; k changes from 100 to 300. The non-zero elements
of x — whose locations are chosen uniformly — are independent and identically
distributed normal random variables. In order to construct A, we consider the

so-called hybrid scenario 83| to simulate both correlated and uncorrelated dic-
tionaries. Specifically, we set A; = % where b; ~ N(0, 1), ¢; ~U(0,T)
with T > 0, and 1 € R" is the all-ones vector. In addition, {b;}72, and
{t;}7L, are statistically independent. Notice that as 7" increases, the so-called
mutual coherence parameter of A increases, resulting in a more correlated co-
efficient matrix; T" = 0 corresponds to an incoherent A. For each scenario,
we use Monte Carlo simulations with 100 independent instances. Performance
of each algorithm is characterized by three metrics: (i) Exact Recovery Rate
(ERR), defined as the percentage of instances where the support of x is re-
covered exactly, (ii) Partial Recovery Rate (PRR), measuring the fraction of
support which is recovered correctly, and (iii) the running time of the algo-

rithm in MATLAB found via tic and toc commands which are Mathwork’s

recommended choices for measuring runtimes of different functions.

The exact recovery rate, partial recovery rate, and running time com-
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parisons are shown in Fig. [3.4 Fig. and Fig. [3.6] respectively. As can
be seen from Fig. 3.4, AOLS and MOLS with L = 3,5 achieve the best exact
recovery rate for various values of 7. We also observe that as T increases,
performance of all schemes, except for AOLS and MOLS, significantly deteri-
orates and they can never exactly recover the support for "= 1 and T" = 10.
Note that our theoretical results suggests that in the settings of this experi-
ment, k& < 115 is a sufficient condition for exact recovery with high probability.
As for the partial recovery rate shown in Fig. for T'= 0 all methods per-
form similarly. However, AOLS and MOLS are robust to changes in 7" while
other schemes perform poorly for larger values of 7. Running time comparison
results, depicted in Fig. [3.6] demonstrate that for all scenarios the AOLS algo-
rithm is essentially as fast as OMP, while AOLS is significantly more accurate.
We also observe from the figure that AOLS is significantly faster than other
schemes. Specifically, for larger values of k, AOLS is around 15 times faster
than MOLS, while they deliver essentially the same performance. Note that
a larger L results in a lower running time for both AOLS and MOLS as these
schemes find the support of the signal with fewer iterations than k. Since the
cost of conventional OLS is relatively high, this gain in speed is more notice-
able for MOLS than for AOLS. Moreover, as we discussed in Section 3, as k
grows the recovery becomes harder and more iterations are needed. Specifi-
cally, we observe quadratic trends in the running times of AOLS and MOLS,

where the complexity growth is more pronounced for MOLS and larger L.

Overall, the results depicted in Fig. 3.4 Fig. [3.5], and Fig. [3.6) suggest
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that MOLS and AOLS provide the best recovery rate, even when the mea-
surement matrix contains highly-correlated columns. However, AOLS enjoys
a running time similar to the low-cost and popular OMP algorithm, and is

significantly faster than MOLS.

3.3 Progressive Stochastic Greedy Algorithm

In this section, we propose the Progressive Stochastic Greedy (PSG)
algorithm (formalized as Algorithm [3). The algorithm is built upon the idea
that in order to identify the optimal support S* exactly, the number of oracle
calls in each iteration of OMP need not be equal. Specifically, in the early
iterations, the search space can be drastically reduced to a small subset that
with high probability contains at least one index from S§*. However, in the
subsequent iterations, assuming that the algorithm has been accurately iden-
tifying indices of the non-zero entries of a sparse vector, the search domain
needs to be as large as O(m) to allow the possibility of including an index
from &*. That is, since the goal is to identify exactly all the elements of S*,
one should progressively increase the size of the search set thus improving the

probability of success.

To this end, we propose a method which employs the intuitive pro-
gression of the search set size. Specifically, in the i** iteration the proposed
scheme samples r; = 2= log + elements uniformly at random from [m] to con-
struct the search set ng?g. Here ¢, selected such that e™® < € < 6_%, is

a parameter that allows one to strike a desired balance between the perfor-
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mance and complexity. It should be noted that in practice the sampling may
be with or without replacement. Additionally, since it should hold that r; < m
forall e =0,...,k — 1, for any iteration ¢ such that ¢ > k — log% we set r; to

its maximum value, m.

Algorithm 3 Progressive Stochastic Greedy (PSG)

1: Input: Measurements y, sensing matrix A, number of elements to be
selected k, search space parameter €.

: Output: Subset S5, C [m] with |S,s,| = k.

. Initialize SZES; =0

cfori=0,....k—1

if i < k—log% then
r; = kﬂ—z log %

else
T, =m

end if .

10:  Construct Rl(fs)g by sampling r; elements uniformly at random from [m].

© PN DTy

y' <In -P (51(1?9 ) a;

11: g5 € argmax

erb), a2
+1 7 .
122 Sy = Shy U s}
13: end for
14: Return Sy = 15’;2,.

As shown later in this section, under this simple modification one can
still provide optimal sample complexity guarantees. Before proceeding to the
sample complexity analysis, we examine the computational gain that the pro-

posed method offers.

The complexity of PSG is determined by the sum of the number of

function evaluations throughout the iterations of the algorithm. Therefore,
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for our choice for r;, the computational complexity of PSG is

k—log %

m 1 1
@ log — log -
; k_l,oge—l—moge

k—i (3.25)

_ (m log(%)(log k — log(log %)) ,

where Hy, denotes the Harmonic series and where we used the fact that log(k) <
H;, < log(k) + 1 to obtain the last equality. For instance, if ¢ = e=* then PSG
reduces to OMP with the computational complexity of O(mk). Further, if
e = c/k* for some positive constants ¢ > 0 and ¢ > 1, then the complexity
of PSG is O(mlog>k) = O(m), i.e. quasilinear, as opposed to the O(mk)
computational complexity of OMP. Next, we show that this value of € is in

fact sufficient to guarantee that PSG achieves the optimal sampling complexity.

3.3.1 Analysis of sample complexity

As mentioned in Chapter [2] the problem of sparse support selection in
(2.3]) is NP-hard. Typically, analysis of an approximation scheme for this prob-
lem is focused on either (i) establishing nontrivial worst-case approximation
factor, or (ii) establishing lower bounds on probability of exact recovery. For
sparse support selection, the latter has been the prevalent type of a guarantee,

and is also the primary type of analysis in the remainder of this chapter.

52



Theorem [B.3.1] summarizes the main results of this section. It states

that PSG successfully recovers k-sparse x with high probability as long as

m

the number of measurements is linear in & (sparsity) and logarithmic in 7,

achieving the optimal sample complexity established by Candes and Tao [67].

Theorem 3.3.1. Let x € R™ be an arbitrary sparse vector with k non-zero
entries and let A € R™™ denote a random matrix with entries drawn inde-
pendently from N(0,1/n). Given noiseless measurements y = Ax, PSG with

parameter e * < e < e~ m finds a solution that satisfies

Pr(Syyy = S) > (1 — )8+ (1 - cl(%)cz exp(—c3%)> , (3.26)

for some positive universal constants ¢y, ¢z, and c3. Furtherore, assume that
m > kvV'k and

n > max ( klog —— (3.27)

Cak ),
i )

where 0 < B < 1, and Cy and Cy are positive constants independent of 3, n
m, and k. Then, PSG with parameter € < % can ezactly identify the optimal

support subset S* with a probability of success exceeding 1 — 2[3.
Proof. See Appendix [A.4] [ ]

Theorem [3.3.1] demonstrates that it is possible to achieve optimal sam-
ple complexity for the task of sparse support selection with only O(mlog? k) =
O(m) function evaluations; to our knowledge, PSC is the first algorithm ca-

pable of reconstructing an arbitrary sparse vector with @(m) computational
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complexity. We note that OMP and its variants achieve the same order of

sample complexity while requiring O(mk) function evaluations in general.

It is worth pointing out that although PSG, OMP, and the convex relax-
ation methods (i.e. BP and LASSO [8,|67.[70]) all achieve the optimal asymp-
totic sampling complexity, convex relaxation methods enjoy smaller constants
in the sample complexity bound compared to greedy methods| This in turn
leads to superior performance of convex relaxation methods for problems with
large support size. However, in such regimes convex relaxation methods incur

prohibitive computational complexities which may render them impractical.

We extend our results on the noiseless and perfectly sparse signals sce-
nario to the general case of noisy measurements where the goal is to identify

the best k-sparse approximation of x.

Theorem 3.3.2. Let x € R™ be an arbitrary signal vector and denote by x
its best k-sparse approximation. Furthermore, let A € R™™ denote a ran-
dom matriz with entries drawn independently from N (0,1/n). Given noisy

measurements y = Ax + e where e is independent of A, if

k
in3; > |(1—4/——68)""+1t|en 3.28
i > [0 5ot (329
for any t,6 > 0, where
en = [lefl2 + Tmax(A)|x — X2, (3.29)

3The constant in the bound for PSG is higher than for OMP.
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PSG with parameter e * < e < e~ m identifies the indices of nonzero entries

in & exactly (i.e. the optimal subset 8*), and the approximation error further

satisfies
N €n
[%psg — %13 < : (3.30)
(1— \/% —5)?
with probability exceeding
(1= 7 (1= 2700 978 ) g, (3.31)
where .
ey reaePay/Eoat (m=F)
1= N *lameranV/ i , (3.32)
i=0
Furthermore, assume that m > kvV/kE and
n > ma 6 klo Cok (3.33)
X .
= g T orn k\/_ )

where 0 < f < 1, and C] and C! are positive constants independent of 3, n,
m, and k. Then, PSG with parameter e < - satzsﬁes (13.30) and identifies S*

exactly with probability exceeding 1 — 2.

Proof. See Appendix [A.F] [ ]

Remark 3.3.1. It is worth to take a closer look at the conditions in
and . These conditions impose a SNR constraint in the sense that the
smallest entry of the k-sparse approximation of the signal should not be too
small compared to the additive noise e and the the part of signal not present

in the k-sparse approximation (i.e. x — x). Note that if the signal is exactly
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k-sparse and the measurements are noiseless, ||[x — x|l = 0 and |[[e|s = 0.

Thus, €, becomes zero and Theorem [3.3.2| reduces to Theorem thm:sss.

3.3.2 Importance of progression to m evaluations

Implications of sampling r; = 7 log% elements in the i*" iteration of
PSG are twofold: first, the search space expands as the algorithm proceeds
through iterations, and second, the search space eventually grows to m thus
essentially reducing PSG to OMP in the last log 1 /€ iterations of the selection
procedure. In Theorem [3.3.3] we formally argue that the observed properties
of the search space are required in order to establish sample complexity results

and guarantee overwhelmingly high probability of the exact recovery.

Theorem 3.3.3. Consider a sequence of optimization problems P(m,k) in
under an increasingly high-dimensional settings, i.e., where m,k — o0,
m > k. Let ALG denote a variant of OMP with a restricted uniform search
space R C [m] having cardinality r, i.e., r denotes the number of oracle calls

in each iteration of ALG. The following claims hold:

1. If there exists a € (0,1) such that v < k*'m, then the probability that

ALG succeeds on P(m, k) goes to zero, i.e.,
lim sup,, 0 Pr (352 - 3*) ~0. (3.34)
2. If there exists ay € (0,1) such that r < aym, then the probability that
ALG succeeds on P(m, k) satisfies

lim sup,, 1o P1 (S(k) = S*) € (01,09), (3.35)

alg
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where 01 and 6y are positive constants that depend on oy such that 0 <

51 < 0y < 0.63
Proof. See Appendix [A.6] [ ]

Theorem Theorem [3.3.3| establishes upper bounds on the probability
that a variant of OMP with a restricted search space constructed uniformly
at random exactly identifies S* in two scenarios: (i) If the size of the search
space remains fixed in each iteration of ALG and the algorithm makes O(mk®)
oracle calls for some a € (0, 1), then the probability of the exact identification
approaches zero as the problem dimension grows. (ii) If the size of the search
space remains fixed in each iteration of ALG and strictly less than [m], and
the algorithm makes O(mk) oracle calls, then although the probability of
the exact identification does not approach zero, it is not asymptotically one
either. An arbitrarily high success probability is a condition that is required
to establish any nontrivial sample complexity results (even a suboptimal one).
Therefore, the two parts of Theorem Theorem [3.3.3] collectively imply that
having an increasing schedule of search spaces which ultimately reaches to m
is a necessary condition to exactly identify the optimal support S* with high

probability.

A schedule of search spaces with cardinality r; = ﬁlog%, explored

by PSG, satisfies this necessary condition and hence the result of Theorem

4Note that St(j; and S§* are quantities that depend on m.
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Theorem does not apply there. We further note that the choice of r;
2-log + with € = 3/k considered in Theorem is further appealing since

it simplifies the analysis of the lower bound on the sampling complexity.

Finally, note that Theorem Theorem [3.3.3] does not specify the small-
est number of oracle calls needed to achieve the optimal sample complexity
results established by [67]. However, the theorem paves the way to provide an
answer to this important open problem. We note that O(m) is a trivial lower
bound the smallest number of oracle calls. Therefore, PSG achieves this lower
bound up to the logarithmic factors. Indeed, it remains of interest to show
whether O(m poly(log k)) is in fact the minimum computational cost required

to achieve the optimal order of sample complexity.

3.3.3 Numerical experiments
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Figure 3.7: Empirical exact recovery rate of PSG for various values of 5.

100

In this section, we verify our theoretical results by comparing them to

the empirical ones obtained via Monte Carlo (MC) simulations. Specifically,
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Figure 3.8: Empirical evaluation of the theoretical bounds established by Theorem Theorem
B33

we consider the task of sparse support selection with increasing support size k
(varied from 10 to 100). We set the dimension of the signal and the number of
measurements to m = 2k and n = 6k log(m/k/4/3), respectively, for three
different values of § = 0.1,0.05,0.01. In each trial, we select locations of the
nonzero elements of x uniformly at random and draw those elements from a
normal distribution. Entries of the coefficient matrix A are also generated

randomly from A(0, £). The results are averaged over 1000 MC trials.

First, we investigate the exact performance of PSG with the choice of
e = B/k for § = 0.1,0.05,0.01, and show the results in Fig. . As we can
see from the figure, the empirical exact recovery rate of PSG is very close to

one, which coincides with the theoretical lower bound of 1 — 25 established in

Theorem [3.3.1]and 3.3.2] (i.e, 0.8,0.9,0.98 for 5 = 0.1,0.05,0.01, respectively).

Next, we empirically verify the results of Theorem Theorem wherein

we established an upper bound on the success probability of a variant of OMP,
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named ALG, with a restricted uniform search space. Fig. compares this
theoretical result with the empirical success rate for r = m/vk and r = m/2,
which correspond to instances of the two settings considered in Theorem The-
orem [3.3.3, Fig.[3.8(a) shows that for = m/v/k the success rate goes to zero
as k increases, as predicted by the first part of Theorem Theorem . H
In Fig. [3.8(b) we see that the success rate does not go to zero for r = m/2;
however, it is always bounded by 1 — e %® ~ 0.39, as claimed by the second

part of Theorem Theorem [3.3.3]

3.4 Applications

3.4.1 Sparse subspace clustering

Sparse subspace clustering (SSC), which received considerable attention
in recent years, relies on sparse signal reconstruction techniques to organize
high-dimensional data known to have low-dimensional representation [3]. In
particular, in SSC problems we are given matrix A which collects data points
a, drawn from a union of low-dimensional subspaces, and are interested in
partitioning the data according to their subspace membership. State-of-the-
art SSC schemes such as SSC-OMP |[1},2] and SSC-BP [3,4] typically consist
of two steps. In the first step, one finds a similarity matrix W characterizing
relative affinity of data points by forming a representation matrix C. Once

W = |C| + |C|T is generated, the second step performs data segmentation by

5Note that in this setting, for k& > 20 this variant of OMP failed in all of the trials;
however, for illustration purposes (i.e., to be able to show the plot in the logarithmic scale)
we set the success rate of ALG for k > 20 to 10~19.
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Figure 3.9: Performance comparison of ASSC, SSC-OMP , and SSC-BP on
synthetic data with no perturbation. The points are drawn from 5 subspaces of dimension 6
in ambient dimension 9. Each subspace contains the same number of points and the overall
number of points is varied from 250 to 5000.

applying spectral clustering on W. Most of the SSC methods rely on the
so-called self-expressiveness property of data belonging to a union of subspaces
which states that each point in a union of subspaces can be written as a linear

combination of other points in the union [3].

In this section, we employ the proposed AOLS algorithm to generate

the subspace-preserving similarity matrix W and empirically compare the re-
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Figure 3.10: Performance comparison of ASSC, SSC-OMP , and SSC-BP on
synthetic data with perturbation terms @ ~ U(0,1). The points are drawn from 5 subspaces
of dimension 6 in ambient dimension 9. Each subspace contains the same number of points
and the overall number of points is varied from 250 to 5000.

sulting SSC performance with that of SSC-OMP and SSC-MP ﬂ For
SSC-BP, two implementations based on ADMM and interior point methods
are available by the authors of [3/[4]. In our simulation studies we use the
ADMM implementation of SSC-BP in as it is faster than the interior

5We refer to our proposed scheme for the SSC problem as Accelerated SSC (ASSC).
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point method implementation. Our scheme is tested for L = 1 and L = 2.
We consider the following two scenarios: (1) A random model where the sub-
spaces are with high probability near-independent; and (2) The setting where
we used hybrid dictionaries [83] to generate similar data points across different
subspaces which in turn implies the independence assumption no longer holds.
In both scenarios, we randomly generate n = 5 subspaces, each of dimension
d = 6, in an ambient space of dimension D = 9. Each subspace contains N;
sample points where we vary N; from 50 to 1000; therefore, the total number
of data points, N =" | N, is varied from 250 to 5000. The results are aver-
aged over 20 independent instances. For scenario (1), we generate data points
by uniformly sampling from the unit sphere. For the second scenario, after

sampling a data point we add a perturbation term 1, where @ ~ U(0,1).

In addition to comparing the algorithms in terms of their clustering
accuracy and running time, we use the following metrics defined in [3,|/4] that
quantify the subspace preserving property of the representation matrix C re-

turned by each algorithm:

o Subspace preserving rate: The fraction of points whose representations

are subspace-preserving.

e Subspace preserving error: The fraction of £; norms of the representation

coefficients associated with points from other subspaces, i.e.,

(Sl (3.36)

i 1€e0

where O represents the set of data points from other subspaces.
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The results for the scenario (1) and (2) are illustrated in Fig. and
Fig. [3.10, respectively. As can be seen in Fig. 3.9 ASSC is nearly as fast as
SSC-OMP and orders of magnitude faster than SSC-BP while ASSC achieves
better subspace preserving rate, subspace preserving error, and clustering accu-
racy compared to competing schemes. In the second scenario, we observe that
the performance of SSC-OMP is severely deteriorated while ASSC still outper-
forms both SSC-BP and SSC-OMP in terms of accuracy. Further, similar to
the first scenario, running time of ASSC is similar to that of SSC-OMP while
both methods are much faster that SSC-BP. As Fig. and Fig. suggest,
the ASSC algorithm, especially with L = 2, outperforms other schemes while
essentially being as fast as the SSC-OMP method.

3.4.2 Column subset selection

Column subset selection (CSS) is a feature selection and dimensional-
ity reduction method that processes high dimensional datasets with the goal
of arriving at a succinct yet information-preserving data representation. CSS
methods have received considerable attention in recent years due to their effi-

ciency, interpretability, and provably-guaranteed performance [10}94}95].

At first glance, CSS is similar to the problem of determining a general
low-rank approximation; however, CSS offers some unique advantages. First,
since CSS is an unsupervised method and does not require labeled data, in can
be efficiently applied to the scenarios where the labeled data is sparse while

unlabeled data is abundant. Second, in many applications such as hiring and
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education where the decision is made via a data-driven algorithm, it is of crit-
ical importance to keep the semantic interpretation of the features intact and
thus enable learning interpretable models. This can be ensured by selecting
a subset of available features as opposed to generating new features via an
arbitrary function of the input features. Finally, compared to PCA or other
methods that require matrix-matrix multiplication to project input features
onto a reduced space during inference, solutions to the CSS feature selection
problem can be directly applied during inference since CSS only requires se-

lecting a subset of feature values from a new instance vector.

Formally, CSS is a constrained low-rank approximation problem that
aims to identify a subset S, |S| = k, out of the m columns of a data matrix
D € R™™ that best approximate the entire data matrix. In particular, the

task of identifying S can be cast as the optimization problem

minimize ||D — P(S)D||%
s (3.37)
s.t. |S| =k,
which is similar to the sparse support selection task (2.4)).

The optimization task in is an NP-hard combinatorial problem.
Efficient methods for finding an approximate solution include the greedy al-
gorithm [96] which attempts to find S in an iterative fashion. In particular,
in the i'" step the greedy method identifies column j, of A according to the

selection rule

B [s i oy
Js = arg maxje

n Séi_l) = i— )
i (T = P(S5Y))d, |2

(3.38)
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where E; denotes the so-called residual matrix in the i iteration and S¢—1)
collects indices of columns selected in the first ¢ iterations; these quantities are

initialized as Eg = D and Sy = 0, respectively.

In this section, we explore an application of the proposed PSG method
to CSS. Specifically, we apply PSG with two values of ¢ = 0.1 and € = 0.01 to
CSS and benchmark it against the greedy and random column subset selection
schemes. Additionally, we use the best rank-k approximation of a matrix (i.e.,
top-k SVD) to serve as an upper bound on the performance, as it explicitly
minimizes the Forbenius reconstruction criterion. Note that this method only
serves as an upper bound and does not fall into the framework of column
subset selection. We compare these algorithms on two datasets; the first one
is a simulated dataset where we generate full rank matrices with a small subset
of columns approximately spanning the entire column space, and the second

one being real dataset.
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Figure 3.11: Performance comparison of various CSS schemes and the top-k SVD lower
bound on a synthetic data.

First we compare performance of various CSS schemes on a simulated
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Figure 3.12: Face clustering: given images of multiple subjects, the goal is to find images
that belong to the same subject (Examples from the EYaleB dataset H ).

dataset. In each iteration of a Monte Carlo simulation with 1000 independent
experiments, we generate a random matrix A € R™*", m = 200, n = 1000, as
follows. First we generate A according to A ~ N(0,1), and then ensure that
the first 180 columns approximately lie in the span of the last 20 columns.
That is, we set Apsg = PrApsg + 0.1 X PjA[lso}, where £ = {181,...,200}.
Finally, we normalize all of the columns of A and then employ our proposed
algorithm as well as the benchmarks to select & columns where k varies from

100 to 1000.

Fig. [B.I1] shows the results of this experiment. As can be seen in
Fig. |3.11)(a), the proposed scheme delivers essentially the same reconstruction
error (i.e. the same objective value for f(S)) as the greedy CSS algorithm;
both methods significantly outperform random sampling. As we keep selecting
more columns, the reconstruction error decreases. Note that this phenomenon
is expected since the objective function of the CSS problem is monotonically
increasing. Finally, in Fig. [3.11{b) we compare the number of function eval-
uations (i.e. oracle complexity) of the greedy and the proposed randomized
greedy schemes. As seen in this figure, the proposed schemes incurs consider-

ably lower computational cost compared to the greedy method.

Next, we test the proposed PSG algorithm on the EYaleB dataset
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Figure 3.13: Performance comparison of various CSS schemes on EYaleB dataset.

which contains frontal face images of 38 individuals acquired under 64 different
illumination conditions. There are 2414 columns (i.e., features) in this dataset
(see Fig. [3.12)). We select k of out these 2414 columns, where k varies from
100 to 1000, and apply the SSC method of [2] to cluster the data points using

the selected features.

Fig. [3.13 compares the performance of various column subset selection
schemes as well as the top-k SVD approach. As shown in Fig. [3.13|(a), recon-
struction errors of the greedy and the proposed scheme are nearly identical.
As the number of selected columns is increased, the reconstruction error is re-
duced; this is consistent with the fact that f(S) is a monotone function. Fig.
3.13|(b) shows the significant computational complexity improvement provided
by the proposed scheme as compared to the greedy CSS method. Since the
complexity of Algorithm [3| grows logarithmically with k, the computational
overhead due to selecting larger numbers of columns is relatively small. Fi-
nally, in Fig. [3.13|(c) we compare the clustering accuracy of SSC applied to

the subset of features selected by different schemes. As the figure shows, clus-
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tering performance of SSC combined with the proposed CSS method is nearly
identical to that of the greedy scheme; both are superior to random column

subset selection.

3.5 Conclusion

In this chapter, we proposed two new sparse reconstruction algorithms,

namely AOLS and PSG.

AOLS, unlike state-of-the art OLS-based schemes such as Multiple Or-
thogonal Least-Squares (MOLS) [86|, relies on a set of expressions which pro-
vide computationally efficient recursive updates of the orthogonal projection
operator and enable computation of the residual vector by employing only
linear equations. Additionally, AOLS allows incorporating L columns in each
iteration to further reduce the complexity while achieving improved perfor-
mance. In our theoretical analysis of AOLS, we showed that for coefficient
matrices consisting of entries drawn from a Gaussian distribution, AOLS with
high probability recovers k-sparse m-dimensional signals in at most k iterations
from O(klog ;7= ) noiseless random linear measurements. We extended this
result to the scenario where the measurements are perturbed with ¢5-bounded

noise.

The second scheme, PSG, achieves the optimal O(klog ') sample com-
plexity established by [67] while requiring only O(m log® k) oracle calls. PSG
is the first greedy algorithm that obtains optimal sample complexity at a

quasilinear complexity. The proposed scheme utilizes the idea of randomly
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restricting the search space of the greedy support selection methods in a pro-
gressive manner thus reducing the computational cost. We further argue the

necessity of having a schedule that progressively expands the search space.

Furthermore, we considered applications to sparse subspace clustering
where we employed the proposed schemes to facilitate efficient clustering of
high-dimensional data points lying on the union of low-dimensional subspaces,
showing superior performance compared to state-of-the-art OMP-based and

BP-based methods [1-4].
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Chapter 4

Evolutionary Subspace Clustering

As we saw in the previous chapter, subspace clustering is an impor-
tant unsupervised learning problem that deals with clustering a collection of
points lying on a union of low-dimensional subspaces. In many applications,
in addition to the low-dimensional subspace structure, the data is acquired
at multiple points in time. Exploiting the underlying temporal behavior pro-
vides more informative description and enables improved clustering accuracy.
Therefore, in addition to the union-of-subspaces structure, there exists an un-
derlying evolutionary structure characterizing the temporal aspect of data.
Thus, it is of interest to design and investigate frameworks that exploit both
union of subspaces and temporal smoothness structures to perform fast and

accurate clustering, particularly in real-time applications.

In this chapter, we propose evolutionary subspace clustering, a method
whose objective is to cluster a collection of evolving data points that lie on
a union of low-dimensional evolving subspaces. we propose to learn a parsi-
monious representation of the data points at each time step by establishing a
non-convex optimization framework that exploits the self-expressiveness prop-

erty of the evolving data while taking into account representation from the
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preceding time step. we develop a scheme based on alternating minimization
that both learns the parsimonious representation as well as adaptively tunes
and infers a smoothing parameter reflective of the rate of data evolution. The
developed framework is successfully employed in a motion segmentation ap-

plication. The content of this chapter can be found in [97][]

4.1 Introduction

Massive amounts of high-dimensional data collected by contemporary
information processing systems create new challenges in the fields of signal
processing and machine learning. High dimensionality of data presents com-
putational and memory burdens and may adversely affect performance of the
existing data analysis algorithms. An important unsupervised learning prob-
lem encountered in such settings deals with finding informative parsimonious
structures characterizing large-scale high-dimensional datasets. This task is
critical for detection of meaningful patterns in complex data and enabling
accurate and efficient clustering. The problem of extracting low-dimensional
structures for the purpose of clustering is encountered in many applications in-
cluding motion segmentation and face clustering in computer vision |12}[1398],
image representation and compression in image clustering [14,/15], robust prin-

cipal component analysis (PCA), and robust subspace recovery and track-

!This chapter is based on existing publication: [Hashemi, Abolfazl, and Haris Vikalo.
Evolutionary self-expressive models for subspace clustering. IEEE Journal of Selected Topics
in Signal Processing 12.6 (2018): 1534-1546.] The author of this dissertation is the primary
contributor. Prof. Vikalo aided in editing the paper and supervised the work.
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ing [16-20]. In these settings, the data can be thought of as being a collection
of points lying on a union of low-dimensional subspaces. In addition to hav-
ing such structural properties, data is often acquired at multiple points in
time. Exploiting the underlying temporal behavior provides more informa-
tive description and enables improved clustering accuracy. For example, it is
well-known that feature point trajectories associated with motion in a video
lie in an affine subspace [6]. Motion during any given short time interval is
related to the motion in recent past. Therefore, in addition to the union of
subspaces structure of the video data, there exists an underlying evolution-
ary structure characterizing the motion. Therefore, it is of interest to design
and investigate frameworks that exploit both union of subspaces and temporal
smoothness structures to perform fast and accurate clustering, particularly in

real-time applications where a clustering solution is required at each time step.

In this chapter, we formulate and study evolutionary subspace clustering
— the task of clustering data points that lie on a union of evolving subspaces.
We provide a mathematical formulation of evolutionary subspace clustering
and introduce the convex evolutionary self-expressive model (CESM), an opti-
mization framework that exploits the self-expressiveness property of data and
learns sparse representations while taking into account prior representations.
The task of learning parameters of the CESM leads to a non-convex opti-
mization problem which we solve approximately by relying on the alternating
minimization ideas. In the process of learning data representation, we auto-

matically tune a smoothing parameter which characterizes the significance of
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prior representations, i.e., quantifies similarity of the representation in succes-
sive time steps. The smoothing parameter is reflective of the rate of evolution
of the data and signifies the amount of temporal changes in consecutive data
snapshots. Note that although we only consider the case of sparse representa-
tions, the proposed framework can readily be extended to enforce any struc-
tures on the learned representations, including low rank or low rank plus sparse
structures that are often encountered in subspace clustering applications. Fol-
lowing extensive simulations on synthetic datasets and two real-world datasets
originating from real-time motion segmentation (as opposed to offline motion
segmentation considered in, e.g. [3,4]) and oceanography, we demonstrate that
the proposed framework significantly improves the performance and shortens
runtimes of state-of-the-art static subspace clustering algorithms that only

exploit the self-expressiveness property of the data.

4.1.1 Connection to subspace clustering

As we discussed in Section [3.4.1] subspace clustering schemes attempt

to solve variants of the optimization problem

Héin Gl st [[X;—XCi||* <€, diag(Cy) =0, (4.1)

where X; and C; denote the data and representation matrices at time t, the
norm in the objective function is, e.g. || - [|1, || - |lo, and || - ||« for SSC-BP,
SSC-OMP, and LRR schemes, respectively, and € is a predefined threshold
that determines to what extend a representation matrix C; should preserve

self-expressiveness of X;. One then defines an affinity (or similarity) matrix
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A, = |Gy +|Cy|" and applies spectral clustering [93] to find the clustering

solution.

Performance of self-expressiveness-based subspace clustering schemes
was analyzed in various settings. It was shown in [3,/4] that when the sub-
spaces are disjoint (independent), the BP-based method is subspace preserv-
ing. Authors of [99,/100] take a geometric point of view to further study the
performance of BP-based SSC algorithm in the setting of intersecting sub-
spaces and in the presence of outliers. These results are extended to the

OMP-based SSC [1},2] and matching pursuit-based SSC [101].

Recently, further extensions of SSC and LRR frameworks were devel-
oped. In particular, an SSC-based approach that jointly performs representa-
tion learning and clustering is proposed in [102] while the authors of [103-107]
extend the SSC framework to handle datasets with missing information. Time
complexity and memory footprint challenges of the LRR framework motivated
the development of its online counterpart in [108]. The temporal subspace clus-
tering scheme [109] assumes that one data point is sampled at each time step
and sets the goal of grouping the data points into sequential segments, followed
by clustering the segments into their respective subspaces. However, neither of
these approaches considers the possibility of an evolutionary structure in the
feature space, the setting studied in the current chapter. Instead, prior works
assume that the data points are received in an online fashion (as opposed to
having evolving features) and, once acquired, are fixed and do not evolve with

time. Therefore, just as the original SSC and LRR frameworks, the subsequent

75



variants of subspace clustering can be categorized as being static. In contrast,
the evolutionary subspace clustering problem studied in the current chapter
is focused on improving clustering quality by judiciously combining parsimo-
nious representations from multiple time steps while exploiting the union of

subspaces structure of the data.

A related problem to subspace clustering is that of robust principal
component analysis (PCA) and robust subspace recovery and tracking |16-20].
There, the goal is to identify outliers (which in some applications may actually
be the objects of interest) to perform PCA and find a single low-dimensional
subspace which best fits a collection of points taken from a high-dimensional
space. State-of-the-art methods perform this task by decomposing the data
matrix into a sum of low rank and sparse matrices. Note that, in robust
subspace recovery, the data matrix consists of all the snapshots of data which
are assumed to lie on a single subspace (except for outliers). Therefore, this
problem, too, is inherently different from the evolutionary subspace clustering

framework that we study in the current chapter.

4.1.2 Connection to evolutionary clustering

The topic of evolutionary clustering has attracted significant attention
in recent years |[110-113]. The problem was originally introduced in [110| where
the authors proposed a framework for evolutionary clustering by adding a tem-
poral smoothness penalty to a static clustering objective. Evolutionary exten-

sions of agglomerative hierarchical clustering and k-means were presented as
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examples of the general framework. Evolutionary clustering has been applied
in a variety of practical settings such as tracking in dynamic networks [112,/114]
and study of climate change |115], generally improving the performance of
static clustering algorithms. Non-parametric Bayesian evolutionary clustering
schemes employing hierarchical Dirichlet process are developed in [116H11§].
An evolutionary affinity propagation clustering algorithm that relies on mes-
sage passing between the nodes of an appropriately defined factor graph is
developed in [113]. Chi et al. |119,|120] proposed two frameworks for evolu-
tionary spectral clustering referred to as preserving cluster quality (PCQ) and
preserving cluster membership (PCM) schemes. In the PCQ formulation, the
temporal cost at time t is determined based on the quality of the partition
formed using data from time t — 1; in PCM, the temporal cost is a result
of comparing the partition at time ¢ with the partition at ¢ — 1. The authors
of |121] proposed evolutionary extensions of k-means and agglomerative hierar-
chical clustering by filtering the feature vectors using a finite impulse response
filter which combines the measurements of feature vectors and uses them to
find an affinity matrix for clustering. Their approach essentially tracks clusters
across time by extending the similarity between points and cluster centers to
include their positions at previous time steps. However, the method in |121]
is limited to the settings where the number of clusters does not change with
time. Following the idea of modifying similarities followed by static cluster-
ing, Xu et al. proposed AFFECT, an evolutionary clustering method where

the matrix indicating similarity between data points at a given time step is
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assumed to be the sum of a deterministic matrix (the affinity matrix) and a

Gaussian noise matrix [111].

To find clustering solutions at multiple points in time for evolutionary
data characterized by union-of-subspaces structure, one might consider con-
catenating the data snapshots from the first until the current time instance
and performing subspace clustering on such a set. In this approach, which we
refer to as concatenate-and-cluster (C&C), finding the clustering solution at
time ¢ would involve forming the matrix X; = [X],..., X/ ]T and performing
clustering X, via subspace clustering approaches. However, due to a signifi-
cant increase in the number of features (caused by data concatenation), such
a procedure would incur computational complexity that grows with time (de-
pending on the subspace clustering method, the complexity would be either
quadratic or cubic in time). Perhaps more importantly, the C&C approach
lacks the ability to discover subtle temporal changes in data organization and
attempts to fit a clustering solution to a single union-of-subspaces structure;

in other words, clustering of concatenated data fails to account for temporal

evolution of subspaces.

As an illustrative example, consider the task of real-time motion seg-
mentation [122,|123] where the goal is to identify and track motions in a video
sequence. Real-time motion segmentation is related to the offline motion seg-
mentation task studied in [3,|4]. The difference between the two is that in
the offline setting clustering is performed once, after receiving all the frames

in the sequence, while in the real-time setting clustering steps are performed
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after receiving each snapshot of data (See Section . The subspaces rep-
resenting the motions evolve; while subspaces in subsequent snapshots are
similar, those that are associated with snapshots separated more widely in
time may be drastically different. For this reason, imposing a single structure,
as in the aforementioned C&C approach, may lead to poor clustering solutions.
Therefore, a scheme that judiciously exploit the evolutionary structure while

acknowledging the union-of-subspaces structure is needed.

Let A,_; and A, denote the affinity matrix at time ¢ — 1 and the affinity
matrix constructed solely from X, respectively. State-of-the-art evolutionary
clustering algorithms, e.g., [111,/119-121|, apply a static clustering algorithm

such as spectral clustering to process the following affinity matrix
At = OétAt + (1 — at)At—la (42)

where a; is the so-called smoothing parameter at time t. The affinity matrix
A, is typically constructed from X, using general similarity notions such as

the negative Euclidean distance of the data points or its exponential variant.

The recursive construction of the affinity matrix shown above brings up
several questions. First, note that when A, is determined from , one does
not take into account representation of data points in previous time steps; as
we show in our experimental studies, this may lead to poor performance in
subspace clustering applications. More importantly, apart from the AFFECT
algorithm |111], none of the existing evolutionary clustering schemes provides

a procedure for finding the smoothing parameter a; which determines how
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much weight is placed on historic data. Instead, existing methods typically
set ay according to the user’s preference for the temporal smoothness of the
clustering results. AFFECT relies on an iterative shrinkage estimation ap-
proach to automatically tune «;. However, to find the smoothing parameter,
AFFECT makes certain strong assumptions on the structure of the affinity
matrix. In particular, it assumes a block structure that holds only if the data
at each time t is a realization of a dynamic Gaussian mixture model, which is
typically not the case in practice, especially in subspace clustering applications
such as motion segmentation. Indeed, as our simulation results demonstrate,
typical values of smoothing parameter found by the shrinkage estimation ap-
proach of AFFECT in motion segmentation application is a; ~ 0.5 regardless
of whether the data is static or evolutionary. This is counterintuitive since,

e.g., for static data we expect a; ~ 0.

To address the above challenges, we develop a novel framework for
clustering temporal high-dimensional data that contains points lying on a
union of low-dimensional subspaces. The proposed framework exploits the
self-expressiveness property of data to learn a representation for X; while at
the same time takes into account data representation learned in the previous
time step. Moreover, we propose a novel strategy that relies on alternating
minimization to automatically learn the smoothing parameter o, at each time
step. As our extensive simulation results demonstrate, the smoothing param-
eter inferred by the proposed CESM framework captures temporal behavior

and adapts to sudden changes in data. Therefore, the smoothing parameter
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found by the proposed framework is reflective of the rate of data evolution
and quantifies the significance of prior representations when clustering data at
time t. Note that even though in this chapter we focus on evolutionary self-
expressive models with sparse representation, the proposed framework can be
extended in straightforward manner to include other representation learning

frameworks such as LRR.

4.2 Evolutionary Subspace Clustering

Let {x,;}*, be a collection of (evolving) real-valued D;,-dimensional
data points at time t and let us organize those points in a matrix X; =
[Xi1,- .., %en,] € RPNt The data points are drawn from a union of n; evolv-
ing subspaces {S;;}it, with dimensions {d;;}*,. Without a loss of generality,
we assume that the columns of X4, i.e., the data points, are normalized vectors
with unit ¢, norm. [ Due to the underlying union-of-subspaces structure, the

data points satisfy the self-expressiveness property [3| formally stated below.

Definition 4.2.1. A collection of evolving data points {x,; !, satisfies the
self-expressiveness property if each data point has a linear representation in
terms of the other points in the collection, i.e., there exist a representation
matriz C; such that

Xt = XtCt7 dlag(Ct) =0. (43)

The goal of subspace clustering is to partition {x,;}, into n, groups

2As we proceed, for the simplicity of notation we may omit the time index.
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such that the data points that belong to the same subspace are assigned to the
same cluster. To distinguish between different methods, we refer to subspace
clustering schemes that find a representation matrix C; which satisfies
as the static subspace clustering methods. As stated in Section 4.1} in many
applications the subspaces and the data points lying on the union of those
subspaces evolve over time. Imposing the self-expressiveness property helps
exploit the fact that the data points belong to a union of subspaces. However,
(4.3) alone does not capture potential evolutionary structure of the data. To
this end, we propose to find a representation matrix C;, for each time ¢, such
that

C = fo(Ci1), X;=X,Cy, diag(C,)=0. (4.4)

In other words, the representation matrix C; is assumed to be a matrix-valued
function parametrized by 6 that captures the self-expressiveness property of
data while also promoting a relation to the representation matrix at a pre-
ceding time instance, C;_;. The function fy : Pc — Pc may in principle be
any appropriate parametric function while the set Pg C RY¥*¥ stands for any
preferred parsimonious structures imposed on the representation matrices at
each time instant, e.g., sparse or low-rank representations. We refer to sub-
space clustering schemes that satisfy as evolutionary subspace clustering
methods. To find such a representation matrix C;, we formulate and solve the
optimization

mein HXt - th@(ctfl)Hz

(4.5)
s.t. fg(thl) < PC,
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and use the resulting representation matrix C; = fy(C;_1) to segment the

data.

The evolutionary subspace clustering problem is essentially a gen-
eral constrained representation learning problem. Given any combination of
(fo, Pc), a solution to (4.5)) results in a distinct evolutionary subspace cluster-
ing framework. After finding a solution to (4.5)) and setting C; = fy«(C;_1),
we construct an affinity matrix A; = |C;| + |C;|" and then apply spectral

clustering to A;.

In this chapter, we restrict our studies to the case where P¢ is the set
of sparse representation matrices and consider a simple and interpretable form
of the parametric function fy. Other structures and more complex parametric

functions are left for future work.

4.2.1 Convex evolutionary self-expressive model

Consider the function
Ct = fQ(thl) =aU + (1 — Oé)thl, (46)

where the values of parameters § = (U, «) specify the relationship between
C;_1 and C;, and need to be learned from data. Intuitively, the innovation
representation matriz U captures changes in the representation of data points
between consecutive time steps. The other term on the right-hand side of (4.6),
(1 — «)Cy_1, is the part of temporal representation that carries over from the

previous snapshot of data. Therefore, the parametric function in (4.6)) assumes
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that the representation at time ¢ is a convex combination of the representation
at t — 1, C,_1, and the “innovation” in the representation captured by matrix
U. Parameter 0 < a < 1 quantifies significance of the previous representation
on the structure of data points at time ¢ (i.e., it is reflective of the “memory"
of representations). Intuitively, if the data is static we expect parameters to
take on the values (¢ = 0, U = 0) or (« = 1, U = C,_;). Conversely, if
the temporally evolving data is characterized by a subspace structure that

undergoes significant changes, we expect a to be relatively close to 0.5.

Since at each time step we seek a sparse self-representation of data, the
innovation matrix U should be sparse and satisfy diag(U) = 0. Therefore, for
the evolutionary model , search for the best collection of parameters that
relate C;_; and C; leads to optimization

min X, - Xy(aU+ (1 - )G’
stt. diag(U) =0, [|U|s <k, (4.7)
0<a<l.
In the above optimization, k determines sparsity level of the innovation. Since

each point in §; can be expressed in terms of at most d points in S;, we typically

set k < d.

We refer to (4.7)) as the convex evolutionary self-expressive model (CESM)
for the evolutionary subspace clustering. Note that due to the cardinality con-
straint, (4.7)) is a non-convex optimization problem. In Section |4.3] we present

methods that rely on alternating minimization to efficiently find an approxi-

mate solution to (4.7)).
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4.3 Alternating Minimization Algorithms for Evolution-
ary Subspace Clustering
In this section, we present alternating minimization schemes for finding

the innovation representation matrix U and smoothing parameter «, i.e., for

solving (4.7).

4.3.1 Finding parameters of the CESM model

We solve (4.7) for U and « in an alternating fashion. In particular,
given U,_;, the innovation representation matrix found at time ¢t — 1, we

determine value of the smoothing parameter according to
a = arg min 0<a<1 HXt — Xt(dUt—l + (1 — d)Ct—l)”2' (48)

The objective function in (4.8) is unimodal and convex; in our implementa-
tion, we rely on the golden-section search algorithm [124] to efficiently find .
Having found «, we arrive at the representation learning step which requires

solving

min |X; — X (aU + (1 — a)Ciy)|?
(4.9)
s.t. diag(U) =0, ||U|o <k,

which is a non-convex optimization problem due to the cardinality constraint.

Let X, = é(Xt — (1 — a)X;C;_1). Then, (4.9) can equivalently be written as
min || X; — X, U|?
v (4.10)
s.t.  diag(U) =0, ||[U|o < k.
The optimization problem (4.10)) is clearly related to static subspace clustering

with sparse representation (cf. (4.1])) and, in general, to sparse reconstruction
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and sparse support selection problem [8]. Similar to static sparse subspace
clustering schemes [1-4], one can employ compressed sensing approaches such
as basis pursuit (BP) [125] (or the related LASSO [70]), orthogonal matching
pursuit (OMP) [41], and orthogonal least squares (OLS) [40] algorithms to

find a suboptimal innovation matrix U in polynomial time.

In particular, the basis pursuit representation learning strategy leads

to the convex program

: A
min  [|U[}; + 51X, — X,U|]*
U 2 (4.11)
s.t. diag(U) =0,
which can be solved using any conventional convex solver (see Section for

an ADMM-based implementation). Here, A > 0 is a regularization parameter

that determines sparsity level of the innovation representations.

For the OMP-based strategy, to learn the representation for each data
point x; ;, j € [N], we define an initial residual vector ryp = X;; and greedily
select k data points indexed by A® = {i;,... i} C [N] that contribute to

the innovation representation of x; ; according to

ig = arg max IE[N\AC-DU{;} |rg_1Xt7i‘2, (412)

where ¢ € [k]. The residual vector is updated according to r, = P(A®)1%,
where P(AYY) is the projection operator onto the subspace spanned by
X, 4o (i.e., the columns of X, that are indexed by A®). Once A®) is deter-
mined, the innovation representation is computed as the least square solution

o xI %
u; =X, X
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The OLS-based representation learning strategy is similar to that of

OMP, except the selection criterion is modified to

. |rZ—1Xt,i‘2
Ly = ArgIMaxX ;e N\ AC-DU{j} ”P(A(é—l))LX“H%.

(4.13)

Finally, (4.6) yields the desired representation matrix C;.

4.3.2 Complexity analysis

The computational complexity of the proposed alternating minimiza-

tion schemes is analyzed next.

Since it takes O(N?) to evaluate the objective functions in (4.8)), the
complexity of finding the smoothing parameter using the golden-section search

or any other linearly convergent optimization algorithm is O(N?).

The computational cost of using BP-based strategy to learn the inno-
vation representation matrix U in 7 iterations of the interior-point method is
O(TDN?). However, as we demonstrate in Section , by using an efficient
ADMM implementation the complexity can be reduced to O(7,,D*N?) where

Tm denotes the maximum number of iterations of the ADMM algorithm.

Since they require search over O(N) D-dimensional data points in k
iterations, the complexity of learning innovation representation matrix using
OMP and OLS methods is O(kDN?) and O(kD?*N?), respectively. In Section
4.4 we discuss how one can reduce the complexity of OMP and OLS-based
representation learning methods to O(DN?) using accelerated and randomized

greedy strategies.
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4.4 Practical Extensions

Here we discuss potential practical issues and challenges that may come
up in applications, and demonstrate how the proposed frameworks can be

extended to handle such cases.

4.4.1 Tracking the evolution of clusters

The CESM framework promotes consistent assignment of data points to
clusters over time. However, subspaces and the corresponding clusters evolve
and thus one still faces the challenge of matching the clusters formed at con-
secutive time steps. This task essentially entails searching over permutations
of clusters at time ¢ and identifying the one that best matches the collection
of clusters at time ¢ — 1. Quality of a matching (i.e., the weight of a matching)
is naturally quantified by the number of data points common to the pairs of
matched clusters. The solution to the so-called maximum weight matching
problem can be found in polynomial time using the well-known Hungarian
algorithm [126], or its variants that handle more sophisticated cases such as
one-to-many and many-to-one maximum weight matching [127,128|. In our
numerical studies, we use the Hungarian algorithm to match clusters across
time and evaluate clustering accuracy in experiments where the ground truth

is known.
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4.4.2 Adding and removing data points over time

In practice, it may happen that some of the data points vanish over
time while new data points are introduced. In such settings, the number of
data points and hence the dimension of representation matrices varies over
time. Our proposed framework readily deals with such scenarios, as explained

next.

Let 7 denote the set of indices of data points introduced at time ¢ that
were not present at time t — 1. To incorporate these points into the model, we
expand C;_; by inserting all-zero vectors in rows and columns indexed by 7.
New data points do not play a role in the temporal representations of other
data points but they may participate in the innovation representation matrix
(i.e., U). Finally, let 7 denote the set of indices of data points that were
present at time t — 1 but have vanished at time t; those points are removed

from the model by excluding rows and columns of C,_; indexed by 7.

4.4.3 Accelerated representation learning

The most computationally challenging step of the proposed evolution-
ary self-expressive model is the representation learning step, i.e., the task of
computing the innovation representation matrix U. Therefore, when handling
evolutionary data containing a large number of high-dimensional data points,
efficient representation learning methods are needed. To this end, we here
discuss how to employ BP, OMP, and OLS-based strategies in an accelerated

fashion.
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We first develop an ADMM algorithm for finding the innovation matrix
U in (4.11) following a similar approach to that of [4].
Define X; = 1(X; - (1 —a)X;C;_1). Introduce an auxiliary matrix Z

and consider the optimization

gp UL+ %Hit - X2 (4.14)
s.t.  Z=1U — diag(U),
which is equivalent to the optimization problem (4.11f) considered in Section
4.3l Form the augmented Lagrangian of to obtain
£,(U.2.Y) = U] + 5K, - X, 2]
+ g|]Z—U+diag(U)||2 (4.15)
+tr(YT (2 — U + diag(U))),
where p > 0 and Y are the so-called penalty parameter and dual variable,
respectively. Since adding the penalty term makes the objective function
strictly convex in the optimization variables, we can apply ADMM to solve it

efficiently. The ADMM consists of the following iterations:

o Z = minz L,(U% 25 YY),

According to [4,|129], this problem has a closed-form solution that can

be expressed as
ZH = OX] X+ pD) P OX] X - Y+ pUY). (4.16)

Note that a naive way to compute matrix inversion in (4.16|) requires

O(N?) arithmetic operations. However, employing the matrix inversion
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lemma and caching the result of the inversion reduces the computational

cost to O(DN?).

o U = mingy. £,(U4 241 YH).
Note that the update of U also has a closed-form solution given by

YZ
J = 71(ZZ+1 + _)’
’ p (4.17)
U™ = J — diag(J),
where 7,(x) = (|z] — n)4sgn(x) is the so-called shrinkage-thresholding

operator that acts on each element of the given matrix.

o Y = Y! 4 p(Z! — U, which is a dual gradient ascent update

with step size p.

The above three steps are repeated until convergence criteria are met
or the number of iterations exceeds a predefined maximum number. Although
here we focus on ADMM as the optimization method, similar update rules can

be obtained by using more advanced techniques including fast and linearized

ADMM [130}/133).

Now, we consider the OMP and OLS-based representation learning
strategies. In each iteration of the OMP and OLS-based representation learn-
ing methods, one performs search over O(N) data points to identify which
among them contribute to the innovation representation. In the case of large-
scale datasets containing many data points, having O(N) “oracle calls” might

be prohibitive. To reduce the computational burden, we can employ the PSG
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algorithm that we introduced in Section [3.3|instead of the conventional greedy

strategies to accelerate the representation learning process.

The complexity of the OLS-based method can further be reduced using
the AOLS algorithm, introduced in Section [3.2] Recall, AOLS improves per-
formance of OLS while requiring significantly lower computational costs. As
opposed to OLS which greedily selects data points according to , AOLS
efficiently builds a collection of orthogonal vectors to represent the basis of
P(A“Y)L in order to reduce the cost of projection involved in (#.13). In
addition, AOLS anticipates future selections via choosing L data points in
each iteration, where L > 1 is an adjustable hyper-parameter. Selecting mul-
tiple data points in each iteration essentially reduces the number of iterations
required to identify the representation of data points while typically leading
to improved performance. Therefore, in our implementations, we employ the

AQOLS strategy instead of OLS to learn the innovation matrix U.

4.4.4 Dealing with outliers and missing entries

The evolving data may contain outliers or missing entries at some or
all of the time steps. The proposed framework allows for application of convex
relaxation methods to handle such cases. Specifically, let E denote a sparse
matrix containing outliers, and let {2 denote the set of observed entries of the
corrupted data X¢. Define the operator Pq : RP*N — RP*N a5 the orthogonal
projector onto the span of matrices having zero entries on [D] x [N]\(2, but

agreeing with X¢ on entries indexed by the set 2. Prior to employing greedy
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representation learning methods, we identify outliers and values of the missing
entries by solving the convex program
min (|, + A B[,
“ (4.18)
s.t. PQ(X?) = PQ(Xt)7 X? = Xt + E.
Then we can apply the CESM framework using any of the greedy representa-

tion learning methods to process the “clean" data X, ultimately finding the

representations and clustering results.

In contrast to the greedy representation learning methods, BP-based
approach benefits from joint representation learning and corruption elimina-

tion. That is, within the CESM framework, we may solve

. A
Juin 101+ 1% — X, U2 + X lIXill« + A|[Ey
st Po(X§) =Pa(X,), X{=X,+E, (4.19)
~ 1 .
Xt — E(Xt — (1 — OZ)XtCt—1>7 dlag(U) — 07

to simultaneously learn the innovation, detect the outliers, and complete the

missing entries.

4.5 Numerical Experiments

We compare performance of the proposed CESM framework to that
of static subspace clustering schemes and the evolutionary clustering strategy
of AFFECT [111] on synthetic, motion segmentation, and ocean water mass
datasets. Note that AFFECT in general does not exploit the fact that the data

points lie on a union of low-dimensional subspaces and its default choices for
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affinity matrix are the negative squared Euclidean distance or its exponential
form (i.e., an RBF kernel). We found that AFFECT performs poorly compared
to other schemes (including static algorithms) when using default choices of
affinity matrices. Hence, in all experiments we use the representation learning
methods introduced in Section [4.3]for CESM as well as for AFFECT to ensure

a fair assessment of the proposed evolutionary strategy.

4.5.1 Synthetic data

In a variety of applications including motion segmentation [6], the data
points and their corresponding subspaces are characterized by rotational and
transitional motions. Therefore, to simulate an underlying evolutionary pro-
cess for data points lying on a union of subspaces, we consider the following

scenario of rotating subspaces where we repeat each experiment for 150 trials.

At time t = 1, we construct n = 10 linear subspaces in R”, D = 10,
each with dimension d = 6 by choosing their bases as the top d left singular
vectors of a random Gaussian matrix in RP*P. Then, we sample N = 500
data points, 50 from each subspace, by projecting random Gaussian vectors
to the span of each subspace. Note that, in this setting, all the subspaces
are distributed uniformly at random in the ambient space and all data points
are uniformly distributed on the unit sphere of each subspace. According to
the analysis in [2,99,|100|, this in turn implies that the subspace preserving
property and the performance of representation learning methods based on

BP, OMP, and AOLS is similar. However, we intentionally generate relatively
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Figure 4.1: Comparison of clustering accuracy of static and various evolutionary subspace
clustering schemes employing OMP-based representation learning strategy on a simulated
data containing 500 points that belong to a union of 10 rotating random subspaces in R'?,
each of dimension 6. The proposed CESM framework significantly improves the clustering
accuracy and is superior to the AFFECT strategy. Moreover, CESM framework adapts to
subspace changes at times ¢t = 6,13 as shown in the right-most plots.

low number of data points compared to the dimension of subspaces and the
dimension of the ambient space; this creates a setting that is challenging for
static subspace clustering algorithms. After constructing subspaces at time

t = 1, we evolve the subspaces by rotating their basis 45° or 90° around a

random vector and project the data points X; on the span of the rotated
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Figure 4.2: Comparison of the smoothing parameter « for various evolutionary subspace
clustering schemes employing OMP-based representation learning strategy on a simulated
data containing 500 points lying on a union of 10 rotating random subspaces in R!?, each
of dimension 6. AFFECT’s smoothing parameter remains approximately constant regard-
less of the underlying evolutionary behavior while the smoothing parameter for the CESM
framework dynamically reflects the structure and reacts to cluster changes.

subspaces to obtain Xs. We continue this process for 7" = 20 time steps. Note
that for each subspace we perform rotation around a different random vector.
Otherwise, if the rotations were around the same vector, the above setting
would not be an evolutionary process as the relative positions of subspaces
and data points would not vary over time. For brevity, we only present results
of using OMP-based learning to find the representation matrices for static and

competing evolutionary subspace clustering algorithms; however, we observed

similar results for representation learning methods based on BP and AOLS.

Next, we consider a related experiment where in addition to rotation,
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Figure 4.3: Example frames from the videos in the Hopkins 155 dataset [@

at time ¢ = 6 all data points generated from subspace Sjy are absorbed by
subspace Sg. That is, at t = 6 we project X5 s,, to the span of Sg. At time
t = 13, these data points are separated from Sy and lie once again on Sig.
Hence, for 6 <t < 12 the effective number of subspaces is n = 9 and there are

100 data points in Sy.

The clustering accuracy results for these two experiments are illus-
trated in Fig. 4.1l For the first experiment, as seen from Fig. (a) and
Fig. (c), the static SSC-OMP algorithm performs poorly compared to
CESM and AFFECT. Since CESM and AFFECT exploit the evolutionary be-
havior of the data points, after a few time steps their accuracy significantly
increases. We further observe that the proposed CESM framework achieves
better accuracy than AFFECT; this is likely because the former exploits the
self-expressiveness property of data points in the representation learning pro-
cess while the latter simply combines current and prior representations to

enforce the self-expressiveness property.

A comparison of the performance results in the second experiment is
shown in Fig. (b) and Fig. (d). We observe that the performance

of all evolutionary schemes suffers temporary degradations at times t = 6
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and t = 13. The reason for this phenomenon is that the data points Xg s,
at t = 6 are significantly different from X5 s, at time ¢ = 5 due to being
absorbed by Sy at time ¢ = 6 and not belonging to Syp. Therefore, since
the subspaces are nearly independent, prior representations {cs;}cs,, and
{c12; }ies,, are simply not well-aligned with the sudden changes taking place
at times t = 6, 13. We further note that the deterioration in clustering accuracy
is more severe for AFFECT than for CESM. We also observe from the figure
that the proposed evolutionary scheme is able to quickly adapt to changes. At
t = 13, the data points that were previously absorbed by Sy are projected back
to the span of Sjg; as a result of this change, the performance of evolutionary
schemes decreases. However, accuracy of the evolutionary methods recovers at
t = 14 and improves onward as they exploit the evolving property of the data.
Similar to the first experiment, due to exploiting the fact that data points
lie on a union of subspaces, the proposed CESM framework outperforms the

AFFECT’s strategy.

Next, we investigate the value of «, i.e., the smoothing parameter dis-
covered and used by CESM and AFFECT in the previously described experi-
ments to further assess which scheme more accurately captures the evolution-
ary nature of the subspaces. Fig. illustrates changes in the value of a over
time, where in addition to the above two experiments we consider the scenario
where subspaces are not rotating. The figure indicates that the smoothing pa-
rameter of AFFECT remains approximately 0.5 regardless of how rapidly the

subspaces evolve. Note that the smoothing parameter essentially quantifies
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evolutionary character of a dataset: if the data is static, we expect o = 0 or
a = 1 for both CESM and AFFECT. As opposed to the AFFECT’s smoothing
parameter, the value of o for the CESM framework quickly converges to the
anticipated level; note that we initialized a as 0.5. Fig. (d)-(f) further
suggest that the smoothing parameter of the proposed CESM framework no-
ticeably changes at times ¢ = 6,13. This is a strong indication that CESM
is capable of detecting subspace changes at t = 6, 13, while AFFECT fails to

detect that the subspaces are rotating.

The above results suggest that the proposed framework improves per-
formance of static subspace clustering algorithms when the data is evolving,
while also being superior to state-of-the-art evolutionary clustering strategies
in the considered settings. In contrast to prior schemes, the smoothing param-
eter of the proposed framework is meaningful and interpretable, and timely

adapts to the underlying evolutionary behavior of the subspaces.

4.5.2 Real-time motion segmentation

Motion segmentation is the problem of clustering a set of two-dimensional
trajectories extracted from a video sequence with multiple rigidly moving ob-
jects into groups; the resulting clusters correspond to different spatiotempo-
ral regions (Fig. [4.3). The video sequence is often received as a stream of
frames and it is desirable to perform motion segmentation in a real-time fash-
ion [122,/123]. In the real-time setting, the ¢™* snapshot of X, (a time interval

consisting of multiple video frames) is of dimension 2F; x Ny, where NN, is the
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number of trajectories at t' time interval, F; is the number of video frames
received in ¢ time interval, n; is the number of rigid motions at ¢ time
interval, and F' = ), F} denotes the total number of frames. Real-time mo-
tion segmentation falls within the scope of evolutionary subspace clustering
since the received video sequence is naturally characterized by temporal prop-
erties; at t'" time interval, the trajectories of n; rigid motions lie in a union
of n; low-dimensional subspaces in R**, each with the dimension of at most

In contrast to the real-time motion segmentation, clustering in offline
settings is performed on the entire sequence, i.e., X = [X] ... ,X;]T. There-
fore, one expects to achieve more accurate segmentation in the offline settings.
However, offline motion segmentation cannot be used in scenarios where some
motions vanish or new motions appear in the video, or in cases where a real-

time motion segmentation solution is desired.

To benchmark the performance of the proposed CESM framework, we
consider Hopkins 155 database [6] which consists of 155 video sequences with 2
or 3 motions in each video (corresponding to 2 or 3 low-dimensional subspaces).
Unlike the majority of prior work that process this data set in an offline setting,
we consider the following real-time scenario: each video is divided into T data
matrices {X;}L , such that F; > 2n for a video with n motions. Then, we
apply PCA on X; and take its top D = 4n left singular vectors as the final

input to the representation learning algorithms.

We benchmark the proposed framework by comparing it to static sub-
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space clustering and AFFECT; the former applies subspace clustering at each
time step independently from the previous clustering results while the latter
applies spectral clustering [93] on the weighted average of affinity matrices
A; and A;_;. The default choices for the affinity matrix in AFFECT are
the negative squared Euclidean distance or its exponential form. Under these
choices, AFFECT achieves a clustering error of 44.1542 and 21.9643 percent
for the negative squared Euclidean distance or its exponential form, respec-
tively, which as we present next is inferior even to the static subspace clustering
algorithms. Hence, to fairly compare the performance of different evolutionary
clustering strategies, we employ BP [3}4,125], OMP |[1}2,41], and AOLS [64]
with L = 1,2,3 to learn the representations for all schemes, including AF-

FECT.

The performance of various schemes are presented in Table .1} there,
the results are averaged over all sequences and all time intervals excluding
the initial time interval ¢ = 1. The initial time interval is excluded because
for a specific representation learning method (e.g., BP), the results of static
subspace clustering and evolutionary schemes coincide. Note that for the pro-
posed CESM framework, the top results in each row of Table correspond
to the case of using a constant smoothing factor with the lowest average er-
ror while the bottom results in each row are achieved by using the proposed
alternating minimization schemes to learn the best smoothing parameter for

each time interval.

As we can see from the table, static subspace clustering has higher
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clustering errors than their evolutionary counterparts; this is due to not incor-
porating any knowledge about the representations of the data points at other
times. Furthermore, the proposed CESM framework is superior to AFFECT
in terms of clustering error for all the representation learning methods. In ad-
dition, the proposed CESM framework achieves lower running time than static
and AFFECT strategies, especially for the case of using OMP and AOLS as the
representation learning methods. This supports the observation that CESM
promotes sparser U, by leveraging C;_; in the process of learning C; which in
turn leads to faster convergence of OMP and AOLS. Similar to what we ob-
served on synthetic datasets, the smoothing parameter of AFFECT (with both
the default choices for the affinity matrix and the SSC-based affinity learning
methods) was approximately 0.5 for all sequences and thus unable to cap-
ture evolutionary structure of the subspaces in a meaningful and interpretable

manner.

4.5.3 Ocean water mass clustering

Ocean temperature and salinity has been tracked by Argo ocean obser-
vatory system comprising more than 3000 floats which provide 100,000 plus
temperature and salinity profiles each year. These floats cycle between the
ocean surface and 2000m depth every 10 days, taking salinity and tempera-
ture measurements at varying depths. A water mass is characterized as a body
of water with a common formation and homogeneous features, such as salin-

ity and temperature. Study of water masses can provide insight into climate
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Figure 4.4: Clustering results of four different types of water masses at 1000 dbar near the
coast of south Africa (colored with blue). using static and various evolutionary subspace
clustering schemes employing AOLS-based representation learning strategy with L = 3. The
static subspace clustering scheme and AFFECT fail to keep track of the orange water mass
at time ¢ = 6 and ¢t = 4, respectively. However, our proposed CESM framework detects
homogeneous water masses across all time steps.

change, seasonal climatological variations, ocean biogeochemistry, and ocean
circulation and its effect on transport of oxygen and organisms, which in turn

affects the biological diversity of an area.

To illustrate the abilities of evolutionary subspace clustering in model-
ing various real-world problems, including those outside the computer vision
community, we analyze the global gridded dataset produced via the Barnes
method that was collected and made freely available by the international Argo
program. This dataset contains monthly averages (since January 2004) of

ocean temperature and salinity with 1 degree resolution worldwide [135,|136].
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Table 4.2: Average salinity and temperature of four different types of water masses at 1000
dbar near the coast of south Africa identified by CESM framework employing AOLS-based
representation learning strategy with L = 3 at different time steps. The results in top,
middle and bottom for each cluster correspond to t = 2,4, 6, respectively.

water mass salinity level temperature (°C)
34.4554 3.4971
orange 34.3564 3.6164
34.5008 3.2141
34.3452 3.5849
green 34.6693 1.9910
34.3640 3.6482
34.6603 2.0177
yellow 34.4974 6.4445
34.6680 2.0914
34.4998 6.3313
purple 34.4649 3.4162
34.4997 6.5522

In order to identify homogeneous water masses, we apply static and
various evolutionary subspace clustering schemes, using AOLS-based repre-
sentation learning method with L = 3 on the temperature and salinity data
at the location near the coast of South Africa where the Indian Ocean meets
the South Atlantic (specifically, the area located at latitudes 25° S to 55° S

and longitudes 10° W to 60° E).

According to prior studies in [137-139], there are three well-known and
strong mater masses in this area: (1) Agulhas currents, (2) the Antarctic inter-
mediate water (AAIW), and (3) the circumpolar deep water mass. Therefore,
following the discussion in [137] we set the number of clusters to n = 4 to

further account for other water masses in the area.

105



The area described above accounts for N = 1921 evolving data points,
each containing the monthly salinity and temperature from April to September
for two years acquired starting in the year 2004 and 2005 (¢ = 1) until year 2014
and 2015 (t = 6). Temperature and salinity were normalized by subtracting
the mean and dividing by the standard deviation of the entire time frame of
interest. This procedure results in 24 X N data matrices {X;}%_, which are
then used as inputs to the evolutionary subspace clustering algorithms. As
stated in Section [4.4] we employ the Hungarian method [126] to match the

clustering solution at each time to the previous result.

The identified water masses by static, AFFECT, and CESM schemes
using AOLS with L = 3 as the representation learning method are illustrated
in Fig. for t = 1,2,4,6. The area colored with blue corresponds to the
coast of south Africa and other islands in the target location. As we can see
from the figure, all schemes are able to identify homogeneous water masses.
However, the static subspace clustering and AFFECT schemes fail to properly
detect the temporal changes in the formation of the green and orange water
masses. In particular, the formation of the orange cluster evolves, as captured
by the clustering results of the CESM framework. Since the CESM framework
accounts for the underlying temporal behavior in the representation learning
process and are able to infer appropriate smoothing factors, they are able to
accurately keep track of the orange and green clusters across different time
steps. Note that similarly to the results on synthetic and real-time motion

segmentation datasets, the smoothing parameter of AFFECT was approxi-
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mately 0.5. In addition, compared to AFFECT, CESM framework is capable
of a faster adaptation to the changes in the formation of the orange water mass

fromt=1tot=2.

The temperature and salinity averages for the water masses clustered
by the CESM framework are shown in Table where the results in top,
middle and bottom for each cluster correspond to t = 2,4, 6, respectively. A
combination of these values, the geographic location of the clusters, and prior
studies in [137],138| suggest that the purple, orange, and yellow clusters corre-
sponds to Agulhas currents, AAIW, and the circumpolar deep water masses,

respectively.

4.6 Conclusion

In this chapter, we studied the problem of organizing data that evolves
over time into clusters which is encountered in a number of practical appli-
cations in machine learning and signal processing. We introduce evolution-
ary subspace clustering, a method whose objective is to cluster a collection
of evolving data points that lie on a union of low-dimensional evolving sub-
spaces. To learn the parsimonious representation of the data points at each
time step, we propose a non-convex optimization framework that exploits the
self-expressiveness property of the evolving data while taking into account
representation from the preceding time step. To find an approximate solution
to the aforementioned non-convex optimization problem, we develop a scheme

based on alternating minimization that both learns the parsimonious represen-
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tation as well as adaptively tunes and infers a smoothing parameter reflective
of the rate of data evolution. The latter addresses a fundamental challenge in
evolutionary clustering — determining if and to what extent one should con-
sider previous clustering solutions when analyzing an evolving data collection.
Our experiments on both synthetic and real-world datasets demonstrate that
the proposed framework outperforms state-of-the-art static subspace cluster-
ing algorithms and existing evolutionary clustering schemes in terms of both

accuracy and running time, in a range of scenarios.
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Chapter 5

Submodular Observation Selection in Networks

In many control, signal processing, and machine learning applications,
one needs to efficiently collect the most informative observations from a po-
tentially significantly larger set of uncertain observations. The goal of such
selection is to reduce the burden on computational and communication re-

sources while still providing accurate inference of unknown parameters.

In this chapter, motivated by the application of resource-constrained
sensing systems, we examine conditions under which the mean-square error
behaves similar to a submodular function. We further propose a randomized
greedy algorithm for observation selection and establish performance guaran-
tees on its achievable mean-square error. Finally, we propose a novel submod-
ular information-exchange protocol to reduce the amount of communication in
a network of sensing units operating under communication constraints. Con-

tents of this chapter can be found in [50}140), 141]E]

!This chapter is based on existing publications: [Hashemi, Abolfazl, et al. Randomized
greedy sensor selection: Leveraging weak submodularity. IEEE Transactions on Automatic
Control (2020).], [Hashemi, Abolfazl, Mahsa Ghasemi, and Haris Vikalo. Submodular Ob-
servation Selection and Information Gathering for Quadratic Models. Proceedings of the
36th International Conference on Machine Learning. Vol. 97. 2019.], and [Hashemi, Abol-
fazl, Osman Fatih Kilic, and Haris Vikalo. Near-Optimal Distributed Estimation for a
Network of Sensing Units Operating Under Communication Constraints. 2018 IEEE Con-
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5.1 Introduction

Sensor networks deploy a large number of nodes that either exchange
their noisy and possibly processed observations of a random process or forward
those observations to a data fusion center. Due to constraints on computation,
power and communication resources, instead of estimating the process using
information collected by the entire network, the fusion center typically queries
a relatively small subset of the available sensors. The problem of selecting the
sensors that would acquire the most informative observations arises in a num-
ber of applications in control and signal processing systems including sensor
selection for Kalman filtering [21-23,/142,/143|, batch state and stochastic pro-
cess estimation [24,25], minimal actuator placement [26,[27], voltage control
and meter placement in power networks [28-30], sensor scheduling in wire-
less sensor networks [21,31], subset selection in machine learning [32-34], and

graph signal processing [144}145|.

For a variety of performance criteria, finding an optimal subset of sen-
sors requires solving a computationally challenging combinatorial optimization
problem, possibly using branch-and-bound search [146]. By reducing it to the
set cover problem, sensor selection was in fact shown to be NP-hard [51]. This
hardness result has motivated development of numerous heuristics and approx-

imate algorithms. For instance, [147] formulated the sensor selection problem

ference on Decision and Control (CDC). IEEE, 2018.] The author of this dissertation is the
primary contributor. Mahsa Ghasemi and Osman Fatih Kilic helped with development of
algorithms and implementations. Prof. Vikalo and Prof. Topcu aided in editing the papers
and supervising the work.
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as the maximization (minimization) of the logdet of the Fisher information
matrix (error covariance matrix), and found a solution by relaxing the prob-
lem to a semidefinite program (SDP). The computational complexity of finding
the solution to the SDP relaxation of the sensor selection problem is cubic in
the total number of available sensors, which limits its practical feasibility in
large-scale networks consisting of many sensing nodes. Moreover, the solution
to the SDP relaxation comes with no performance guarantees. To overcome
these drawbacks, Shamaiah et al. |22] proposed a greedy algorithm guaran-
teed to achieve at least (1 — 1/e) of the optimal objective at a complexity
lower than that of the SDP relaxation. The theoretical underpinnings of the
greedy approach to the sensor selection problem in [22] are drawn from the
area of submodular function optimization. In particular, these results stem
from the fact that the logarithm of the determinant (logdet) of the Fisher
information matrix is a monotone submodular function. Nemhauser et al. [4§]
studied maximization of such a function subject to a uniform matroid con-
straint and showed that the greedy algorithm, which iteratively selects items
providing maximum marginal gain, achieves (1 — 1/e) approximation factor.
More recently, [23-25,27|, employed and analyzed greedy algorithms for find-
ing approximate solutions to the log det maximization problem in a number

of practical settings.

Most of the existing work on greedy sensor selection has focused on
optimizing the logdet of the Fisher information matrix, an objective indica-

tive of the volume of the confidence ellipsoid. However, this criterion does not
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explicitly relate to the mean-square error (MSE) which is often a natural per-
formance metric of interest in estimation problems. The MSE; i.e., the trace of
the covariance matrix of the estimation error, is not supermodular [148-153].
Therefore, its negative value, which we would like to maximize, is not submod-
ular. Consequently, the setting and results of [48| do not apply to the MSE

minimization problem.

Recently, Wang et al. [154] analyzed performance of the greedy algo-
rithm in the general setting of maximizing a monotone non-decreasing ob-
jective function that is not necessarily submodular. They used a notion of
the elemental curvature p of the objective function to show that the greedy
algorithm provides a ((1 + u)~1)-approximation under a matroid constraint.
However, determining the elemental curvature defined in [154] is itself an NP-
hard problem. Therefore, providing performance guarantees for the settings
where the objective function is not submodular or supermodular, such as the
trace of the covariance matrix of the estimation error in the sensor selection

problem, remains a challenge.

Additionally, in many state estimation tasks in a network of sensing
units that are capable of exchanging information, the information is gathered

by the units through a nonlinear measurement model |155].

None of the schemes mentioned above consider the case of nonlinear
measurement models as in these scenarios the error covariance matrix is in
general unknown. Some important instances of nonlinearity are quadratic mea-

surement models and inverse problems that occur in many natural phenomena
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and real-world applications. For instance, in object tracking and localization
applications in robotics and autonomous systems, the range measurements

gathered by the radar systems follow a quadratic relation [156,/157].

To arrive at a (weak) submodular objective in settings where the model
is nonlinear, existing schemes resort to approximation techniques, e.g., lineariz-
ing the model (the so-called local optimality approach) prior to the actual
observation selection step [158-165|. However, theoretical guarantees for the
performance of greedy algorithms hold only for the linearized model, i.e., for
the linear approximation of the actual nonlinear model, and hence the se-
lected subset of observations is not necessarily the most informative collection

of measurements.

On another note, processing massive amounts of data collected by
modern large-scale networks may be challenging even for greedy algorithms.
To further reduce the computational burden of maximizing a monotone in-
creasing, submodular function subject to cardinality constraints, the authors
of [32] proposed a stochastic greedy algorithm that achieves (1 — 1/e — ¢)-
approximation factor, where € denotes a parameter that can be varied to ex-
plore the performance-complexity trade-off. However, the results of [32] do
not apply to the sensor selection problem under the (non-submodular) MSE

objective.

Given a network of units, it is further of interest to design an inference
scheme that minimizes the overall estimation error |166,167|; however, in many

applications it is of critical importance that each unit generates a reliable esti-
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mate so as not to adversely affect decision making of other units in the network
(e.g., in the context of autonomous vehicles, a unit with high estimation error
may need to slow down and force other units to do the same). Therefore, we
are interested in minimizing the total mean-square estimation error for the

entire network while promoting balanced performance of the individual units.

In this dissertation we address the above challenges by developing weak
submodularity-driven observation selection and information-exchange proto-
cols. Specifically, under a linear model assumption, we first formulate the
task of selecting sensors in a large-scale network as the problem of maxi-
mizing a monotone non-submodular objective function directly related to the
mean-square estimation error. By closely inspecting curvature of the objec-
tive function, we derive sufficient conditions under which the function is weak
submodular. This enables us to argue that when the measurement vectors are
Gaussian or Bernoulli, as frequently encountered in reduced-dimensionality
Kalman filtering via random projections [168], the MSE objective is with high

probability weak submodular.

Next, we consider the task of observation selection under models where
the relation between unknown states and measurements (partially) follows
a quadratic equation. By drawing a connection between the classical Van
Trees’ inequality |169] and alphabetical optimality criteria [158], we devise
new objective functions that exploit the quadratic relation of the observation
model. We further prove that these functions possess two appealing properties,

namely, monotonicity and (weak) submodularity under mild conditions on
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the statistics of the problem and parameters of the model. These results
allow us to develop a simple greedy scheme for observation selection with
theoretical bounds on its achievable performance without requiring any a priori

approximation step.

To decrease the cost of observation selection, under the assumption
that the dynamics of the process and sensor observations is described by a
state-space model, by building upon the work of Mirzasoleiman et al. 32|,
we propose a randomized greedy algorithm for sensor selection and derive a
bound on the MSE of the state estimate formed by the Kalman filter that
uses the measurements of the selected sensors. Our novel technique for the
analysis of the randomized greedy algorithm provides results that improve
over the existing performance guarantees of [32] for submodular maximization

problems.

Finally, we formulate the task of state estimation in a network of sens-
ing units under a constraint on communication resources and a demand for
balanced performance of the individual units as the problem of maximizing
a monotone objective function subject to a cardinality constraint. The pro-
posed objective function consists of two parts: the total MSE of the network
and a regularizing term that promotes balanced performance of individual
units. Given the fact that the proposed formulation is NP-hard, by leveraging
the notion of weak submodularity, we show that an efficient greedy algorithm

achieves a constant factor approximation of the optimal schedule.
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5.2 Observation Selection in Linear Model

In this section, we establish weak submodularity of the MSE objective

in sensor networks gathering observations according to a linear model.

5.2.1 System model

Consider a discrete-time, linear, time-varying state-space model de-

scribed by
X1 = ApXy + Wy,
(5.1)
yir = Hpxp + vy,

where x;, € R™ is the state vector at time k that we aim to estimate, y, € R" is
the measurement vector, w;, € R™ and v, € R™ are zero-mean white Gaussian
noise processes with covariances Q. and Ry, respectively, Ay € R™*™ is the
state transition matrix and H; € R™*"™ is the matrix whose rows at time k are
the measurement vectors hy; € R™, 1 < i < n. We assume the states x;, are
uncorrelated with wy, and vi. Additionally, we assume that xo ~ N(0,X,)
with ¥, = 0, and Ry, = diag(c?,...,02). Note that, unlike the past work

on greedy sensor selection in [22}31,43.|170], this model does not restrict the

measurement noise covariance matrix to be a multiple of identity.

Due to limited resources, fusion center aims to select K out of n sensors
and use their measurements to estimate the state vector x;, such that the trace
of the covariance matrix of the estimation error, i.e., the MSE of the estimator
implemented using the Kalman filter is minimized. Similar to prior work

in [22,31},/147], we assume that the measurement vectors hy; are available at
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the fusion center. Let Xj,—1 and Xy, denote the predicted and filtered linear
minimum mean-square error (LMMSE) estimators of xy, respectively. In other
words, Xyx—1 is the LMMSE estimator of x; given {ys,,...,¥s, .} and Xy
is the LMMSE estimator of x; given {ysg,,...,¥s,}, where S; denotes the
set of sensors selected at time j and yg, denotes the vector of measurements
collected by those sensors. Moreover, let Py,_; and Py, denote the predicted
and filtered error covariance matrix of the Kalman filter at time instant k,

respectively, i.e.,
Pt = AP 1AL + Qp,
1 T 1 -1
Py = <Pk|k_1 + Hk,SkRk,Ska»Sk) ;

2

2) and the measurements are

where Py = X,. Since Ry = diag(oi,...,o

uncorrelated across sensors, it holds that

Py = (P;;ﬁg_l + H;:Skdia‘g({o-;2}iesk)Hk>$k>

Furthermore, Fs, = Py, = Plz‘z_l + Y ies, 0; “hy;h[; is the corresponding
Fisher information matrix. In the information form, the filtered estimator of

Xy, is expressed as
Xl = FESHg,skdiag({Uﬁ}iesk)Yk- (5.2)

The MSE of the estimate found in (5.2)) is given by the trace of the filtered

error covariance matrix Py:

MSEs, = E | [[xi = %iilly] = Tr (F5)). (5.3)
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To minimize (5.3)), at each time step the fusion center seeks a solution to the

optimization problem

. 1 .
min Tr (Fg') st. Scin], |S|=K. (5.4)

By a reduction to the well-known set cover problem, the combinatorial op-
timization can be shown to be NP-hard [51,/171]. In principle, to find
the optimal solution one needs to exhaustively search over all schedules of K
sensors. The techniques proposed in [147], albeit for an optimality criterion
different from MSE and a simpler measurement model, find a subset of sen-
sors that yields a sub-optimal MSE performance while being computationally
much more efficient than the exhaustive search. In particular, [147| relies on

finding the solution to the following SDP relaxation:

min  Tr(Y)
Zk7Y

st. 0<z,<1, Vie[n]
sz _ K (5.5)
i—1

{Y I

_ _ > 0.
1 n 2 T [
I Pk\kfl + > i 2k,i0; hk,ihk,i

The complexity of the SDP algorithm scales as O(n®) which is infeasible in
many practical settings. Furthermore, there are no guarantees on the achiev-
able MSE performance of the SDP relaxation. Note that when the number of

sensors in a network and the size of the state vector x;, are relatively large, even

the greedy algorithm proposed in [22| may be computationally prohibitive.
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5.2.2 Weak submodular linear sensor selection

Leveraging the idea of weak submodularity, in this section we propose
a new formulation of the sensor selection problem concerned with minimizing
the MSE of the Kalman filter that relies on a subset of network nodes to track

states of a hidden random process.

Recall that for Kalman filtering in the resource-constrained scenario,
if S, is the set of sensors selected at time k then the error covariance matrix
of the filtered estimate is Py, = ngl, the inverse of the corresponding Fisher

information matrix. Let us define f(S) as
f(8S) =Tr (Pyp—1 — F5'). (5.6)

Clearly, since Py—; is known, there is a one-to-one correspondence between
f(Sk) computed for a given subset of sensors S; and the MSE of the LMMSE
estimator (i.e., filtered estimate of the Kalman filter) that uses measurements

acquired by the sensors in Sj. Therefore, we can express the optimization

problem (/5.4) as

max f(S) st. Scn], |S|=K. (5.7)

We now argue that (5.7)) is indeed a weak submodular optimization problem.

By defining X = [n] and Z = {S C X||S| < K}, it is easy to see that
M = (X,Z) is a uniform matroid. In Proposition below we characterize
important properties of f(S) and develop a recursive scheme to efficiently com-

pute the marginal gain of querying a sensor. The formula for the marginal gain
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of f(8) is also of interest in our subsequent analysis of its weak submodularity

properties.

Proposition 5.2.1. Let f(S) = Tr (Pyx—1 — Fg'). Then, f(S) is a mono-

tonically increasing set function, f(0) =0, and

h] Fg5’h;
fi(8) = =g (58)
o; +hy F g hy,
where upon adding element j € X\S to S, Fs is updated according to
Fs'hy ;h/] Fg'
FELIJ{J‘} =Fg' - 28 kTJ kil — (5.9)
of+hy Fgshy,
Proof. See Appendix [B.1] [ |

As stated, the MSE is not a supermodular function [148,/153]. Con-
sequently, the proposed objective f(S) = Tr (Pk|k_1 — Fgl) is also not sub-
modular. However, as we show in Theorem [5.2.1] under certain conditions
f(S) is characterized by a bounded multiplicative curvature Cp.c. Theorem
also states a probabilistic theoretical upper bound on C,,., in scenarios
where at each time step the measurement vectors hy, ;’s are realizations of inde-
pendent identically distributed (i.i.d.) random vectors drawn from a suitable

distribution.

Before proceeding to Theorem and its proof, we first state the
matrix Bernstein inequality [172] and Weyl’s inequality [173] which we will

later use in the proof of Theorem [5.2.1}
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Lemma 5.2.1. (Matriz Bernstein inequality |172]) Let {X,}}_, be a finite
collection of independent, random, Hermitian matrices in R™*™. Assume that
for all £ € [n],

E[X/] =0, Anw(Xe) < L. (5.10)

LetY =", X,. Then, for all ¢ > 0, it holds that

Pr{ s (Y) = g} < mexp (”E [Y;ﬁT/qu /3) . (5.11)

Lemma 5.2.2. (Weyl’s inequality [173]) Let A and B be two m x m real

positive definite matrices. Then it holds that
A(A) + Amin(B) < M(A +B) < N(A) + Apax(B) (5.12)

where \j(A) denotes the I™ largest eigenvalue of A.

We now proceed to the statement and proof of Theorem [5.2.1

Theorem 5.2.1. Let ¢; be the multiplicative curvature of f(S), the objective
function of the sensor selection problem. Assume that ||hy ;|3 < C for all j
and k. If

1 1
Mmae(HH) < (= — ——— ) mino? 5.13
( g k) N <¢ >\mm<Pkk—1>> ?el%;jo-] ( )

for some 0 < ¢ < Apin(Prjx—1), then it holds that

cr < max )\max(Pk|k—1)2(U]2' + )\max(PkUc—l)C)
7= el ¢*(0? 4 ¢C)

Furthermore, if hy ;’s are i.i.d. zero-mean random vectors with covariance

(5.14)

matriz 031, such that o3 < C, then for all ¢ > 0, with probability

—¢*/2
p21-mew (o) 1)
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it holds that

, 1 no? 4+q\
= > 0. 5.16
¢ ?Elﬁ <)\mm(Pk|k1) - 032 ) ( )

Proof. We prove the statement of the theorem by relying on the recursive
expression for the marginal gain stated in Proposition 1. We first establish a
sufficient condition for weak submodularity of f(S). In particular, from the
definition of the multiplicative curvature and , for all (S,7,7) € &, we

obtain L )
(hy ;F7°hy ;) (07 +hy  Fgthy ;)

(STex (h] ,Fs°hy ;) (0% +h] Fr'hy ;)

_ )‘max(FT2>(U]2' + Anaa (Fs ) [ [13)

S max ) —1 2\
(STHEXs Amin(Fg )(Uj + Amin (F77) [ 5 113)

where the inequality follows from the Courant—Fischer min-max theorem [173].

C =

(5.17)

Notice that Amax(Fgl) = Amin(Fs) ™' and A\pin (F7) > Ain(Fs) > Anin(Fp) =

Amin (Pké 1) by Lemma [5.2.2] This fact, along with the definition of ¢ implies

&) < max Amaz(Prir=1)(07 + Amao (Prje—1) [P (13)
= el Amaz(Fs)™ (U + Anaz (Fr) 7ty 413)
(g) )‘maw(Pklk 1) (Uj +)‘Trw:v(Pklkfl)Hhk:,jH%)
= 560 Monae (B1a) 202 + Ama (Fpup) i [13)

(b) )\max(Pk\k 1)2(07 4 Amae(Prje-1)C)

< ma ’
D } )\max(F[n}) (U + )\max(F[n) 10)

(5.18)

where (a) follows from the fact that Aez(Fs) < Apae(Fr) < Ao (Fpny) and

(b) holds since

UJQ' + )\max (Pk|k—1)x

p— -1
g(x) 0-]2' + )\max(F[n])_lx (5 9)

is a monotonically increasing function for x > 0. Now, since the maximum
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eigenvalue of a positive definite matrix satisfies the triangle inequality, we have

1 —~ 1
)\maw(F[n]> < W + Ama:p(Z —ghk,jhlﬂ
P L 520
1

1
Amin(Pk|k71) jeln) 0]2. (H Hy)

Therefore, by combining inequalities (5.13)) and ([5.18)) we obtain the result in
(5.14).

Next, to analyze the setting of i.i.d random measurement vectors, we
bound Ayaz(Fpn)) using Lemma m Let X; = hk’jh;’j — 0?1, and Y =
Z?Zl X;. To use the result of Lemma , one should first verify expressions
in (5.10). To this end, note that

E[X,] = E[hy by ; — 071,

(5.21)
= E[hy;h) ] — 071, = 0.
This in turn implies that E[Y] = 0. Since X;’s are independent,
IELY?I = [ED X3 < > IEXS| (5.22)
j=1 j=1

by the linearity of expectation and the triangle inequality. To proceed, we need
to determine A4, (X;) and E[X?] First, let us verify hy ; is an eigenvector of
X; by observing that

X;h; = (hgh); — 071,) by
(5.23)
= (Ihy ll3 = o) by,
where hk,jhg ;— 031y, is the corresponding eigenvalue. Since hk,jh,lj is a rank-1

matrix, other eigenvalues of X; are all equal to —o?. Hence,

Amaz(X;) < C — 0}, (5.24)
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and we recall that C'— o7, > 0. We can now establish an upper bound on E[X?]

as
E[Xi] - E[(hk,jh;j - UZIm) (hk,jh;j — aiIm)]

= (I3 — o) Elhy by ]
(5.25)
— o3 E[(hy by ; — o7ly)]
= (I3 = o) oI = (C' = 03)03 L,
where we have used the fact that E[X;] = 0. Thus, L = C—o} and |E[Y?]]| <
n(C — o?)oi. Now, according to Lemma [5.2.1] for all ¢ > 0 it holds that

Pr{Amer(Y) < g} > p where

1 ( ¢/ ) (5.26)
=1—mex ) :
! P\(C=a)(nof +a/3)
Therefore,
1 no? +q
Mnaz (Frp) < —————— + max —2 = ¢! 5.27
() Amin(Prg—1)  jeln] 0]2- ¢ ( )
with probability p. This completes the proof. |

Remark 5.2.1. The setting of i.i.d. random vectors described in Theorem [5.2.1
arises in scenarios where sketching techniques, such as random projections, are
used to reduce dimensionality of the measurement equation (see [168] for more

details). The following are often encountered examples of such settings:

1. Multivariate Gaussian measurement vectors: Let hy ; ~ N (0, %Im) for
all j. It is straightforward to show that E[||hy ;||3] = 1. Furthermore, it
can be shown that |hy ;||3 is with high probability concentrated around

its expected value. Therefore, for this case, o7 = % and C' = 1.
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2. Centered Bernoulli measurement vectors: Let each entry of hy, ; be j:\/LT»n
with equal probability. Therefore, ||hy ;|| =1 = C. Additionally, o7 =

% since the entries of hy ; are ii.d. zero-mean random variables with

1

variance —.
m

We can interpret the conditions stated in Theorem [5.2.1|as requirements
on the condition number of Py,_; as argued next. For a sufficiently large m
and o} = %, it holds that C' = 1. Assume ¢ > Apaz(Prjr—1)/A for some

A > 1, and o3 = o? for all i € [n]. Define

)\maaz (Pk|k—1)

SNR = =

: (5.28)

and let

)\max(Pk\k—1>
S S | 5.29
Amin(Prjk—1) — (5.29)

be the condition number of Py,_;. Then, following some elementary numerical

approximations, we obtain the following corollary.

Corollary 5.2.1.1. Let
A >k +c—SNR (5.30)
m

for some ¢y > 1. Then with probability
n

p>1— mexp(—acg) (5.31)

it holds that cy < A3 for some ¢y > 0.
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Figure 5.1: Evaluation of theoretical results in Theorem for a sensor network with
m =3 and n = 12.

Informally, Theorem m states that for a well-conditioned Py;_; the
curvature of f(S) is small, which implies weak submodularity of f(S). Fur-
thermore, the probability of such an event exponentially increases with the

number of available measurements.

5.2.3 Numerical experiments

To test the tightness of the bound established in Theorem [5.2.1], we em-
pirically study a sensor selection problem with n = 12 Gaussian observations.
Fig. shows the true values of the maximum element-wise curvature found
via exhaustive search as well as the bound stated in Theorem [(5.2.Il As can
be seen in the figure, the gap between the two is negligible at small SNR but

becomes relatively loose at high SNR.
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5.3 Observation Selection in Quadratic Model

In this section, we extend the result of Section to nonlinear obser-
vation models. We establish our result by considering a multi-target tracking
problem via a network of sensing units equipped with radar systems where
the relation between unknown states and measurements (partially) follows a

quadratic equation.

5.3.1 System model

Consider a networked sensing system where there are m sensing units
in the network, sensing n objects with unknown locations. Sensing units are
equipped with GPS and radar systems and can communicate with each other
over locally established communication channels. Because of various practical
restrictions such as power and communication constraints, only a subset of
sensing units, known as leaders, can communicate to a control unit that surveys
the environment via commanding the networked system. Each sensing unit
acquires range and angular measurements of all the objects that are within
the maximum radar detection range and transmits those measurements to its
nearest leader.

Let ui and s] denote the location of i" unit and j* object at time
k, respectively. Also, let op = [st',...,s?T]T € R3" denote the collection
of unknown states evolving according to the nonlinear state equation o, =
g(ok_1) + Wy, where wy, is the zero-mean white Gaussian process noise at time

k with covariance Q.
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If 7* object is within the range of i*" unit, the range and angular
measurements of the radar system at time k£ have the following forms:

1o
rij = gl = sill3 + v, (5.32)
uh(3) — 5(3)
[y, = sill2
1(1) — si(1
Q;j = arctanw + 1ij, (5.34)
up(2) — s3,(2)

where v;;, (;; and 7;; are zero-mean white Gaussian observation noisesﬁ We

¢;; = arcsin

+ Gij) (5.33)

denote by &, X, and X, the corresponding subsets of all gathered range and
angular measurements and further we define X := &, U &, U X,,. Note that

depending on the location of objects and units, 3n < |X| < 3nm.

Due to limitations on the rate of communication between the leaders
and the control unit that mainly stems from power limitation, and to reduce
delays in tracking from high computation, only a subset S, C X of the gathered
measurements is communicated to the control unit such that |S;| < K. In
order to track the locations of the objects, the control unit employs extended
Kalman filtering (EKF) using the received measurements. Hence, the selected
subset by the unit leaders should be the one with lowest mean-square error of
the EKF estimates of the objects’ locations while satisfying the communication

constraint.

To identify the most informative subset satisfying the communication

constraint, existing locally optimal schemes (e.g., [160,(162]) linearize the mea-

2We occasionally omit the time index for simplicity of the notation.
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surement model in - around §,_1, the estimate of objects’ loca-
tions at time k — 1, to obtain an approximate linearized measurement model
vr = Hypop + vi, where vy, is the corresponding zero-mean white Gaussian ob-
servation noise with the diagonal covariance Ry, = diag(o?, ... 0"2/\,‘). Then, if
for any subset of observations S C X', we consider the filtered error covariance

of EKF,

Pyi(S) = (P;‘i_l n H;SR,;ng,S) - (5.35)
where Py;_; is the predicted error covariance of EKF, observation selection
is performed at each time k by optimizing trace or logdet of inverse of Py
That is,

S = argmax g <5 1T (Pk|k,1) —Tr (Pk|k(8)) (5.36)

or

Sy = argmax g <5 logdet (Pai(é’)) — log det (P,;|271> : (5.37)

Both of the above optimization problems are NP-hard. Hence, existing
schemes rely on greedy heuristics or convex relaxations to find a suboptimal

subset SY.

The major drawback of locally optimal approaches that are based on
the linearized model is that the linearization step might distort the relational
structure of the true nonlinear model severely. Hence, the selected subset of
observations might not be the most informative collection of measurements.
Although, a remedy for general and complex nonlinearities (such as angular

measurements in ((5.33)) and (5.34))) seems rather infeasible to find, in the next
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section we develop a novel framework for quadratic models (such as range
measurement in ) Our proposed framework builds upon the idea of
optimizing alphabetical scalarizations of the Van Trees’ bound [169] on the
moment of a weakly biased estimator. The Van Trees’ inequality is outlined

in the following theorem.

Theorem 5.3.1. Let 0 be a collection of random unknown parameters, and
let ys = {yi}ics denote the collection of measurements indexed by the subset

S. For any estimator Os that satisfies

+o0o ~
/ v@) <p9(®)Ey;0[08 - @]> de = 0, (538)
it holds that
Ms = Eyqo [(Ve logs(©))(Ve log gs(©))"] (5.39)

where Mg = E[(8s — 0)(0s — 0)T] is the so-called moment matriz associated

with s, and 76(©) = po.ys(©;y) is the posterior distribution of @ given ys.

The condition stated in Theorem [5.3.1] essentially quantifies to what
extent the estimator is biased. Indeed, for an unbiased estimator satisfying

Ey.0[0s] = 0, this condition is met.

The lower bound in the Van Trees’ inequality which is essentially a
lower bound on the achievable mean-square error (MSE) cannot be computed
in a closed-form for general nonlinear models. Nonetheless, as we show in the
next section, the Van Trees’ bound has a closed-form expression for the range

measurements.
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5.3.2 Proposed formulation

In this section, we devise a novel framework to select the most informa-
tive range measurements in a multi-object tracking sensing network. Through-
out this section, we assume E[s]] = 8] , for all j € [n]. Admittedly, in the
beginning of tracking, this assumption might not necessarily hold. Yet, as
time passes the system generally improves the estimates of targets locations.

By defining éfc = si — éifp a;; = éifl —u}, and 7 =1y — %||a,-j||§,

(5.32) can equivalently be written as
. 1. i
Tij = EHS?{HS +a;; ' 8, + vij. (5.40)

The term a;; can be thought of as the features or the design parameters.

Let 6, = [&,{,...,EfﬁT]T € R define z; := [Og(jfl),a,‘jT,O;(nfj)]T and

X = diag(Og(j_l), 1], OgT(n_j)). Then, (5.40) can be written in terms of the

concatenated vector of all centralized unknowns ; according to
Tij = §§kTXij§k + 2y 8y + vy (5.41)

Our first theoretical result, stated in the following theorem, demonstrates that
for the quadratic model in (5.41)) the Van Trees’ bound has a closed-form

expression.

Theorem 5.3.2. Let Bs denote the lower bound in the Van Trees inequality
for the quadratic model (5.41)). Then, for any subset S C X, it holds that

-1
1 —
Bs = <Z = (Xz‘jP/ﬂk—lX;; + zijziTj) + Pk|i—1> . (5.42)

ijeS U
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Proof. Let r denote the vector of all range measurements of the form (5.41)),
and qak(g) = Prs.i, (T S) denote the posterior distribution of &, given rs, and
define
Us = Vec({%&,;rXijék + Z;;(}k}ijes). (5.43)
Then the Van Trees’ bound is found as
B;' = Ers:[(Vs 10845, (5)) (Vs 10g 45,(S)) ]
= Eurs 5, [(V5108 rga, (1; S)ps, (9))
(V5108 prgian, (13 S)ps, (S)) ] (5.44)
= Ers,50[(V5 108 rgizn, (1 S))
(Vg 10g prgs, (r;9)) ] + T,
where
Jo = Eyo [(Vs 10825, (8)) (Vs log psy (8)) " (5.45)
is the prior Fisher information on ;. Since in EKF settings

pffk(s) = N<O7 Pk\k—1>7 (546)

then J, = P!

kh_1- Note that the conditional distribution py;z, (r; S) is the

normal distribution N (ps,, Ri.s). Therefore,
V5108 prgis (1;S) = —(Vaus) Ry s(rs — ps), (5.47)

where [Vgpslij = X0k + 2;;. Using this result and applying the law of total

expectation we obtain

1
B = 3 L (P X)) 4P 69

ijes ~
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Inverting the last line that consists of an invertible positive definite matrix

establishes the stated result and completes the proof. |

Relying on the result of Theorem[5.3.2] we propose to use the trace and
log det of inverse of Bs as the objective functions in the observation selection
task (effectively replacing Py,(S) with Bs in and (5.37)). That is,
instead of linearizing the range measurements we propose to select the most
informative range measurements according to one of the following optimization
problems:

Sk = argmax g <p 1T (Piji—1) — Tr (Bs), (5.49)
Sy = argmax g < logdet (Bg') — log det (P,;‘}C_l) , (5.50)

which are computationally challenging and NP-hard [51]. Theorem opens
a new avenue in the task of observation selection for quadratic models which,
as we see in our simulation results, enables selection of observations leading
to lower estimation error (i.e., higher information) as compared to the locally
optimal approximation methods based on linearization [160,/162]. We note
that the Van Trees’ lower bound is asymptotically tight, i.e., it is tight in the
high signal-to-noise ratio settings or in the case of sufficiently large number of
observations. Hence, we expect to select a near-optimal subset by using the
proposed selection criteria in such settings. In the next section, we further
demonstrate monotonicity and weak submodularity of the proposed optimal-
ity criteria which in turn enables us to devise a greedy observation selection

scheme with theoretical performance guarantee.
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5.3.3 Greedy selection of range observations

In the following theorems, we consider trace and log det scalarizations
of the Van Trees’ bound Bg defined in Theorem and show that they are
monotonically non-decreasing as well as either submodular, or weak submod-
ular. These results illustrate not only that the proposed objective functions
deal with the quadratic model of range measurements without resorting to
any approximations, but also that one can use the greedy observation selec-
tion method of Algorithm 1 to find a near-optimal subset of observations with
performance guarantees established in Proposition [5.2.1} Proofs of the sub-
sequent results are established by employing tools from linear algebra and
matrix analysis such as Weyl’s inequality, Sylvester’s determinant identity,

matrix inversion lemma, and Courant—Fischer min-max theorem [173].

Theorem 5.3.3. Instate the notation and hypothesis of Theorem [5.3.2. The

D-optimality of the Van Trees’ bound, i.e.,
IP(S) = logdet (B3") — logdet Py ). (5.51)
1s monotone and submodular.

Proof. Let ij € X, \S be a new observation and define

1
Jij = 0_—2 (XZ]Pk|k_1X;; + ZijZ;-;) . (552)
v
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The marginal gain of adding a new observation to a subset S is
2(S) = logdet (Bg' + J;;) — logdet (B3')

i
w det B! det (1 +BY%3,BY 2)

=1
og B (5.53)
®)
— logdet (T+BY*J,BY?) > 0,
where (a) follows from the fact that
det (A + B) = det (A) det (1 + A"/?BA™Y/2) (5.54)

according to Sylvester’s determinant identity, for any positive definite ma-
trix A and Hermitian matrix B [173|, and (b) holds due to det (I+ A) >
(1 + det A) for any positive semidefinite matrix A. Therefore f is monoton-

ically increasing.

Now consider § C T C A, and ij € X\T. Using the Sylvester’s

determinant identity we obtain

log det (I n B¥2JijBlT/2>

i (T)/15(S) = <L (5.55)
! ’ log det (T + BY*J;BY?)
Hence, csp = maxs 5 [ (T)/f7(S) < 1 which in turn proves submod-
ularity of fP(S). |

Theorem 5.3.4. Instate the notation and hypothesis of Theorem [5.3.3. The

A-optimality of the Van Trees’ bound, i.e.,

fAS) = Tr (Pyg—1) — Tr (Bs), (5.56)
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1s monotone and weak submodular and its additive and multiplicative curva-

tures satisfy

Cya < max )\max(BK}rl + BEJijB;/})

I1 -1 -1 Ly

(5.57)
€pa < max Apax(By' + B3 J;BL))
e 1 1 1 (5.58)
- )‘min(Pmkq + Pk|k71JiJPk|k71)’
where J;; = ! (Xiij‘k_lszj + zijziTj), for all iy € X,.

2
Uij

Proof. Proof is establish by using similar ideas employed in proof of Theorem

3. |

The term J;; is reflective of the amount of information captured by the
ij™" observation. In this regard, Theorem states that if the difference
between the minimum and maximum information of individual observations is
small, the objective in (5.49) is nearly submodular. Hence, the greedy obser-
vation selection scheme (Algorithm [1]) is expected to find a good (informative)

subset.

Theorems [5.3.3] and [5.3.4] establish monotonicity and (weak) submod-
ularity of the proposed objective functions in ((5.49)) and (5.50). Hence, a sub-

optimal subset of range observations found by the greedy observation selection
scheme (Algorithm [1]) satisfies the performance bounds given in Proposition

2.0.20

136



4 —— Quadratic, Trace 4 Quadratic, Trace
3 Quadratic, logdet | 107 ¢ —— Quadratic, logdet | §
Linearized, Trace Linearized, Trace
F T N Linearized, log det = N e Linearized, log det
g Random g Random
5} 15}
o o
- —~
< ]
= =
o o
w2 w2
g g
54 &
g <
= =100k
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
Time horizon (k) Time horizon (k)
(a) tracking under identical noise powers (b) tracking under random noise powers

Figure 5.2: Comparison of MSEs for random, linearized, and quadratic observation selection
schemes in the multi-target tracking application.

5.3.4 Numerical experiments

In this section, we test the efficacy of the proposed quadratic obser-
vation selection objectives in a multi-object tracking application via UAV
swarm (Fig. , using radar measurements instead of linear measurements,
and compare their performance with those of random and locally optimal

(linearization-based) schemes.

We consider a Monte Carlo simulation with 50 independent instances
where 10 moving objects are initially uniformly distributed in a 5 x 10 area.
At each time instance, the objects move in a random direction with a con-
stant velocity set to 0.2. The swarm consists of 10 UAVs, equidistantly spread
over the area, that move according to a periodic parallel-path search pat-
tern [155]. The initial phases of the UAVs’ motions are uniformly distributed
to provide a better coverage of the area. The UAVs can acquire range and

angular measurements of the objects that are within the maximum radar de-
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tection range. The maximum radar detection range is set such that at each
time step the UAVs together collect approximately 130-170 range and angular
measurements. The communication bandwidth constraints limit the number of
measurements transmitted to the control unit to 10% of the gathered measure-
ments. For the proposed scheme, we select the range measurements using the
proposed quadratic observation selection scheme while for angular measure-
ments, we follow the locally optimal approach of [160}/162], i.e., linearization
around the prior estimates. Performance of different schemes is assessed using
the MSE of the EKF estimates of objects’ locations. We consider two noise
models: in the first scenario, the noise terms are i.i.d. Gaussian with o;; = 0.01
while in the second scenario, we logarithmically space the interval (0.001,0.01)
to generate 10 points and select o; for each measurement uniformly at random

from one of these 10 numbers.

The results for the first noise model are illustrated in Fig. [5.8|(b).
There, at the beginning of tracking all schemes have relatively high error.
However, since the observations selected by the proposed schemes are chosen
according to the exact range model, as time passes the MSE of the proposed
schemes becomes significantly lower than those of locally optimal and random
selection methods (especially under the A-optimality criterion). Fig. [.§(b)
also depicts that the MSE of estimates formed from observations selected
by the proposed quadratic observation selection scheme using A-optimality is
lower than the MSE achieved by selecting the observations via D-optimality.

The explanation of this phenomenon is that if the estimator (here the EKF)
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is a minimum variance unbiased estimator attaining with equality, the
A-optimality scalarization of the Van Trees’ bound becomes equivalent to the
MSE, the performance measure shown in Fig. [5.2|a). Therefore, intuitively,
one expects to achieve lower MSE using the A-optimality scalarization of the

Van Trees’ bound, which is the case in this simulation.

The results for the second noise model are illustrated in Fig. [5.2(b)
where we again observe superiority of the proposed quadratic framework to
select a subset of observations with the lowest estimation error. Compared to
Fig. [5.2(a), since the noise terms here are random, the MSE curves in Fig.
(.2(b) are not as smooth as those in Fig. [5.2/(a).

5.4 Randomized Greedy Observation Selection

The complexity of SDP relaxation and greedy algorithms for sensor
selection become prohibitive in large-scale systems. Motivated by the need
for practically feasible schemes, we present a randomized greedy algorithm for

finding an approximate solution to ([5.7)) and derive its performance guarantees.

5.4.1 Proposed scheme

Inspired by the technique in [32] proposed in the context of optimiz-
ing submodular objective functions, we develop a computationally efficient
randomized greedy algorithm (see Algorithm @) that finds an approximate so-
lution to (5.7) with a guarantee on the achievable MSE performance of the

Kalman filter that uses only the observations of the selected sensors. Algo-
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Algorithm 4 Randomized Greedy Sensor Scheduling
1: Input: Py, Hy, K, e
2: Output: Subset Sy C [n] with |Sy| = K.
3: Initialize S,io) = (), F;(lo) = Ppjp_1.
4 k
)

fori=0,..., K -1
Choose R by sampling s = % log (1/¢) indices uniformly at random from
n]\S;”.

h;stfj) hy ;

i€R 2onT F L he "
7€ SRR RO
k

6: 1y = arg max

7 Set STV =8V U {4,).

—1 -1
Fs(i)hkﬂshz,isFS(i)
8 Fl,,=F : :

. N — —
S]il+1) S}E;,L) 0-]2'+h;cr,is Fs(z) hk,is
k

9: end for
10: return S, = S,gK).

rithm [ performs the task of sensor scheduling in the following way. At each
iteration of the algorithm, a subset R of size s is sampled uniformly at ran-
dom and without replacement from the set of available sensors. The marginal
gain provided by each of these s sensors to the objective function is computed
using , and the one yielding the highest marginal gain is added to the
set of selected sensors. Then the efficient recursive formula in is used
to update Fg' so it can be analyzed when making the selection in the next

iteration. This procedure is repeated K times.

Remark 5.4.1. The parameter € in Algorithm , e % < e <1, is a predefined
constant that is chosen to strike a desired balance between performance and

complexity. When € = e ¥ each iteration includes all of the non-selected
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sensors in R and Algorithm [4] coincides with the conventional greedy scheme.
However, as € approaches 1, |R| and thus the overall computational complexity

decreases.

5.4.2 Performance analysis of the proposed scheme

In this section we analyze Algorithm [ and in Theorem [5.4.1] provide a
bound on the performance of the proposed randomized greedy scheme when

applied to finding an approximate solution to maximization problem ([5.7)).

Before deriving the main result, we first provide Lemma that

establishes a lower bound on the expected marginal gain.

Lemma 5.4.1. Let S,gi) be the set of selected sensors at the end of the it

iteration of Algorithm[fl Then

o _ B .
E | fun. (SIS = . > RS, (5.59)

K ,

jes\sW
where Sy is the set of optimal sensors at time k, (i + 1)s is the index of the
selected sensor at the (i + 1)* iteration, § = 1 4+ max{0, 3~ — m}, and

s = zlog(1/e).
Proof. See Appendix [B.2] [

Theorem below specifies how accurate the approximate solution
to the sensor selection problem found by Algorithm [4|is. In particular, if f(S)

is characterized by a bounded multiplicative curvature, Algorithm [4] returns a
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subset of sensors yielding an objective that is on average within a multiplicative

factor of the objective achieved by the optimal schedule.

Theorem 5.4.1. Let ¢; be the multiplicative curvature of f(S), i.e., the objec-
tive function of sensor scheduling problem in . Let Sy denote the subset of
sensors selected by Algorithm [4] at time k, and let S} be the optimum solution
to (5.7) such that |Si| = K. Then f(Sk) is on expectation a multiplicative
factor away from f(S}). That is,

L B
Bls) 2 (1-¢F - S) s, (5.60)
where ¢ = max{cs,1}, e ® < e < 1, and B =1 + max{0, 5~ — 2(n—1_s)}

Furthermore, the computational complexity of Algorithm |4| is O(nm?log(2))

where n is the total number of sensors and m is the dimension of xy.

Proof. Consider S,gi), the set generated by the end of the i*? iteration of Algo-
rithm 4| Employing Lemma with § = S,gi) and T =S, U S,gi), and using

monotonicity of f, yields

18 = 18) _ fSpus?) - f(8”)

1+ (r—1)cp) = 21+ (r—1cy) (5.61)
< 2 D)
jesp\st
where \S,;*\S,gi)\ = r. Now, using Lemma we obtain
NG F(8p) = f(SY
E [f<z+1>s(5;§))\5;§)] > (1-¢) K((lli % —(1322)' (5.62)
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Applying the law of total expectation yields

E [ firn.(S)] = E [£8I) - (5]
1St —E[£(s)] (5.63)

_ B
Z (1 ) %(1+(r—1)cf)
Define
o) = %(1 +(r—D)ep). (5.64)

It is easy to verify, e.g., by taking the derivative, that g(r) is decreasing (in-

creasing) with respect to r if ¢y < 1 (¢y > 1). Let ¢ = max{cs,1}. Then

S (=)o) < (14 (= Deg) < (5.65)
Hence,
| | _ B |
B (1) - 5] = T (s ~E (1)) (560)

Using an inductive argument and due to the fact that f(0) = 0, we obtain

Mﬂ&nz(r—@—”gj) )ﬂ%) (5.6

Finally, using the fact that (1 + )V < e for y > 0 and the easily verifiable

fact that e <1+ axe® for 0 < x < 1,

B

Hﬂ&nz(rw*f)ﬂ$>
> (1t =) i)

To take a closer look at computational complexity of Algorithm [} note that

(5.68)

step 6 costs O(£m?log(2)) since one needs to compute % log(%) marginal
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gains, each requiring O(m?) operations. Furthermore, step 8 requires O(m?)
arithmetic operations. Since there are K such iterations, running time of

Algorithm [4]is O(nm?log(+)). This completes the proof. [

Using the definition of f(S) we obtain Corollary |5.4.1.1|stating that, at
each time step, the achievable MSE in (.3) obtained by forming an estimate
using sensors selected by the randomized greedy algorithm is within a factor

of the optimal MSE.

Corollary 5.4.1.1. Consider the notation and assumptions of Theorem|5.4.1
and introduce o = 1 — e~¢ — %. Let MSEs, denote the mean-square esti-
mation error obtained by forming an estimate using information provided by
the sensors selected by Algorithm [{ at time k, and let MSE, be the optimal

mean-square error formed using information collected by the sensors specified

by the optimum solution of (5.7)). Then the expected MSEs, is bounded as
E [MSEs,] < aMSE, + (1 — o) Tr(Pj—1)- (5.69)

Remark 5.4.2. Since the proposed sensor selection scheme is a randomized
algorithm, the analysis of its expected MSE, as provided by Theorem [5.4.1
and Corollary [5.4.1.7] is a meaningful performance characterization. Notice
that, as expected, « is decreasing in both ¢ and e. If f(S) is characterized
by a small curvature, then f(S) is nearly submodular and the randomized
greedy algorithm delivers a near-optimal sensor scheduling. As we decrease ¢,

« increases which in turn leads to a better approximation factor. Moreover,
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by following an argument similar to that of the classical analysis in [48|, one
can show that the approximation factor for the greedy algorithm is given
by ay = 1 — e~c (see also [152,170]). Therefore, the term ¢ in a denotes

the difference between the approximation factors of the proposed randomized

greedy algorithm and the conventional greedy scheme.

Remark 5.4.3. The computational complexity of the greedy method for sensor
selection that finds marginal gains via the efficient recursion given in Propo-
sition 1 is O(Knm?). Hence, our proposed scheme provides a reduction in
complexity by K/log(%) which may be particularly beneficial in large-scale

networks, as illustrated in our simulation results.

Remark 5.4.4. In contrast to the results of [32] derived in the context of max-
imizing monotone submodular functions, Theorem relaxes the submod-
ularity assumption and states that the randomized greedy algorithm does not
require submodularity to achieve near-optimal performance. Rather, if the set
function is weak submodular, Algorithm [4] still selects a subset of sensors that
provide an MSE near that achieved by the optimal subset of sensors. In ad-
dition, even if the function is submodular (e.g., if we use the log det objective
instead of the MSE), the results of Theorem offer an improvement over
the theoretical results of [32] due to a tighter approximation bound stemming
from the analysis presented in the proof of Theorem . Moreover, a ma-
jor assumption in 32| is that R is constructed by sampling with replacement.
Clearly, this contradicts the fact that a sensor selected in one iteration will

not be in R in the subsequent iteration with probability one. On the contrary,
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we assume R is constructed by sampling without replacement and carry out
the analysis in this setting that matches the actual randomized greedy sensor

selection strategy.

The randomized selection step of Algorithm [] can be interpreted as
an approximation of the marginal gains of the selected sensors using a greedy
scheme [22]. More specifically, for the i*" iteration it holds that f;, (S,Ei)) =
7718) fi, (Slgi)), where subscripts rg and ¢ refer to the sensors selected by the
randomized greedy (Algorithm [4f) and the greedy algorithm, respectively, and
{n,(j) K | are random variables with mean y;(€) that satisfy 0 < ¢;(¢) < 77,(;) <1
for all i € [K]f] In view of this argument, we obtain Theorem which
states that if f(S) is characterized by a bounded multiplicative curvature and
{n,(:)}{il are independent random variables, Algorithm {4l returns a subset of

sensors yielding an objective that with high probability is only a multiplicative

factor away from the objective achieved by the optimal schedule.

Theorem 5.4.2. Instate the notation and assumptions of Theorem[5.4.1. Let
{n,(:)}fil denote a collection of random variables such that 0 < ¢;(e) < 77,(:) <1,
and E[n,&i)] = pi(€) for all i and k. Let lyin(€) = min, 1 {¢;(€)} and pmin(€) =
min, p{u;(€)}. Then,

Lmin(€)

10 = (1- ™) 18D, (5.70)

3Notice that £;(e) and j;(e) are time-varying quantities where the time index is omitted
for the simplicity of notation.
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Furthermore, if {77,(:)}{;1 are independent, then for all 0 < q < 1 with proba-

bility at least 1 — e~“%, it holds that

(A=a)typin (€)

1S > (1) psy), (5.71)
for some C' > 0.

Proof. Consider S,Ei), the set generated by the end of the i*! iteration of Al-
gorithm 4| and let (¢ + 1), and (i + 1),, denote the sensors selected by the
greedy and randomized greedy algorithm in the " iteration, respectively. Let
¢ = max{cs, 1}. Employing Lemma with S = S,gi) and T' = S; U S,gi),

and using monotonicity of f, yields

F(87) = F(8D) < f(SpuSP) — f(SP)

i 5.72
<c D> S (5.72)
jesp\st
Using the fact that
fi (Slgi)) < Jli+1)g (Slgi)) < f(i+1)g(8,§“) (5.73)
for all j, we obtain
F(Sp) = F(SY) < ek finny, (S). (5.74)

On the other hand,
FST) = FSP) = firn,, (ST)

- | (5.75)
=i )f(z‘+1)g(31gz))~
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Combining (5.74)) and ([5.75)) yields

(i+1)

P = 180 = B (1(50) = £(5)). (5.76)

Using an inductive argument similar to the one in the proof of Theorem [5.4.1

and noting that f(0)) =0,

K (@)
f(81) = (1 - (1 - Z%)) f(s7)
(a) K 7”1,(:)
2 (1- e =) (s,

where to obtain (a) we use the fact that (14 z)¥ < e* for y > 0. Therefore,

(5.77)

since by assumption £y, (€) < £;(e) < 7]1?) < 1, we establish (5.70]).

To show the second statement, i.e., prove (5.71)) holds in the setting
of independent {n,(gi)}gl, we apply the Bernstein’s inequality [174] to the sum
of independent random variables S°F n,(ci). Since {n,(f)} are bounded random

variables, from Popoviciu’s inequality [174] for all ¢ € [K], it follows that

Varlg!] < (1~ 6())* (5.78)

Hence, based on the Bernstein’s inequality, for all 0 < ¢ < 1
K ' K
Pr{d < (1—-q) > m} <p, (5.79)
=1 i=1

where

p=exp (— (1 - (i, o))’ )
S le) + 1005 (1 i(e))?
2 exp (— K= 00 ) (5.80)
S tmin(€) + 5 (1 = limin(€))?

— e*C(e,q)K’
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where (b) follows because p increases as we replace p;(€) and ¢;(e) by their

lower bounds. Finally, substituting this results in (5.77)) yields

_ (0=d)pmine)

£(S) > (1 s i) £(SH), (5.81)

with probability at least 1 — e“(©D%  This completes the proof. |

Similar to Corollary [5.4.1.1] we can now obtain a probabilistic bound
on the MSE (j5.3)) achievable at each time step using the proposed randomized
greedy algorithm. This result is stated in Corollary [5.4.2.1] below.

Corollary 5.4.2.1. Consider the notation and assumptions of Corollary
and Theorem . Let0 < g < 1 and define o = 1—exp(—w). Then,

C

with probability at least 1 — e~“% it holds that
MSEs, < aMSE, + (1 — a)Tr(Pyj_1), (5.82)

for some C' > 0.

5.4.3 Numerical Experiments

To test the performance of the proposed randomized greedy algorithm,
we compare it with the classic greedy algorithm and the SDP relaxation in
a variety of settings as detailed next. We implemented the greedy and ran-
domized greedy algorithms in MATLAB and the SDP relaxation scheme via
CVX [175]. All simulations were run on a laptop with 2.0 GHz Intel Core
i7-4510U CPU and 8.00 GB of RAM.
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5.4.3.1 Kalman filtering in random sensor networks

We first consider the problem of state estimation in a linear time-
varying system via Kalman filtering. For simplicity, we assume the state tran-
sition matrix to be identity, i.e., Ay = I,,,. At each time step, the measurement
vectors, i.e., the rows of the measurement matrix Hy, are drawn according to
N ~ (0, %Im) The initial state is a zero-mean Gaussian random vector with
covariance Yy = I,,; and the process and measurement noise are zero-mean

Gaussian with covariance matrices Q = 0.05I,, and R = 0.051,,, respectively.

The MSE of the filtered estimator and running time of each scheme is
averaged over 100 Monte-Carlo simulations. The time horizon for each run is

T = 10 seconds.

We first consider a system having state dimension m = 50 and the
total number of sensors n = 400. We set a constraint on the number of
sensors allowed to be queried at each time step to K = 55 and compare
the MSE achieved by each sensor selection method over the time horizon of
interest. For the randomized greedy algorithm we set e = 0.001. Fig.
shows that the greedy method consistently yields the lowest estimation MSE
while the MSE provided by the randomized greedy algorithm is slightly higher.
The MSE performance achieved by solving the SDP relaxation is considerably
larger than those of the greedy and randomized greedy algorithms. The time
it takes each method to select K sensors is given in Table [5.I] Both the
greedy algorithm and the randomized greedy algorithm are much faster than

the SDP formulation. Moreover, the randomized greedy scheme is nearly two
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Figure 5.3: MSE comparison of randomized greedy, greedy, and SDP relaxation sensor
selection schemes employed in Kalman filtering.

times faster than the greedy method.

Note that, in this example, in each iteration of the sensor selection
procedure the randomized scheme only computes the marginal gain for a sam-
pled subset of size 50. In contrast, the classic greedy approach computes
the marginal gain for all 400 sensors. In summary, the greedy method yields
slightly lower MSE but is much slower than the proposed randomized greedy

algorithm.

To study the effect of the number of selected sensors on the MSE per-
formance, we vary K from 55 to 115 with increments of 10. The MSE values
at the last time step for each algorithm are shown in Fig. [5.4(a). As the

number of selected sensors increases, the estimation becomes more accurate,

Randomized Greedy | Greedy | SDP Relaxation
0.20 s 0.38 s 249.86 s

Table 5.1: Running time comparison of the randomized greedy, greedy, and SDP relaxation
sensor selection schemes (m = 50, n = 400, K = 55, e = 0.001).
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Figure 5.4: Comparison of randomized greedy, greedy, and SDP relaxation schemes as the
number of selected sensors increases.

as reflected by the MSE of the estimates provided by each algorithm. More-
over, the differences between the MSE values achieved by different schemes
monotonically decrease as more sensors are selected. The sensor selection run-
ning times shown in Fig. [5.4{(b) indicate that the randomized greedy scheme
is nearly twice as fast as the greedy method, while the SDP method is orders

of magnitude slower than both greedy and randomized greedy algorithms.

Finally, to empirically verify the results of Theorem in Fig. [5.5
we compare histograms of MSE achieved by the greedy and the proposed
randomized greedy sensor selection schemes with various choices of € when
K = 60. As the figure shows, the MSE of sets selected by the proposed
scheme is relatively close to that selected by state-of-the-art greedy algorithm.
In addition, as e decreases, the MSE of the randomized greedy algorithm

approaches that of the greedy algorithm. These empirical observations coincide
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Figure 5.5: Histogram of MSE values for 100 independent realization of a sensor scheduling
task for a sensor network with m = 50, K = 60, and n = 400.

with our theoretical results in Theorem That is, the proposed algorithm,
although a randomized scheme, returns a near-optimal subset of sensors for

each individual sensor selection task.

5.4.3.2 State estimation in large-scale networks

Next, we compare the performance of the randomized greedy algorithm
to that of the greedy algorithm as the size of the system increases. We run both
methods for 20 different system dimensions. The initial dimensions are set to
m = 20, n = 200, and K = 25 and all three parameters are scaled by v where ~y
varies from 1 to 20. In addition, to evaluate the effect of € on the performance
and runtime of the randomized greedy approach, we repeat experiments for
e € {0.1,0.01,0.001}. Note that the computational complexity of the SDP
relaxation scheme is prohibitive in this setting and hence it is omitted. Fig.
5.0(a) illustrates the MSE comparison of the greedy and randomized greedy

schemes.

153



'S
[

—— Greedy

——Proposed € = 0.1
Proposed € = 0.01

—-=-Proposed € = 0.001

—— Greedy
——Proposed € = 0.1
102 L
Proposed € = 0.01
—-=-Proposed € = 0.001

3

)
<

(=}

DN W
(=] w

i
Z

—_
W

Mean square error
Running time (s)

7
Z

2 4 6 8 100 12 14 16 18 20

Scaling factor of system size 2 4 6 8§ 10 12 14 116 18 20

Scaling factor of system size
(a) Comparing MSE performance of different

b) Running time comparison.
schemes. (b) g p

Figure 5.6: A comparison of the randomized greedy and greedy algorithms for varied network
size.

It shows that the difference between the MSEs is negligible. The run-
ning time is plotted in Fig. [5.6(b). As the figure illustrates, the gap be-
tween the running times grows with the size of the system and the randomized
greedy algorithm performs nearly 28 times faster than the greedy method for
the largest network. Fig. [5.6] shows that using a smaller € results in a lower
MSE while it slightly increases the running time. These results suggest that,
for large systems, the randomized greedy provides almost the same MSE while

being much faster than the greedy algorithm.

5.4.3.3 Accelerated multi-object tracking

Finally, we study a multi-object tracking application (See Fig. [5.7)).
Specifically, we consider a scenario where twenty moving objects are initially
uniformly distributed in a 5 x 10 area. At each time instance, each object

moves in a random direction with a constant speed set to 0.2. Twenty UAVs,
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Figure 5.7: Multi-object tracking via a swarm of UAVs. The UAVs can communicate with
each other and are equipped with GPS and radar systems. The objective is to select a small
subset of range and angular measurements gathered by the UAVs to communicate to the
control unit.
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Figure 5.8: A comparison of the randomized greedy and greedy algorithms for a multi-object
tracking application.

equidistantly spread over the area, move according to a periodic parallel-path
search pattern [155]. The initial phases of the UAVs’ motions are uniformly
distributed to provide a better coverage of the area. The UAVs can acquire
range and angular measurements of the objects that are within the maximum
radar detection range. The maximum radar detection range is set such that at
each time step the UAVs together collect approximately 600 range and angular

measurements. The communication bandwidth constraints limit the number
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of measurements transmitted to the control unit to K = 100. Note that since
the radar measurement model is nonlinear, the control unit tracks objects via
the extended Kalman filter. Fig. shows a comparison in terms of the MSE
and running time between the greedy and randomized greedy schemes for var-
ious values of €. In the same figure we show performance of the scheme that
ignores communications constraints and uses all the available measurements
gathered by the UAVs. As Fig. [5.8(a) illustrates, the MSE performance of
the greedy and proposed schemes are relatively close and similar to the perfor-
mance of the scheme that uses all the measurements. However, a closer look at
the running time comparison shown in Fig. [5.8(b) reveals that the combined
runtime of randomized greedy sensor selection and Kalman filtering tasks is
approximately 2 times faster than the runtime of the Kalman filter that uses
all the measurements, and approximately 4 times faster than the combined
runtime of the classical greedy sensor selection and Kalman filtering. There-
fore, not only does the proposed scheme satisfy the communication constraint
and perform nearly as well as using all the measurements, but it also signif-
icantly reduces the time needed to perform sensor selection and process the

selected measurements in extended Kalman filtering.

5.5 Submodular Information-Exchange Communication
Protocol

In this section, we propose a communication protocol based on weak

submodular optimization to schedule communication among the sensors in
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Figure 5.9: A fully connected network of units with sensing, communication, and processing
capabilities; the communication between the units is constrained. Also shown is a scheduler
R that organizes exchange of observations O;; and O;; to node i from nodes j and £,
respectively.

a sensor network by using a central scheduler. For simplicity, we only con-
sider alinear observation model [cf. Section and rely on a simple greedy
solver [cf. Algorithm . Nonetheless, the result of this section can be readily
extended to quadratic models and one can further employ the efficient ran-

domized greedy algorithm that we proposed in Section [5.4]

5.5.1 System model

We consider a fully connected distributed network of m nodes with sens-
ing, communication, and processing capabilities. The network also includes a
scheduler that organizes the exchange of information among the units, i.e., the
scheduler decides which information should be communicated from one unit

to another.

One can think of the described network as having an undirected graph
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structure, where vertices and edges represent the nodes and the connections
among them, respectively. An example of such a network is illustrated in Fig.
(.9 There, the scheduler R organizes exchange of observations O;; and O;
to node ¢ from nodes j and k, respectively. For instance, in a multi-target
tracking application using a swarm of UAVs [142,[176[177] [cf. Fig. 5.7], each
unit is a UAV equipped with radar, GPS, and Lidar systems, while the swarm

leader schedules exchange of information among the units.

To model the dynamics of the underlying hidden state x € R", we

assume a state-space model
X1 = Ayxy + Wy,

where A, € R™ "™ is the state-transition matrix and w; € R"™ is the zero-mean
Gaussian state noise with covariance Q € R™*". We further assume that the
state x; is uncorrelated with w; and the initial state xq is sampled from a

Gaussian distribution, i.e., xo ~ N (0, X,).
The ™" node in the network acquires partial noisy linear observations
of the underlying state according to

Vie = Hi X, + 154,

where i € [m] and H;; denotes the matrix collects components of the under-
lying state sensed by i*" node. Let L;; denote the set of noisy observations
of the components of x; available to the i'* node (i.e., the noisy observations

collected by the vector y;;). Here, we do not make any assumptions on the
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structure of H;,;. We assume that the observation noise n;; € RICitl ig spa-
tially and temporally independent zero-mean Gaussian noise with covariance
R, = aflwi’”.

Without communication, each node only uses its acquired local mea-
surements and performs Kalman filtering to estimate the underlying state x;
by minimizing the mean-squared error of the linear least-mean-square error

(LLMSE) estimator. However, cooperation can greatly enhance the learning

capabilities of the individual units as well as the entire network.

Let P, ; be the filtered error covariance matrix of the ith agent at time

t obtained by using only the local measurements £;,. Then,

-1

Pri= P+ Z h;h/ (5.83)
Z ’LJEEZ t
where
P, =AP. Al +Q (5.84)

is the prediction error covariance matrix. If the scheduler R at time ¢ allocates
observations to node i, agent i receives the subset O; of the measurements

from the agents selected by R. Let
Fip =P+ Z h; h] (5.85)

be the Fisher information matrix associated with the i** node that determines

the prior information and confidence of the node ¢ before receiving the partial
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observation set ;. The filtered error covariance matrix of the i** node will
then be updated according to

-1
Pﬁwiz( it hjkhjk) . (5.86)

Ik€0;

The global MSE of the network at time ¢ is defined as the sum of the MSEs

of the individual nodes. In particular,

2, (5.87)

m
MSE, = ) "E|x,
i=1
where X;; is the linear estimate of x; computed by the i*" unit at time ¢. Since
the MSE is equivalent to the trace of the filtered error covariance matrix,

-1
MSE,; = ZTr <1t+z hjkhjk) : (5.88)

JKEO;

The amount of information allowed to be exchanged among the nodes of
the network at any given time step is limited. More specifically, we assume that
the subsets of partial observations {O;}", scheduled to be communicated to
each agent should satisfy > | |O;| < K, where K denotes the total number of
observations that are allowed to be exchanged among the nodes of the network.
The scheduler decides how to allocate measurements to individual nodes by
solving the optimization problem

m -1
ZTI" ( it + Z hjkh;l;>
i=1

Jk€0;

st. O, CULL;, Vie[m] (5.89)

iloz| < K.
i=1
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A comparison of to sensor selection problem [cf. Section [5.2] reveals
that finding the optimal solution to (5.89)) is generally NP-hard. In addition to
being computationally challenging, optimization does not necessary lead
to a solution that would promote balanced MSE performance of the individual
units; this point is illustrated later in our numerical results. To this end, we
next add a regularization term to the objective function so as to promote
balanced performance while still finding a near-optimal solution to the MSE

estimation problem for the entire network.

5.5.2 Proposed formulation

Let S C X where X = [m] x [m] X [max;em) |£;]] is a ground set for

the set function

-1

1
f8) = Y W(Fy) - Tr(|Fut Y, —hyhj . (5.90)
i=1 (i,5,k)es 7

The triplet (4,7, k) denotes that the k'™ measurement of node j is commu-
nicated to node i. The function f(S) is inversely related to the total MSE
of the network. To arrive at a measurement exchange scheme that promotes
balanced performance across the network units, we propose the optimization

problem
max  f(S) +79(S)

s.t. O,L C U?;lﬁi, Vi € [m]

S o)<k (5.91)
(i,—,—)€S
S C [m] x [m] x [m[zu}clﬁzl],

€M
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where

O]
S) = 1 1 5.92
o)=Y g (142 (5.92)
(277’7)68
is a regularization function and v > 0 denotes the regularization parameter

that determines the significance of balancing with respect to the goal of mini-
mizing the total MSE of the entire network. On one hand, when v = 0 the relay
node R attempts to find a schedule that results in the lowest total MSE while
disregarding potential imbalance in performance of the individual units. On
the other hand, when 7 is relatively large, the exchange of information deter-
mined by R is such that the differences between the MSEs of individual sensing
nodes in the network become as small as possible. Notation (i, —,—) € S in
and implies that it does not matter for ¢(S) which measurements
are communicated to the i*" node; instead, it is the number of communicated

measurements that is used to promote balanced performance.

Note that the proposed formulation is an NP-hard combinato-
rial optimization problem, as it generalizes . However, as we show next,
the proposed objective function u(S) = f(S) + v¢(S) is monotone weak sub-
modular, i.e., under some mild conditions it is characterized with a bounded
multiplicative curvature. Hence, one can find an approximate solution to (5.91))

using a greedy algorithm, as we state in the next section.

We proceed by providing two propositions to characterize the combi-
natorial properties of f(S) and ¢(S). For simplicity of the stated results, we

assume that R;; = 021| r. .1, 1.e., use the same measurement noise statistics for

il

all sensing nodes of the network (a generalization is straightforward).
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Proposition 5.5.1. Let Ay = maxX;cfm) Amaz(Fit), A = miniepn) Amin (Fiy),

and Hy = [H{,,... H{, ]". Let ¢; be the multiplicative curvature of f(S). If

1
g)\max(H;rHt) < )\Ma (593)
then it holds that
A 3
cp < (QA—M> : (5.94)

Proof. Note that f(S) is the sum of the additive inverse of the MSE of the
sensing nodes that receive partial observations. Let ¢ be one such node. The-

orem 1 in [142| states that if

1
_)‘mafl?(HiTtHi,t) < )\max(Fi,t)> (595)
O’ b

2

then the multiplicative curvature of the additive inverse of the MSE of node

i, cy,, satisfies

, )3 1+ 0% Apin (Fiy)

It is straightforward to see that the condition stated in (5.93]) implies (5.95))
and we have maxX;cjm) ¢, < (2’/\\—12)3. Hence, definition of \y;, A, and f(S)

yields ¢; < maxe|m) ¢y, which in turn completes the proof. |

Proposition 5.5.2. The set function g(S) is a monotone submodular func-

tion.
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Proof. In order to prove the results, we first find the marginal gain g(; - _)(S)
that in the following argument is denoted by ¢;(S) (with a slight abuse of no-

tations for the sake of readability). By the definition of ¢(S) and the marginal

|O;] +1) |O;]
9i5=10g(1+ —log |1+
) ] iz

1
~log (1+—).
|0i’+’£i|

Since log(.) is a monotonically increasing function, |O;| > 0, |£;| > 0, ¢g;(S) > 0

gain,

(5.97)

and hence ¢(S) is monotone. We now prove the second part of the state-
ment, i.e., submodularity of ¢(S). Specifically, we should prove that the
marginal gain of adding (4,7, k) to S is greater than adding it to a larger
set SU{(?,j',k")} where (7,4, k) # (¢, j', k). Two cases might happen. First,

assume that i # ¢’. Then,

6:(8) = (S U (. 7/, K)}) = log (1 ; W}Hﬁl) C 59)

Now assume ¢ = i’. Then,

G:(S UL, K)}) = log (1 e 1) <alS). (599

Combining (5.98) and (5.99) we conclude g;(S) > ¢:(SU{(?, 5, k’)}) which in

turn implies submodularity. |

By combining the results of Proposition 1 and Proposition 2, and by
employing the matrix inversion lemma [178|, we obtain the following theorem

about the proposed objective function u(S).
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Theorem 5.5.1. The utility set function u(S) is a monotone, weak submod-

ular function, u(0) =0, and
W(i,j,k) (8) = ftig.k) (S) + Y9(i.5.k) (S). (5.100)

Proof. First note that it clearly holds that u() = f(0) + vg(0) = 0. Further-
more, since u(S) = f(S) + vg(S) is the sum of a monotone weak submod-

ular and a submodular function, it is also monotone weak submodular and

Cu < (2?—15)3. Finally, we introduce g ;) (S) in (5.97) and recursively find

fagr as
h! F; 2h;
faim(S) = =g, (5.101)
F lh, h] F!
F._l N :F‘—l _ 1,S Ik kT 4,8 : 5102
1,SU(4,5,k) 1,S UJQ‘ + h;;F;éhjk ( )
where
1
Fi,S - Fi,t + Z ;hjkh;;
(i,5,k)esS 7
|

The analysis of combinatorial characteristics of the proposed utility set
function reveals that the optimization problem in (5.91)) is that of maximizing
a monotone weak submodular set function subject to cardinality constraint.
Therefore, in order to find a near-optimal scheduling of the observations ex-
change, we resort to their greedy selection. More specifically, at each time step

t, the scheduler observes the performances of the local nodes and calculates
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Algorithm 5 Greedy Information-Exchange Scheduling

1: Input: P;;, 1, H;y, K, fori=1,...,m.

2: Output: Subset §; C X with |S;] = K.

3: Initialize S, =0, F; s =F;, fori=1,...,m.
4: for k=1,... K

50 (4,4, k) = argmax ;i pyes, Ui g0 k) (St)-

6: Update S; «+ S U {(4,7,k)}.

-1 T—1
Fi,Shjk hjk (t) Fi,s

2 T 1.
o2+h] F, {h;,

7. Update F; g « F; g —

8: end for
9: return S;.

the marginal gain of the possible distribution patterns (i, j, k) using .
Then it adds the pattern yielding the highest marginal gain to the scheduling
set S; and updates the performance records F; s for each node using .
After repeating this procedure K times, the scheduler sends the instructions

for the exchange of observations to the individual nodes.

The proposed method is formalized as Algorithm [5] Performance and
complexity of the greedy algorithm are characterized by the following theoret-

ical result which its proof is an immediate result of Proposition [2.3.2]

Theorem 5.5.2. Let C, be the multiplicative curvature of u(S), i.e., the ob-

jective function of the balanced performance promoting scheduling problem
in (5.91). Let {O;}u-,—yjes denote the set S of the observations selected

to be communicated through the network by Algorithm 1 at time t, and let

{07}~ —)es+ be the optimal schedule of (5.91) such that 37, 5|0 < K,
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(a) MSEs of the individual units (b) Running time comparison.

Figure 5.10: Comparison of sum of pairwise node-level MSE distances

and Z(i,—,—)es*

Of| < K. Then, it holds that

w(S) > (1 — e < )u(SY), (5.103)

where ¢ = max{1,C,}. Furthermore, the computational complezity of Algo-

rithm [3] is O(Kmn® Y7 |L;4]).

5.5.3 Numerical experiments

In this section, we study the performance of the proposed algorithm in
different scenarios. In particular, we simulate a fully connected network hav-
ing 3 nodes, set the dimension of the state vector to n = 50, and assume that a
scheduler is given information about the observation matrices of the individual
nodes. For the state-transition matrix of the linear dynamical system, we set
A; = 0.8I,, and randomly generate partial observation matrices H; ;. The ob-
servation patterns of the nodes vary with different runs; however, we preserve

the rank of the matrices — in particular, rank(H; ;) = 21, rank(H, ;) = 37 and
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rank(Hs;) = 5. We assume a zero-mean Gaussian process noise and a zero-
mean Gaussian observation noise at individual nodes with covariance matrices
Q = 0.2I,, and R;; = 0.051,,, respectively. We run 10 Monte-Carlo simulations

and select time horizons for each run as 17" = 20.

We first consider the MSE performances of the individual nodes in the
network under regularized (v > 0) and non-regularized (v = 0) settings. The
total number of measurements that can be exchanged among the units is set
to K = 40. The regularization coefficients are set to v = 200 and v = 0;
the large difference between the regularization coefficients will emphasize the
effect of the balancing term on the individual node performance. In Fig.
5.10(a), we observe that the regularization term balances the individual node
performances. We also observe that in the absence of regularization the nodes
exhibit temporally rapidly varying MSE performance. This is primarily due to
a deterministic nature of the greedy selection of the set of observations shared
among the agents. In particular, when the regularization term is set to zero, at
each time step the algorithm greedily schedules most of the observations to the
node with the highest MSE. On the other hand, the non-zero regularization
term ensures a temporally smoother and balanced MSE performances of the

individual units.

Finally, we investigate the effect of the regularization parameter v on
balancing the individual performances of the nodes in the network. We set
K =40 and vary 7 for the regularized network from 0.1 to 100 with log-scale

increments. We compare the sum of pairwise MSE distances of the nodes in
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the regularized and non-regularized networks in Fig. [5.10(b). We observe
that the use of higher regularization coefficients results in a more balanced

performances between individual nodes.

5.6 Conclusion

In this chapter, we studied the task of observation selection and infor-
mation sharing in large-scale sensor networks where we relied on weak submod-

ular optimization to designing efficient algorithms with provable guarantees.

First, we studied the problem of state estimation in large-scale linear
time-varying dynamical systems where we provided a probabilistic theoretical
bound on the multiplicative curvature of a monotone objective function that

is inversely related to MSE criterion.

Next, we considered networked sensing systems following a (partially)
quadratic measurement models. For this setting, we derived new optimality
criteria by relying on the Van Trees’ inequality and proved that they are mono-
tone and (weak) submodular set functions. In particular, we showed that the
log det of the inverse of the Van Trees’ bound is submodular while its trace is
weak submodular under certain conditions on the unknown states, noise statis-
tics, and the parameters of the model. Following these results, we developed
an efficient greedy observation selection algorithm for networked sensing sys-
tems with theoretical bounds on its achievable utility that efficiently exploits

the quadratic structure of the measurement model in its selection criteria.
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We further proposed a randomized greedy algorithm for selecting sen-
sors to query such that their choice minimizes the estimator’s mean-square
error at each time step. We established the performance guarantee for the

proposed algorithm and analyzed its computational complexity.

Finally, we considered the task of distributed state estimation in a
communication-constrained network of sensing units where in addition to min-
imizing the total mean-square error, a certain level of performance balancing
is desired throughout the network. We formulated this task as the maximiza-
tion of a monotone objective function subject to cardinality constraint. The
proposed objective function is the sum of two monotone set functions: the
first function, which is weak submodular, is inversely related to the total MSE
of the network while the second one is submodular and favors a schedule of
observation exchange that promotes balanced performance of individual units.
Through a series of simulations, we demonstrated that the proposed formula-
tion minimizes the total MSE of the network while balancing individual units

performance.
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Chapter 6

Compressed Decentralized Optimization via
Multiple Gossip Steps

In this chapter, we study the problem of communication-efficient de-
centralized learning over networks where the goal of participating clients is to
collaboratively optimize a global objective with a finite sum structure. Due
to the fact that the learning task is large-scale, full communication among the
clients is prohibitive. To this end, we propose DeLi-CoCo, a decentralized lin-
early convergent optimization algorithm. In DeLi-CoCo, each local gradient
update is followed by multiple compressed communication steps to increase the
capability of the clients to collaboratively accomplish the underlying learning
task. We study the convergence property of our algorithm and show that by
performing multiple compressed communication steps, DeLi-CoCo converges
linearly to a near-optimal solution for smooth nonconvex objectives which sat-
isfy the Polyak-Lojasiewicz condition. We show similar results hold for smooth
and strongly convex problems. This convergence rate matches the same rate

as that of decentralized gradient descent with no communication compression.
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6.1 Introduction

We consider distributed optimization over a network with n client nodes
where the objective function is possibly nonconvex. Formally, we are interested
in

IleiIl [f(x) = Zfz(x)] , (6.1)

where f; : R? — R for i € [n] := {1, ...,n} is the local objective function of the
it" client. The goal of the clients in the network is to collaboratively solve the

above optimization problem by passing messages over a graph that connects

them [52].

The optimization task in arises in many important distributed
machine learning (ML) tasks, i.e., training and optimization of ML models in
a distributed/decentralized manner [35-37]. Solving such distributed tasks is
often facilitated by communication of agents’ local model parameters over a
network that governs their communication capabilities. Compared to a cen-
tralized optimization framework, distributed optimization enables locality of
data storage and model updates which in turn offers computational advan-
tages by delegating computations to multiple clients, and further promotes

preservation of privacy of user information [35|.

As the size of ML models grows, exchanging information across the
network becomes a major challenge in distributed optimization [37]. It is
therefore imperative to design communication-efficient strategies which reduce

the amount of communicated data by performing compressed communication
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while at the same time, despite the use of compressed communication, achieve
a convergence properties that is on par with the performance of centralized

and distributed methods utilizing uncompressed information [37-39).

We consider decentralized nonconvex ML tasks in a communication-
constrained settings. In such scenarios, the clients may need to compress their
local updates (using, e.g., quantization and/or sparsification) before transmit-
ting them to their neighbors. Our goal is to establish a communication-efficient
decentralized scheme with accelerated convergence rates for nonconvex tasks.

Specific contributions of this chapter can be summarized as follows:

1. We propose Decentralized Linear Learning with Communication
Compression (DeLi-CoCo), an iterative decentralized algorithm with arbitrary
communication compression (both biased and unbiased compression operators)

that performs multiple gossip steps in each iteration for faster convergence.

2. By employing () > 1 steps of compressed communication after each
local gradient update, DeLi-CoCo achieves a linear rate of convergence to a
near-optimal solution for smooth nonconvex objectives satisfying the Polyak-
Lojasiewicz condition. This rate matches the convergence rate of decentralized
gradient descent (DGD) [53]| with no communication compression. The pro-
posed -step gossiping further helps to arbitrarily decrease the sub-optimality
radius of the near-optimal solution, thereby improving upon the results of

DGD [53].

3. We demonstrate that DeLi-CoCo compares favorably to centralized
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and decentralized schemes without communication compression in a variety of
convex and nonconvex learning tasks.

Table 6.1: Comparison of convergence rates of different decentralized optimization algo-
rithms under smoothness. In the table, p, p1, p2, p3 € (0,1) denote the rate of linear conver-
gence. ay, «, and C depend on network and function properties. Further, o <1, @ > 1 is
the number of rounds of consensus, and C depends on compression rate. In the table, SC
stands for strong convexity.

Algorithm Convergence Setting Compression
DGD [52] o1/T) SC, full gradient X
DGD [53] O(p¥)+ a1 Restricted SC, full gradient X
EXTRA, SSDA [36,54] O(pT) SC, full gradient X
DIGing [179) O(pl) SC, full gradient X
Choco-SGD (39| o1/T) SC, stochastic gradient v
This work O(pT) 4+ Ca®  PL condition, full gradient v/

6.1.1 Significance and Related Work

Decentralized learning and optimization have drawn significant atten-
tion in the past few years due to the increasing importance of privacy and
high data communication costs of centralized methods [38,39,|60}/180-183].
Decentralized topologies overcome the aforementioned challenges by allowing
each client to exchange messages only with their neighbors without exchanging
their local data, showing great potential in terms of scalability and privacy-

preserving capabilities.

Consensus with Compressed Communication. The study of decentral-
ized optimization problems dates back to 1980s [184]. The main focus of early

research in this area was on the task of average consensus where the goal of a
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network is to find the average of local variables (i.e., agents’ model vectors) in a
decentralized manner. Conditions for asymptotic and non-asymptotic conver-
gence of the decentralized average consensus in a variety of settings including
directed and undirected time-varying graphs have been established in the sem-
inal works [55,56,,185-190]. Recently, a pioneering work [39] proposed the first
communication-efficient average consensus/gossip algorithm that achieves a
linear convergence rate and significantly improves the performance of existing
quantized gossip methods [191-194]. In [39] a stochastic decentralized algo-
rithm only for strongly convex and smooth objectives is further developed.
Such linearly convergent gossip methods have also recently been extended to
the scenario where the communication graph of agents is directed and time-
varying [195,(196]. In our work, we consider general nonconvex learning tasks
and employ the proposed gossiping scheme of [39] as a subroutine. However,
we propose a new decentralized algorithm with arbitrary compression that
leverages multiple gossip steps to collaboratively solve nonconvex problems

under the Polyak-Lojasiewicz condition [57,[58].

Distributed Optimization with Compressed Communication. Dis-
tributed optimization is one of the richest topics at the intersection of ma-
chine learning, signal processing and control. Consensus/gossip algorithms
have enabled distributed optimization of (non)convex objectives (e.g., empir-
ical risk minimization) by modeling the task of decentralized optimization as
noisy consensus. Examples include the celebrated distributed (sub)gradient

descent algorithms (DGD) [52,/53,/197]. These schemes consider small-scale
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problems where the clients can communicate uncompressed messages to their
neighbors. Designing communication-efficient distributed optimization algo-
rithms is an active area of research motivated by the desire to reduce the
communication burden of multi-core and parallel optimization of ML mod-
els [60,/61,198|. Majority of the existing works consider distributed optimiza-
tion tasks with master-slave architectures where the compression of commu-
nication is accomplished by using methods based on sparsification or quanti-
zation of gradients [60,/62,[198-201]. An example of such a setting is federated
learning [35,202] which enables distributed learning of an ML model in a cloud
while the training data remains distributed across a large number of clients.
Recent federated learning schemes that promote communication efficiency ei-
ther focus on compressing the size of the client-to-cloud messages or decreasing
the number of communication rounds [180,[203-207]. In contrast to that line
of work, we consider a general decentralized learning scenario and exploit the
error feedback mechanism of |60,/199,[200] as part of our proposed scheme to
enable arbitrary compression while maintaining a linear convergence rate. Ad-
ditionally, unlike a majority of decentralized optimization schemes including
those with uncompressed communication that require strong convexity to a
achieve linear rate, e.g. [36,[53,/54,/179] — except the recent results in [208,209|
with full communication — we only assume the Polyak-Lojasiewicz condition
which enables us to analyze nonconvex learning tasks. To our knowledge,
the proposed algorithm is the first scheme to achieve linear convergence in

the decentralized setting with compressed communication under the Polyak-
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Lojasiewicz condition.

6.2 Multi-step Gossip Decentralized Gradient Descent

In this section, we present our proposed algorithm for solving ([2.24))
iteratively in a decentralized manner where the agents are restricted to com-

municate compressed information.

The proposed DeLi-CoCo scheme (see Algorithm@ consists of two main
subroutines: (i) update of the local variable x; via gradient descent, and (ii)
exchange of compressed messages between neighboring clients by performing

@ > 1 compressed gossiping steps.

Let t = 1,...,T denote the t™ iteration of DeLi-CoCo and let ¢ =

0,....Q — 1 denote the ¢'® compressed gossiping/consensus step. Each client

(@) (0

¢ maintains three local variables: x;7, z,;/, and qui)‘ Here, ngi) denotes the

vector of current local parameters of node ¢, while zﬁ?}, and SE? are maintained
locally to keep track of the compression noise and be used as an error feedback

for subsequent iterations, respectively [39}60].

At iteration t, each client updates its own local parameters by perform-

ing a simple gradient descent update according to
0 Q Q
xi) = %2 =0V (%), (6.2)

where n > 0 is a constant learning rate specified in Theorem [6.3.1] Following
the gradient update, we propose to perform () compressed gossiping steps in

a decentralized manner to further update the local parameters as well as the
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error feedback variables. Intuitively, this Q)-step procedure is a crucial part of
DeLi-CoCo that enables updated parameters XE ) to converge to their average

value.

To perform the (¢+1)%* gossiping step, each node generates the message
C (XIE Z) —zng)) where C : R? — R denotes the (potentially random) compression

(@)

operator, and z,; is a parameter that keeps track of the compression error.
The compressed message C (XtZ — zg 1)) is communicated to update sng), and

then it is further used by the transmitting client as an error feedback to update

Slng+1 q+1 + Z wl] Xt] - Z?E j)) Z?Eq7,+1) - Zt i + C(Xt i qu’t)) (63)

Intuitively, zg + and the error feedback mechanism enable all the local informa-

tion to be transmitted eventually with a delay that depends on the compression

operator C.
Then, to accomplish the (g + 1) gossiping step, each client performs

x( T = x(@ oy (sl8T — 2Ly, (6.4)

where 0 < v < 1 is the gossiping/consensus learning rate whose exact value
will be specified in Theorem [6.3.1] After performing compressed gossiping for
Q steps, the t'" iteration of DeLi-CoCo is complete.
The above update rules are summarized in Algorithm [6] where we use
(@ (a)

an equivalent and useful matrix notation where x;7;, s“ , and zﬁ‘? are stored

as the i*" column of Xt , SE , and Zt , respectively.
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Algorithm 6 The DeLi-CoCo Algorithm

Input: stepsize 7, consensus stepsize vy, number of gradient iterations T,
number of consensus steps per gradient iteration (), mixing matrix W ini-
tialize X(()Q), Z(()U) = S(()O) =0.
for t=1,...,T
X9 = Xg?i —nVF (Xg%) (local gradient update)
forg=0,1,...,Q -1
st = 8l 1 (X! — Z{YYW (Exchanging messages)
7\ = 719 1 (X9 — 79 (Compression error feedback)
Xt = X9 4~ (sl — Zl )Y (Local gossip update)
end for
ZE?I—)I = ZEQ)a Sgg—)l = S:EQ)
end for

Remark 6.2.1. Let Q = 1, v = 1, and assume there is no compression, i.e.
C (ngli) — zg’i)) = xg? — zgi.). Then the proposed DeLi-CoCo scheme reduces to
the DGD [53]. If @ = 1, n = O(1/T), and clients perform local stochastic
gradient updates, the proposed scheme reduces to Choco-SGD [39]. As we
will discuss in Section 4, by performing () > 1 gossiping steps, DeLi-CoCO

achieves a convergence rate that compares favorably with DGD.

6.3 Convergence Analysis

In this section we analyze the convergence properties of DeLi-CoCo.
Recall that [|[X{? — X*||2 =", ||x§?i) — x*||3 where x* € X* := argmin f(x)
and F(X*) = f(x*) := f*. Equivalently, we refer to X* as the set of optimal

points of f.

Theorem 6.3.1. Assume Assumptions[2.4.1],[2.4.2]2.4.4), and[2.{.] hold. De-
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fine
B(6,w) =168 + 6% — 85w + (4 + 20) A%, (I — W),

max

-~ max Z IV A3 Roi= FXE) = [,

x*EX* (6.5)
2 pL 1 ( 57)
=1 <1-L£, ¢=23(1-=L)
P nl  nl2 nL : 2

where X* := argmin f(x), and 0 and w are the spectral gap of W and the level

of compression, respectively. Let the parameters of DeLi-CoCo satisfy

0 o
, 0<7:6(;w) <1l, Q> {(logp—log%)/log(l—%)—‘.

(6.6)

77:

bwl =

Then, after T iterations, the iterates of DeLi-CoCo satisfy

(@) % 21A2 (5’}/ %
Bl (X)) - 1 < 72 <1 _ 7)

L Q ~
o [1oap e BLVI—E (|, IXPIPLVI €
+p +5 5 + 5
p nlp —§) (1-2)7

(6.7)
Additionally, if the nodes are initialized such that XE)Q) =0, by considering the

dominant terms in the expression above we have

Ec[F(X{)] - f*

(R ) = o9))

where the O notation does not hide any terms depending on Q) or T'.

Proof. See Appendix [C.I] [ |
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Remark 6.3.1. We highlight the following observations:

1. Comparison to DGD: With no compression, using tighter analysis
the term (1 — d+/2) can be further improved to 1 —~¢ [39,55]. In this setting,
with 7 = 1 we may compare our result to the prior work in [53,210]. First, in
contrast to [53,210], our analysis is carried out under PLC without assuming
(restricted) strong convexity. The radius of the near-optimal neighborhood in
[53] (see Theorem 4 there) is proportional to A /§ while in our case, by using the
proposed Q- step compressed gossiping procedure, the radius is proportional

to A%(1— 5)%; in fact, we can make the bound arbitrarily small by performing
a sufficiently large number of gossiping steps @ (see Corollary [6.3.1.1]).

2. Effect of Compression: Our results reveal that compression
of messages using contraction operators can be thought of as weakening the
connectivity property of the communication graph by inducing spectral gap
0" = dw. As w approaches zero, the consensus learning rate decreases. Hence,

as per intuition, a larger () is required to satisfy the conditions in the statement

of Theorem [6.3.11

3. Almost Linear Convergence: Our analysis further reveals that
at the cost of increased number of rounds of communication, suboptimal-
ity can be arbitrary reduced. In particular, Ec[F (XIEQ))] — f* < € accu-
racy can be achieved after O(log®(1/¢)) rounds of communication by setting
Q) =T =log(1/e). However, in practice it suffices to use a small @) to achieve
a competitive performance compared to centralized and decentralized schemes

with no compression.
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4. Power of Overparameterization: Consider the case that
corresponds to a decentralized regression or classification task wherein the
model architecture is expressive enough to completely fit or interpolate the
training data distributed among the clients [211-213], e.g. in the case of
over-parameterized neural networks or functions satisfying a certain growth
condition [214/215|. Then any stationary point of f will also be a stationary
point of each of the f;’s and thus A% = 0. Therefore, in the this setting and
under PLC, Deli-CoCo converges exactly at a linear rate of O(log(1/¢)) by

setting () to be a constant independent of e.

Corollary 6.3.1.1. Instate the notation and hypotheses of Theorem|6.53.1. Then,
in order to achieve EC[F(X(TQ))] — f* <€, Deli-CoCo requires 7 = O(log*(1/¢))
rounds of communication if A # 0, and T = O(log(1/€)) if A = 0.

To our knowledge, DeLi-CoCo is the first algorithm attaining a linear
convergence rate for decentralized nonconvex optimization with compressed

communication in the interpolation regime.

5. Implications for Federated Learning: Theorem [6.3.1] also im-
plies a near linear convergence rate for federated learning tasks — in their
simplest form — satisfying PLC under compressed communication. This sce-
nario corresponds to a decentralized learning problem over a network with
0 = 1 |216] under which DeLi-CoCo efficiently delivers a stationary solution.
Nonetheless, there are some open problems and issues such as delayed com-
munication and intermittent client availability in federated learning [217] that

are not considered here.
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Since PLC is implied by strong convexity, Theorem provides a
convergence rate for strongly convex and smooth objectives. We can make

this more explicit in Theorem below.

Theorem 6.3.2. Assume Assumptions[2.4.1) [2.4.312.4.3, and[2.4.5 hold. De-
fine

C=(1—-np)*<1, &=(1- %)Q(i’) +20n2L%) (6.9)

Let the parameters of DeLi-CoCo satisfy
ow 2 2

= , < min{ =——, —1,
TN {L+/j L+u}
5 (6.10)
Q > |7<10g£ —log(3 + 20n2f/2)> /log (1 — %)} .
Then, after T iterations, the iterates of DeLi-CoCo satisfy
T ( 13Lp? 7\
B XQ - X2 < | [ (1= 2) Do+ [[Xolf? | + Do
e\l =¢) 2
(6.11)
N 207]2A2 ( 5,}/)@
i-ni-g9\ 2/

Additionally, if the nodes are initialized such that ng = 0, by considering the

dominant terms in the expression above we have

Ee||X{ — X*||2
B TL772 5 Q . 7]2A2 5~ Q
”(”w-a(*?)]w*m(lﬁ) |

where the O notation does not hide any terms depending on Q) or T.

Proof. See Appendix [C.2] [ ]
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6.4 Numerical Experiments

We show the effectiveness of Deli-CoCo on three common machine
learning problems - logistic regression, linear regression and non-linear regres-
sion. Following [39], for all the experiments we plot the sub-optimality, i.e.
f(x¢) — f* against the number of local gradient computations (or steps). Here,
f* is the optimal value obtained by running vanilla gradient descent with the
entire data on a single machine — we shall refer to this setting as "Centralized
GD" throughout this section. We consider the compression schemes proceed-
ing the statement of Assumption [2.4.5] and explore some network topologies
commonly used in literature, namely ring, torus, fully-connected and discon-
nected topologies (see, e.g. [39,55]). All plots are averaged over 3 independent

runs.

Datasets: Let {sgi), ey s,@} denote the samples being processed in
the i*" node where n; is the total number of samples in the i*" node. Then,
fi(x) = n% Do A(x, sy)), where £(.) denotes the loss function of the regression
tasks that we explain next.

(1) Logistic regression: We use a binary version of MNIST [218| where
the first five classes are treated as class 0 and the rest as class 1. We train
a classifier with the binary cross-entropy loss. We consider a decentralized
setting where the data is evenly distributed among all the nodes in a challeng-

ing sorted setting (sorted based on labels) where at most one node acquires

examples from both classes.
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(i1) Linear regression: We train a linear regression model on m = 10000
synthetic data samples {(a;,y;)}™, generated according to y; = (0*, a;) + e;,
where 8* € R?%_ the i*" input a; ~ N(0, I), and noise e; ~ N(0,0.05).
We refer to this synthetic dataset as SYN-1. Here, we use the squared loss

function with fy-regularization value = 0.001.

(111) Non-linear regression: We train a non-linear regression model on
m = 10000 synthetic data samples {(a;, y;) }; generated as y; = relu((60*, a;))+
e;, where 8% € R290 the 4t input a; ~ N(0, I000), €; ~ N(0,0.05) and
relu(z) = max(z,0) (i.e. the standard ReLU function). We call this syn-
thetic dataset SYN-2 henceforth. We model this task as training a one-layer
neural network having ReLLU activation with the squared loss function and

ly-regularization value = 0.001.

Importance of Q. The backbone of DeLi-CoCo is the introduction of
performing () mixing steps. To better understand the role of this stage under
communication compression, in Fig. we depict the performance of DelLi-
CoCo for different values of ) under varied consensus learning rates v where
we compare its performance to centralized GD without compression. Our
experiments suggest that Delii-CoCo can achieve the same rate of convergence
as Centralized GD for suitable values of (), thereby illustrating the value of
having multiple mixing steps. We further observe that with higher ~, DeLi-
CoCo requires fewer mixing steps to match the performance of Centralized

GD.

Impact of Topology. Fig. shows the effect of topology and size of
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Figure 6.1: Effect of varying @@ under different consensus learning rates v. MNIST setting
(top row): n =9, top(0.05); SYN-1 setting (mid row): n = 16, qsgd,; SYN-2 (bottom row):
n = 16, gsgd,, fo-regularization value = 0.001. We used 1 = 0.2 and torus topology for all

the network on the convergence of Deli-CoCo under communication compres-
sion. We repeatedly observe that fully connected topology outperforms torus
which is followed by the ring topology, consistent with the intuition that better
connectivity leads to faster convergence. Notice that increasing the number
of nodes worsens the convergence across all topologies. However, this effect is
less severe for the networks with stronger connectivity properties. This obser-
vation is consistent with the intuition that communication compression leads

to weakening of network connectivity. Also note that increasing () improves



MNIST, number of nodes = 9 MNIST, number of nodes = 16 MNIST, number of nodes = 25

10° 100 100
= ring(Q=1) = ring(Q=1) = ring(Q=1)
= torus(Q=1) - torus(Q=1) - torus(Q=1)
N = . fully-connected(Q=1) o = . fully-connected(Q=1) N = fully-connected(Q=1)
2z — ring(Q=5) 2 — ring(Q=5) 2 \ — ring(Q=5)
] — torus(Q=5) = — torus(Q=5) © N — torus(Q=5)
£ = fully-connected(Q=5) £ — fully-connected(Q=5) £ LN\ — fully-connected(Q=5)
S 101 4\ Centralized S 10 No Centralized S 101 ~ Centralized
E E < 2
@ @ ~— @
2 2 TrTe——a g
€ £ - <
g I N 8
= = =
1072 1072
~
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
Number of gradient steps Number of gradient steps Number of gradient steps
SYN-1, Number of Nodes = 9 SYN-1, Number of Nodes = 16 SYN-1, Number of Nodes = 25
— = ring(@=1) " — = ring(Q=1) N — = ring(Q=1)
— = torus(Q=1) 10 — = torus(Q=1) R XY — = torus(Q=1)
N — = fully-connected(Q=1) N 'y — = fully-connected(Q=1) N LN — = fully-connected(Q=1)
2 — ring(Q=5) 2 » — ring(Q=5) 2 W — ring(Q=5)
g — torus(Q=5) g NN — torus(@=5) H AR — torus(Q=5)
= = fully-connected(Q=>5) - WS = fully-connected(Q=5) - N T~ = fully-connected(Q=5)
a 810 NN 210 N ~
8 g RN 13 QBN S
E e AN S~ E T--a
a a \ SO @ SR =
o o \ ~ I3 ~
2 2 \ N ~ 2 ~
£ €102 NN < €102 >
s 5 N ~< s N
= [ N Sso [ S~o
~
N ~~ N Sl
NN D S~
107 10~ =~ —
200 300 400 500 100 200 300 400 500 100 200 300 400 500
Number of gradient steps. Number of gradient steps Number of gradient steps
SYN-2, Number of Nodes = 9 SYN-2, Number of Nodes = 16 SYN-2, Number of Nodes = 25
= ring(Q=1) = ' ring(Q=1) = ring(Q=1)
- torus(Q=1) 10° = torus(Q=1) 10° = torus(Q=1)
N = fully-connected(Q=1) N > = ! fully-connected(Q=1) N N = . fully-connected(Q=1)
Z — ring(Q=5) 2 ~ = ring(Q=5) 2 ~ = ring(Q=5)
g — torus(Q=5) g G — torus(Q=5) g N d — torus(Q=5)
= = fully-connected(Q=5) S0 N i = fully-connected(Q=5) £ IINN ~ = fully-connected(Q=5)
a g10 N -~ 210
Q Q NN —_—— Q
-
g g N O, ~—— K
~ @
o o N ~ o
£ \ £ N £
5 -~ £107 = £102
s N S~ s I~ =L s
£ ~ ~< £ ~ -~ £
~ - = ~o |
~L S ~ ~.
~ .
SO~ ~
— = 107 103 4
100 200 300 400 500 100 200 300 400 500 4 200 400 600 800 1000
Number of gradient steps. Number of gradient steps Number of gradient steps

Figure 6.2: Effect of network topology settings on the convergence rates; showing dependence
on the number of nodes n and mixing steps . MNIST setting(top row): top(0.05), v = 0.5,
n = 0.2. SYN-1 setting (bottom row): qsgd,, v = 0.1; We used n = 0.2 for n = 9,16
and n = 0.15 for n = 25, respectively. SYN2 setting (bottom row): gsgdy, n = 0.2, {5-
regularization parameter = 0.001; We used v = 0.1 for n = 9,16 and v = 0.15 for n = 25.

the rate of convergence, reinforcing our earlier observations in Fig.

Impact of Compression Operator. In Fig. we show the effect
of different compression schemes on the rate of convergence. In particular, we
compare DeLi-CoCo with the DGD , that operates under no communi-
cation compression (i.e., full communication). Note that with majority of the

compression schemes, DeLi-CoCo achieves similar rates as DGD.
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Figure 6.3: Comparison of various compression operators over torus topology. MNIST
(Left): n = 9,7 = 0.2; For gsgd,, top(0.05), rand(0.05), we used @ = {10,15,15} and
~v = {0.05,0.1,0.05}, respectively. SYN-1 (Middle): n = 16,7 = 0.2, Q = 5; For qsgd,,
top(0.05), and rand(0.05), we used v = 0.2, 0.2 and 0.05, respectively. SYN2 (Right):
n = 16,7 = 0.2, Q = 5, {y-regularization parameter = 0.001; For gsgd,, top(0.05), and
rand(0.05) we used v = 0.2, v = 0.2, and v = 0.05, respectively.

6.5 Conclusion

In this chapter, we considered decentralized nonconvex ML tasks in a
communication-constrained settings where the clients may need to compress
their local updates before transmitting them to their neighbors. We proposed
(DeLi-CoCo), an iterative decentralized algorithm with arbitrary communi-
cation compression (both biased and unbiased compression operators) that
performs multiple gossip steps in each iteration for faster convergence. By
employing () > 1 steps of compressed communication after each local gradient
update, DeLi-CoCo achieves a linear rate of convergence to a near-optimal
solution for smooth nonconvex objectives satisfying the Polyak-Lojasiewicz
condition. The proposed Q)-step gossiping further helps to arbitrarily decrease
the sub-optimality radius of the near-optimal solution. We further showed that
a similar convergence rate for smooth and strongly convex objectives. Finally,
we demonstrated that DeLi-CoCo compares favorably to schemes without com-

munication compression in a variety of learning tasks.
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Chapter 7

Conclusion and Future Work

The aim of this thesis dissertation is to develop and analyze efficient
methods for inference and learning from contemporary large-scale datasets.
These large-scale and high-dimensional datasets have hidden low-dimensional
structures, e.g. sparsity, and are gathered by a network of resource constrained

systems capable of exchanging information.

7.1 Conclusions

The first contribution of this dissertation was two-fold: we first studied
the task of sparse reconstruction and support selection where we proposed two
efficient greedy algorithms and theoretically established the conditions for their
exact reconstruction performance in a variety of settings. Then, we showed
that the proposed algorithms can be utilized in structured data clustering
problems where the data is a collection of points lying on a union of low-
dimensional and evolving subspaces. To this end, we proposed a non-convex
optimization framework that exploits the self-expressiveness property of the
evolving data while taking into account representation from the preceding time

step. To find an approximate solution to the aforementioned non-convex opti-
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mization problem, we developed a scheme based on alternating minimization
that both learns the parsimonious representation as well as adaptively tunes

and infers a smoothing parameter reflective of the rate of data evolution.

As a second contribution, we focused on observation selection and in-
formation gathering in networks where we studied state-estimation tasks of
dynamically-evolving systems through large-scale sensor networks. We estab-
lished that the mean-square error criterion is weak submodular in networks
governed by a linear observation model. We further proposed a new weak sub-
modular observation selection criterion by relying on the Van Trees’ inequality.
Additionally, we proposed efficient greedy observation selection and commu-

nication scheduling schemes and established their near-optimal performance.

As a final contribution, we devised a new optimization algorithm for col-
laborative learning problems where the communication among the participat-
ing agents is limited. The proposed algorithm leverages multiple compressed
communication steps as well as a compression error feedback mechanism to
accomplish the learning task. We further analyzed the performance of the
proposed scheme and established that it achieves near-optimal convergence
rate for general nonconvex learning tasks that satisfy the Polyak-Lojasiewicz

condition.

7.2 Future Work

As part of future work for the sparse reconstruction and support se-

lection problems discussed in Chapter [3] it would be valuable to extend the
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presented analysis which was performed under the assumption that the sens-
ing matrix is distributed according to a zero mean Gaussian distribution, and
study performance of AOLS and PSG for hybrid dictionaries [83]. It is also
of interest to analytically characterize performance of the AOLS-based sparse
subspace clustering scheme using the techniques established in [2,99]. Ad-
ditionally, it is of interest to determine whether O(m(logk)) is in fact the
minimum number of oracle calls required to achieve the optimal sample com-
plexity for greedy sparse reconstruction algorithms. A trivial lower bound, as

argued by [67], is O(m).

The evolutionary subspace clustering framework and the CESM algo-
rithm that we developed in Chapter [] pave the way towards interesting future
research directions. Firstly, it would be of interest to extend the CESM frame-
work to other subspace clustering algorithms, including the schemes that rely
on finding low rank representations of data points (see, e.g. [219]). It is also
valuable to exploit the theoretical foundation of subspace clustering estab-
lished by [2,99] to analyze the performance of the proposed frameworks, e.g.,
in the setting of rotating random subspaces that we considered in Chapter
Ml Finally, it would be of interest to develop more complex models for the
evolutionary subspace clustering problem, e.g., by using neural networks as
the parametric function or a matrix of smoothing parameters in place of the
proposed convex evolutionary self-expressive model. An interesting effort in

this direction has recently been made by [220].

Contributions made in Chapter [5| on the topic of weak submodular ob-
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servation selection and information gathering in communication constrained
networks were based on the consideration that the selected subset of informa-
tion can be communicated exactly to the corresponding receiver nodes in the
network. Often, as it has been argued in [149], the information might be lost
due to communication and link failures in the network. Thus, it would be of
interest to study robust variants of the methodologies developed in Chapter
by building upon the techniques developed in [161,[221]. Another important
direction for future research is to design weak submodular communication
scheduling approaches that trade performance for increased privacy and se-
curity of the communicated information. Such algorithms entail integrating
privacy-preserving concepts such as differential privacy [222] to guarantee the

robustness of the algorithms to malicious activities.

The collaborative learning algorithm that we developed in Chapter [0]
requires access to the full local gradients. It would be of interest to extend
the proposed algorithm to the scenario where only a stochastic and unbiased
estimate of the true gradient is available to each local client. Furthermore,
the analysis carried out in Chapter [0] requires the global objective to satisfy
the Polyak-Lojasiewicz condition in the nonconvex case and strongly convex
assumption in the convex setting. It would be valuable to theoretically estab-
lish the convergence rate of the proposed algorithm under milder conditions.
Finally, extensions to time-varying and directed network topologies as well as
incorporating momentum techniques such as [59] for improved theoretical and

empirical performance is another interesting research direction.
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Appendix A

Missing Proofs from Chapter

A.1 Useful Lemmas

We first state a number of intermediate lemmas. Lemma [A.1.1] states
that the Euclidean norm of a normally distributed vector is concentrated

around its expected value.

Lemma A.1.1. Let a € R" be a vector consisting of entries that are drawn
independently from N(0,1/n). Then it holds that E HP(S(’“))qu = kR [ulf3.

Furthermore, one can show that

Pr ((1 - 7)% < |[P(s®uf; < 1 +v)k) > 1 — 2¢7"00), (A1)

n
where co(7y) = %—%for()<7< 1.

Proof. The lemma aims to characterize the length of the projection of a ran-
dom vector onto a low-dimensional subspace. In the following argument we
show that the distribution of the length of the projected vector is invariant to
rotation which in turn enables us to find the projection in a straightforward

manner.

Recall that P(S(’“)) is an orthogonal projection operator for a sub-

space Ly spanned by the columns of Ay. Let B = {by,..., by} denote an or-
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thonormal basis for L£;. There exist a rotation operator R such that R (B) =
{ei,...,ey}, where e; is the i*® standard unit vector. Let u ~ N(0,1/n).
Since a multivariate Gaussian distribution is spherically symmetric [223], dis-
tribution of u remains unchanged under rotation, i.e., R (u) ~ N (0,1/n).

Therefore, it holds that E|R (u)||, = E |jul|,. In addition, since after rota-

tion {ey,...,ex} is a basis for the rotation of Ly, P(S(k))qu has the same
distribution as the length of a vector consisting of the first & components of
R (u). It then follows from the i.i.d. assumption and linearity of expectation

that E |P(S®)u||; = EE |u|3 = &.

We now prove the statement in the second part of the lemma. Let ul
be the vector collecting the first k£ coordinates of R(u). The above argument
implies HP(S(’“))uH; has the same distribution as Husz In addition, n ||u§||;
is distributed as x? because of the spherical symmetry property of u. Let

A > 0; we will specify the value of A\ shortly. Now,

Pr{[PE®)ulf} < (1- )5} = Prfn o]} < (-1}

A k(1 —
= Pr{- Q2> M=)

= prfe 3l > -G (A.2)

< Mg bl

O 140

=k
2

where (a) follows from the Markov inequality and (b) is due to the definition

of the Moment Generating Function (MGF) for xi-distribution. Now, let
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A\ = % It follows that

Ak(1=7)

Pr{||P(5<k>)qu <(1- 7)5} < T (1— )t = es0rtleslm) < o7
n
(A.3)

M

where in the last inequality we used the fact that log(l —~v) < —y — %

Following the same line of argument, one can show that

3

Pr{[PE®)ull} > (147) 1) < e+ (A1)

The combination of (A.3]) and (A.4]) using Boole’s inequality leads to the stated

result. [ |

Lemma (Corollary 2.4.5 in [224]) states inequalities between the

maximum and minimum singular values of a matrix and its submatrices.

Lemma A.1.2. Let C be a full rank tall matriz and let A be a submatriz of
C. Then
Omin (A) Z Omin (C) > Omax (A) § Omax (C) . <A5>

Lemma from [225] establishes a probabilistic bound on the small-

est singular value of a normally distributed matrix.

Lemma A.1.3. Let A € R™* denote a tall matrixz whose entries are drawn
independently from N(0,1/n). Then for any § > 0 it holds that

2l

Pr(gmin (A) 2 1 - \/g - 6) 2 I eXp(_(S 2)? (AG)

and

Pr(omax (A) > 14 \/%4— §)>1-— exp(—éQS). (A.7)
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Lemma (Lemma 5.1 in [227]) establishes bounds on the singular

values of Ay, i.e., a submatrix of A with £ columns.

Lemma A.1.4. Let A € R™™ denote a matriz with entries that are drawn
independently from N(0,1/n). Then, for any 0 < § < 1 and for all x €
Range(Ay), it holds that

[ Arx|l2 1200 (s
— 1] <6} > 1 —2(— ke 03,
BSIP 0

Pr{| (A.8)

Lemma (Proposition 4 in |78]) establishes an upper bound on the

inner product of two independent random vectors.

Lemma A.1.5. Let a € R™ denote a vector with entries that are drawn inde-
pendently from N(0,1/n). Let u € R™ be a random vector such that ||ul|z = 1

and let u and a be statistically independent. Then for 6 > 0 it holds

Pr(ja’u| <) >1— exp(—52g). (A.9)

A.2 Proof of Theorem [3.2.2

The proof is inspired by the inductive framework first introduced in
|78]E| We can assume, without a loss of generality, that the nonzero compo-
nents of x are in the first k& locations. This implies that A can be written

as A = [A A}, where A € R™* has columns with indices in Sy and

!Our analysis relies on (3.1)) rather than the computationally efficient recursions in (3.7)).
Nonetheless, we have shown the equivalence between the two criteria in Theorem
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A € R™(Mm=k) has columns with indices in I\Strye- For Ty CZ and T, C Z
such that 7, N 75 = 0, define

;

bjTl T IP(T ) La
IP(7T2) ayll,

, JETs, (A.10)

where P% denotes the projection matrix onto the orthogonal complement of

the subspace spanned by the columns of A with indices in 7;. Using the

notation of (A.10)), (3.1)) becomes

o T 1.8i—1
Js = argmax jens, b .

r, 1D,

(A.11)

In addition, let ®go = [bS"] € R™**-) j € S, \SO, and Tgu = bS] €
R™(m=k) 5 € T\Sjue. Assume that in the first i iterations AOLS selects
columns from Syu.. Let |¢OT11‘1| < ... < |@Z)0Tm_kri| be an ordering of the set
{Jfrs], ... |y _pril}. According to the selection rule in (A.11)), AOLS iden-
tifies at least one true column in the (i+1)* iteration if the maximum correla-
tion between r; and columns of ® ) is greater than the |P(\Ilg<i)ri)m_k_L+1|.

Therefore,
|,P(‘I’g(i)ri)m—k—L+1|
1% 5o il

p(ri) = <1 (A.12)

guarantees that AOLS selects at least one true column in the (i+1)% iteration.
Hence, p(r;) < 1 for i € {0,...,k — 1} ensures recovery of x in k iterations.
In other words, max; p(r;) < 1 is sufficient condition for AOLS to successfully
recover the support of x, i.e., if ¥ denotes the event that AOLS succeeds, then

Pr{¥} > Pr{max; p(r;) < 1}. We may upper bound p(r;) as

[P(S%) a; ],
P(8@)ta;l,

|P(1’&.T7r7,)m—k—L+1 | maxjestrue
||ATI'Z||OO minjgstrue

p(r;) < (A.13)
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According to Lemma

p(r) < |P(A I‘, m—k— L+1| 1""7 /nEHajmdx
v HA T 0o l—v i)/nEla,.[2

1 +’7 |7D ATrz)m k— L+1|
L=~ ||ATrZ||oo

(A.14)

with probability exceeding p; = (1 — 2¢~(n—k+1)eoly ) for 0 < i < k. Let
a(y) = ;—1 Using a simple norm inequality and exploiting the fact that

ATr; has at most k — i nonzero entries leads to

\/ |P(A I'z)m fe— L+1| \/k—i
Cl(’V) [P c1(7)

where T; = 1;/||ATr||2. According to Lemma [A.1.4] for any 0 < § < 1,

p(ri) < IATE (A.15)

Pr{|[tills < 5} > 1— 2(%)’“6_”00(3) = pa. Subsequently,

Pr{%} > pips Pr{gg%f ’P(;&Tri)m—k—L—Hl <a(y)}
m—k—L+1
> p1po H Pr{max
=1

a, rZ\/Tz‘ <c(y)} (A.16)

0<i<k

a Tk — @] < e (y)ymheLL

= P
p1p2 Pr{ max

where we used the assumption that the columns of A are independent. Note
that the random vectors {T;v/k — 1}5- - o are bounded with probability exceeding
po and are statistically independent of A. Now, recall that the entries of A
are drawn independently from N (O, %) Since the random variable X; =
ﬁT'fl\/m is distributed as N(0,0?) with 02 < (1 5)2, by using a Gaussian

tail bound and Boole’s inequality it is straightforward to show that

k—1
Pr{max |X| < ci(7)} 2 1= Y w07, (A17)

=0
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Thus, Pr{>} > pipsps, where

E—1 m—k—L+1
Pz = <1 - Ze—k"iQ(V)?(l—@Q) ) (A.18)
=0

This completes the proof.

A.3 Proof of Theorem [3.2.3

Here we follow the outline of the proof of Theorem [3.2.2] Note that, in
the presence of noise, A'r; in (A.14) has at most & nonzero entries. After a
straightforward modification of (A.15)), we obtain

Vk
c1(v)

The most important difference between the noisy and noiseless scenarios is

p(r;) < PATr)m k4], (A.19)

that r; in the latter does not belong to the range of A; therefore, further
restrictions are needed to ensure that {¥;}*=} remains bounded. To this end,
we investigate lower bounds on ||ATr;|l» and upper bounds on ||T;]|o. Recall

that in the i*? iteration
r; = P(SV)ty = P(S")* (Ax +e), (A.20)

where x € R* is a subvector of x that collects nonzero components of x. We
can write e equivalently as

e=Aw+et, (A.21)

where et = P(S®))e is the projection of e onto the orthogonal complement of

the subspace spanned by the columns of A corresponding to nonzero entries of
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x, and w = Afe. Substituting (A.21) into (A.20)) and noting that P(S®)*a =

0 if a is selected in previous iterations as well as observing that £; C L, we
obtain

r, = eL + P(S(i))lAicCic, (A22)

where ¢ = X+ w and subscript ¢ denotes the set of correct columns that have
not yet been selected. Evidently, (A.22) demonstrates that r; can be written

as a sum of orthogonal terms. Therefore,
Ieill3 = llet |13 + [P(S®) " Aecic 3. (A.23)

Applying (A.22) yields
|ATrls = [|AT (et + P(SW) " Asecse) |5

@ ATe! + ALP(SD)E Avcylfs

b - . _
O |ALP(SD)E A ecie]

Cc

> Opin (A)|Cie |2,

min

(A.24)

=

—
=

where (a) holds because P(S™)* projects onto the orthogonal complement of
the space spanned by the columns of A;, (b) follows from the fact that columns
of A and e’ lie in orthogonal subspaces, and (c) follows from Lemma

and the fact that P(S®)* is a projection matrix.

We now bound the norm of r;. Substitute (A.23)) and (A.24]) in the

201



definition of r; to arrive at

NI

[lle* 13 + [IP(S™)* Ajece 3]

[rill2 < =
02in(A)lcie|2
u 102 2 (AVle 1212
(S) [le ||2;|_0-nlax(A)||Clc||2}2 (A.25)
Omin(A)[|Cic |2
_ 1
et 3/ lleie %_’:Jrznax(A)}z
O-IQnin(A)

where (a) follows from Lemma and the fact that P(S®)! is a projection
matrix. In addition,

let]l2 = IP(S™) ez < [lefl2 < 7e. (A.26)

Defining X, = min; |X;| and ¢y, = min; |c;|, it is straightforward to see that

Crmin > Xmin — | W2 (A.27)

Moreover, we impose Xpin > (1 4 §)||w/||2. Therefore,

> > (k—i)c,

min

e
> (k =) (X — [ W]2)?
= (k — 1) (X — [|ATe]]2)” (A.28)
> (k — 1) (Xumin — Tmax(AT)[le]|2)*
= (k — 1) (Xmin — Omin(A)7e)”.
Combining , , and implies that

’Yg 2 X
1, < T s 7 (B)
o ()

O in

2
[(k—i)(xn,i:i(lw)%P +(1+ 5)2]
. 10

1
2

N

(A.29)

-

2
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with probability exceeding p,. Thus, imposing the constraint

Xmin 2 (1 + 0 + t)Fye (A30)
where ¢ > (P] establishes
1
- [(k—li)tQ +(1+ 5>2] (A.31)
[Til2 < '
(1—0)?

By following the steps of the proof of Theorem and exploiting indepen-

dence of the columns of ;‘1, we arrive at

Pr{¥} > pip2 Pr{max &, | < \;; ymhm LAl (A.32)

Recall that {r; i=_0 are statistically independent of A and that with probability
higher than p, they are bounded. By using Boole’s for the random variable

=T .
X; = a,, r; we obtain
ney (1)2(1-6)4

k-1 —
Pr{max | X;| < \5_)} >1- Ze i oo?) . (A.33)
=0
Let us denote

po1 __meim2a-et \ mTRoLAL

o Hlatmmraror] . (A.34)

(]

ps=|1—
i=0

Then from (A.32)) and (A.33)) follows that Pr{¥} > pipsps, which completes

the proof.

Remark A.3.1. Note that in the absence of noise the first term in the numerator

of (A.31) vanishes, leading to [[T]l; < 155 + ﬁ. A comparison with the

proof of Theorem [3.2.2| suggests that the term % is a modification which

stems from the presence of noise.

2This is consistent with our previous condition Xuin > (1 + §)||w/||2.
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A.4 Proof of Theorem [3.3.1

Before proceeding to the proof, we state a useful lemma from [228].

Lemma A.4.1. For every |a| <1 andb > 1 it holds that (1+a)® > e®(1—a?D).

Proof. Let x = ab, |z| < b. Consider g(z) = e *(1+%)" — (1 — %) Atz =0,
both g(x) and f'(z) are zero. If f'(x) = 0 for any other x in the interval, for

such z we have

T 2x
T4 =24 =
e ( +b) + 2
Therefore, for such =
1) 1
g(a:):@—z) +1—5>O.

Furthermore, since ¢g(b) > 0 for all b while g(—b) > 0 for b > 1 and g(—b) =0

for b = 1, all other points we must have g(z) > 0. [ |

To prove the theorem, we first establish Lemma[A.4.2]below that demon-
strates that the probability of success of PSG is product of two terms: (i)
Hi:ol p;()?g that characterizes the likelihood that R;(,is)g contains at least a new
element of S* for alli =0,...,k—1, (ii) Hf:_ol qfo?g that determines the chance
of selecting one of the elements in the nonempty intersection of search space
R]S?g and S*\SI(,?Q. The first term Hi.‘:ol pj(oigg is of particular interest as it can
be thought of as being a general upper bound on success probability, a fact

that is used in the proof of Theorem [3.3.3
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Lemma A.4.2. Let S,(,];; denote the subset selected by PSG, and let Réi»)g de-

note the randomly selected search space of PSG in i iteration. Then, it holds

that
k-1
Pr ( psg prsg H qpsy? (A.35)
where
P =Pr (R N(S\S) #0 | S8 8, |S0]=1), (A.36)
and
gl) =Pr(SIHY c 8| RY N (SN\SD) #0, [SP] =1i). (A.37)

Proof. Let Az(,?g denote the event {Szgigl) N Sgg?g + @,S]ggl) C S§*}. Then the
probability of success of PSG can be expressed as

Pr (S = S8*) = Pr (mf H AW

psg pSg)

- HPr psg Nt AI(stg)

—HPr 'Az(:sg p )

where Bpsg {Spsg c &, ]Spsg] = 1}. Note that Aé?g can equivalently be

(A.38)

written as

= {RY N (S\SW) # 0,80 C §*}. (A.39)

pSQ psg ? T psg

This can be written by further conditioning as

k-1
Pr (S;3 psg prsg H qpsg’ (A.40)
where pll, and g, are given by (A.36]) and (A.37)), respectively. [
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Therefore, to prove the theorem it suffices to derive nontrivial lower
bounds on Hf 01 pgsg and Hz 0 Cin’g
First we establish a preliminary general result in Lemma which

provides a lower bound on T[], P

Lemma A.4.3. Let r; = min(; log %, m), for alli=0,...,k—1. Then,

1 1
prsg > exp (—ek + elog E) (1 — &k + e log E> . (A.41)

Proof. First note that since r; = m for all i > k—log %, it follows that p@?g =1.

Let us first consider the setting of sampling with replacement. It holds that

k—1 kilOgéfl k’ -\ Ti
G _ !
M= I (- (=)
i=0 i=0 m

k—log L

v

H ) A

_ (1 _ 6)k—10g%
Finally, to obtain (A.41)) we apply Lemma |A 4.1}

Next, we consider the setting of sampling without replacement. For

206



every i < k —log <,

. (1 N _2) (A.43)

where (a) is obtained by using the inequality of arithmetic and geometric
means, and (b) is due to the fact that (1 + z)¥ < €™ for any real number
y > 1. Therefore, just as in the case of sampling with replacement,
holds. |

Since we established a lower bound on HZ 0 ppz;g in , it just re-
mains to derive a nontrivial lower bound on qz(fs)g in order to show existence of
a sufficient condition for the exact identification of S* and establish a lower
bound on the probability of success of PSG. A lower bound on q,(,?g can be
obtained by considering the conditions under which the largest marginal gain
of elements in R;(;Qg N S* exceeds that in R;(fs)g\S* foralle=0,...,k—1, that
is,

max g (S8WYy < max g;(SD), (A.44)

psg (3) psg
]ERpSg\S* je’RpsgﬁS*
with high probability. In Lemma [A.4.4] we show the sufficient condition de-

fined in (|A.44]) holds with high probability for PSG applied to the problem of
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sparse support selection.

Lemma A.4.4. Let x € R™ be an arbitrary sparse vector with k < m non-
zero entries and let A € R™™ denote a random matriz with entries drawn
independently from N(0,1/n). Given noiseless measurements y = Ax, for

PSG with parameter e™* < e < e~ ~w it holds that Hl 0 qpsg > (1o where

2 3 m
7 = (1 — 2exp (—n(% — %))) — exp(—52g), and

. - ke(m—Fk) (A.45)
A A2 T K L
= <1 eXp( it \/; 2 2k>> !

forany 0 <~y <1 and d > 0.

We now proceed with the proof of Lemma [A.4.4] Let r; := (I, —
P(S,()?g))y be the residual vector in the i*" iteration of PSG. Note that if in
the previous iterations PSG selected columns of A with indices from S*, the

selected columns are orthogonal to r;.

To prove the stated result it is sufficient to establish a lower bound
on the probability of (A.44). Given the selection criterion of OMP for sparse
support selection, it is straightforward to see that

|aTrz‘\ |a-T1°z'|
p(r;) == max max — <1 (A.46)

jerONs* 1ajll2 7 jer,nism\siy) layllz
is a sufficient condition for successful identification of an element from Ré?g N
(S*\S,(,?g). Our goal in this theorem is to prove that with high probability

p(r;) < 1 in each iteration ¢. This in turn will establish a lower bound on

qz(,i)g, i =0,...,k — 1. To this end, following 78] we employ an induction
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technique to show that p(r;) < 1 if R}fs)g N (S*\Szﬁi)g) # () and SI(,?g C S§*. Since
computing p(r;) appears challenging, to establish the desired results we show
that a judicious upper bound on p(r;) is with overwhelming probability smaller

than 1. In particular, note that one may upper bound p(r;) as

o < s R ety Il
MAX; el nis\sidy) 12Tl Min )\ s+ [1a]l2 (A.47)
< Mere B XL maxey s '
T MAX ) s s) 12 Tl Ml flayle

Let Z; denote the event that

minjem) [lajlla = V1 -7

for some v € (0,1). Then, from Lemma it follows that

Pr(Z;) > (1 — 2e700m)™. (A.49)

In other words, since ||a;||2’s are highly concentrated around one, one can
approximate (A.47) by disregarding the second factor on the right-hand side.
Additionally, let Z, denote the event that opin(Ag) > 1 — % — ¢ for some

d > 0. Then, from Lemma we have
Pr(Z,) > 1 — exp(—ézg). (A.50)
Therefore, by conditioning

Pr(p(r;) <1) > Pr(p(r;) < 1| ZyNZy)Pr(Zy NZy). (A.51)
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Note that occurrence of Z; and Zs in the ¢ = 0 iteration implies Z; and Z;
occur throughout the algorithm. Thus, Z; and Z, are in a sense global events.

Note that Pr(Z; N Zsy) can be bounded according to
Pr(Z1 N ZQ) = PI'(Zl) + PI'(ZQ) - PI"(Zl U ZQ),
> Pr(Zy) + Pr(Z,) — 1, (A.52)

—co(y)n\™ n ~
> (1—2e o) ) - exp(—52§) = qi.

Now, note that max, ) |ajTr,~| can alternatively be written as
g9

ERUIN(S*\SS
an (s-norm of its argument. Furthermore, since |RS%, N (S*\Skay )| < [S*| < k,
there are at most & inner products |a] r;| to consider (i.e., 1 < j < k). Finally,

since for a k-dimensional vector a holds that v/k||a||s > ||al|2, by conditioning

on 7y N Zs we have

max. () \ o |a-Trz~| 1+
. \/E JERpsg\S J Yy
p(r ) AT 9 1 o 77

IA ) oo Till
Rpsgm(s \SPSQ) (A53)
Vk .
= max |a; Ty,
c1(7) jer®,\sx

IA

_ 1= 5 T S
where ¢;(7) = /171 and F; = ri/||AR§,ng(8*\S§Qq)ri||2' Note that T; is intro-
duced in part to help us apply the concentration results established by Lemma

. Since ARLQQQ(S*\SISQQ) is a submatrix of Ag«, by conditioning on Z N Zs,,
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properties of singular values, and Lemma we obtain

[[ri]]2

HMbZH - -
R NSN\SS,) "
1

I’

Tmin(R (3, (5550,
1

Umin<AS*) ’
1

1—/E—5

(A.54)

IN

IN

By defining T; = omin(As+)T;, ||Ti]]2 = 1, conditioning on Z; N Zy (A.53) can
be written as

Vi

p(r;) < max |a;j T
()1 =t = 8) semis
k
< vk max |aij'Z-|
()1 = 5 =)l

Thus, conditioning on Z; and Zs

(A.55)

I_“|<qhwl_vg_6) (A.56)
max |a;T; .
jelmp\s+ 7 Vk

is a sufficient condition for successful identification of an element from RI(,QQ N
(S*\Sz(,?g). Note that since by the hypothesis of the inductive argument R;is)g N
(S*\Szg%) # () and S,S?g C S8* hold, T, is in the span of A+, and subsequently T;

and a;’s are statistically independent for all j € [m|\S*. Therefore, by Lemma
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and the fact that a;’s are i.i.d. normal random vectors

a()(1 - /% -0)

vk

ai—yE-o\ "
NG (A.57)

Pr| max |a 5| <
je[m)\S*

= Pr |a1TI_'Z| <

R

, 1
Finally, noting Hf:_ol qz(fs)g > 1 Hfz_ol j5 = G1G2 establishes the stated results.

We now proceed with the reminder of proof of Theorem [3.3.1] Let us
take a closer look to ¢;. We may bound §; using the inequality (1—z)! > 1—Ix,
valid for x <1 and [ > 1 according to

2 3
G1 > 1—2mexp (—n(% - %)) - exp(—éQg). (A.58)

Since our goal is to show the optimal sample complexity is achieved by PSG,
comparing ¢; and ¢ we can conclude ¢; can be easily excluded from our
numerical approximations as the exponent in ¢; increases linearly with n while
exponent in ¢ increases fairly more slowly. Alternatively, we can multiply
¢1 and ¢o, and by discarding positive higher order terms achieve the same
conclusion.

Now, lets turn our attention towards the lower bound on Hf:_ol pz(g?g.

Although in Lemma we presented a relatively tight bound, the proof of
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Lemma reveals a simpler lower bound
Hp;is)g >(1—e)F>1—ke (A.59)

Next, we find a simple lower bound on ¢;. Assume, (1 — \/% —0)2>1—cfor
some ¢ > 0. Then, it holds that n > Cyk, where Cy := (1 — /1 —c+ )72

Thus, employing (1 — x)! > 1 — Iz once again yields

o > 1— k(m — k) exp (—1_—3(1 ~ @%) . (A.60)

- I m n
Q> 1—(7) exp <—C%> . (A.61)

Now, since (1 — 8)? > 1 — 28, in order to establish Pr (81(755)1 = S*) >1-20,

it suffices to show
1
1 —ke>1-p, and 1-— Z(%)G exp (—C’l%> >1-p. (A.62)
B
k?

Therefore, the condition on ¢, i.e., € < =, and the results emerge by rearranging

the above inequalities.

A.5 Proof of Theorem [3.3.2

We can follow the steps in the proof of Theorem and Lemma[A.4.7]

to obtain

. Th.
p(r;) < Vk max; () \s 125 Til T
N AT ne Till2 V1= v
Rpsgm(s \Spsg) (A63)
Vk

T~
= max |a; I
() JERSI\S* 7o
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itioni = . /i Fo=r, T .
by conditioning on Z;NZsy, where ¢; () = = and r; = r1/||AR;ng(s*\SIS?g)rlHQ'
The main difference compared to Theorem is the approach we need to

take to bound r;.

To this end, recall that in the i*® iteration

r; = PHSW )y = PH(SY) (As:X + 1), (A.64)

psg psg

where X € R” is a subvector of x that collects the top k components of x (i.e.

the nonzero entries of the best k-sparse approximation x), and
n—e-+ A[m]\g*i, (A65)

where X € R™* collects the bottom m — k components of x. Note that n can
also be written as

n=Agsw+nt, (A.66)

where nt = P+(S8*)n is the projection of n onto the orthogonal complement
of the subspace spanned by the columns of A corresponding to the top k
entries in x, and w = Ag*n. Substituting into and noting that
PL(SISQQ)a = 0 if a is selected in previous iterations as well as observing that
we obtain

r; =n' +PH(SY)A

psg

§m\8 Csnsti (A.67)

where ¢ = x + w € R*. Note that the result in (A.67)) essentially states that

r; can be written as a sum of two orthogonal terms. Consequently,

Ieill3 = I3 + [P (S50,) A

psg

2, (A.68)

i) C i
S*\S{y " S*\Sh%y
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Now, using (|A.67) we can proceed by bounding the normalizing factor in r;

= ||A

psg

Il + ‘A—r \S( ) PJ'(S( i) )AS*\S;iS)ch*

2

—
S
N

PL(S( JA

psg

A i i i) C i
| Ri2aN(S*\S5%y) S*\Spiy " SH\Sply

—
o
=

As)

C5s50, 2

— mln (

(A.69)

where (a) follows from the fact that columns of A and n' lie in

RpsaN(S*\Spiy)
orthogonal subspaces, and (b) follows from Lemma and the fact that

PL(S,EQQ) is a projection matrix.

Having established a lower bound for the normalizing factor, we now

proceed to bound the norm of ¥;. Substitute (A.68) and (A.69) in the definition

of r; to arrive at

1

2
[ 3 4 PSS A s 560 €560, 1]

IN

[1T3]]2

mln(AS*) | 3*\51(?15)57”2
1
@ [+ FhAs-) e 3] (A.70)
N mln(AS*) |C3*

1
2

’% + Ul%iax(AS* )]
As)

[unluz/ucs*\s@

mm (

where (a) follows from Lemma 2|and the fact that PL(Spsg) is a projection

matrix. In addition,

In ]l = [IPH(S")nll2 < [n]: < en. (A.71)
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Define Zpi, = min, |X,;| and cpi, = min, |c;| where 2, is the smallest entry

in the best k-sparse approximation of x. It is evident to see that

Cmin > jmin - ||W||2 (A72)

Note that by the assumption on the smallest entry of X (see also (A.75))

Cmin > 0. Therefore,

legn s 3> (k — ),

> (k= 1) (Zmin — [ wll2)*
= (k = ) (@min — [|AS.12)? (A.73)

Z (k’ — Z)(jmln - O-InaX(A‘TS*) 1’1”2)2

).

€n

= (k= D)min = 4

Let Zj denote the event that opax(Ass) < 1+ \/E + ¢ for some 6 > 0.
Conditioning on Z,NZyNZs3, and combining (A.70]), (A.71)), and (A.73) implies

that

1
2

- & 2
- < (k—i)(imin_ominé(nAs*) )2 + O-maX<AS*):|
el = 7h(As)
- 1 (A.74)
2 +(1+ \/E +6)? 2
< | (k=1)(@min—(1—1/E=8)~Ten)? n
- (1— \/g — §)2
Thus, imposing the constraint
. k 1
Tmin > [(1—=1/——=0)"" +1t]| € (A.75)
n
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where ¢ > 0 establishes

HMbs[@%F+”L+¢g+®ﬂ2. (A76)

(1-/k -0

With the adjusted bound on ||t;||2 we can now proceed to finalize the

proof in a near identical manner as that of Theorem [3.3.1] to arrive to the

counterpart of (A.57), i.e.

Pr max*|a ;| < (7)(1_\/7_6)2
elmhs [ z)t2+ 1—0—\/74-5 }
(m—F)
Wx“‘Vt_az (A7)
e+ 1+ /E+9) }

mmu—{lw
2k [y + (1 /% + 6]

where 1; = 1;/||T;]|2, ||T:]l2 = 1, and we again use Lemma and the fact

=Pr |a1TfZ| <

(m—k)

>|1—exp| —

that a;’s are i.i.d. normal random vectors. Now upon using union bound

define

- ner(1)2(1— /& - 5)*

qs = Z exp | — (A.78)

i 2k [y + (1+ /2 + 0]

It now remains to bound the probability of the conditioning event, i.e. ; This

(m—k)
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can be done simply by noting

PI'(Zl N Z2 N Zg) = PI‘(Zl N Zg) + PI‘(Zg) - PI‘((Zl N ZQ) U Zg)

Z PI(Zl N ZQ) + PI‘(Zg) —1
(A.79)
(j +PI‘(Z3) 1

( e Co 7)71) 26Xp(—52%) — q~3'

v

Thus, we establish Hl 0 qpig > G3Gs. Therefore, with probability exceeding
H psg H qpsg we identify the indices corresponding to the top k entries

in x. This in turn implies that the approximation error satisfies

nl|? €
15psg—%1I3 = AL (As-%+e)—%]” < [|AL.e [ n

\ <

Omin(As+)? — (1—/k—¢)2
A.80)

™=

—~

with probability exceeding Hl o ppsg Hz 0 qug

Finally, we can obtain the order of sample complexity (which is again
the optimal order of O(klog 7) if m > k+/k) using a near identical approach as
the one we used in the end of proof of Theorem [3.3.1} Note however that for the
case of noisy measurements case the constants are inferior compared to those
in the noiseless setting, implying a more demanding sampling requirement for
the former. In particular Assume, (1 — \/% —6)? > 1— ¢ for some ¢ > 0.
Then, it holds that n > Cok, where Ch := (1 — v/1 — ¢ + §)~2. Also, we have
1+\/%+5§ 1404 1/C%. Now, define

’ 201(’}/)(1 - C)
oL 1+64+1/0 (A-81)

with these constants we obtain ((3.33)).
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A.6 Proof of Theorem [3.3.3

First, we present Lemma that establishes an upper bound on the
probability that ALG identifies S*.

Lemma A.6.1. Let r < m and assume sz?g in each iteration of ALG is

constructed via sampling with replacement. Then

Pr (8(52 = S*) < min <q, 1— (1 — %) ) , (A.82)

where

q:= (1—%% exp (—T(km_ i>> (1“sz)2>2)>€ (A.83)
and ¢ = min(k, [\/m2/r|) and i, =k — €.

Proof. Since we assume ALG uses sampling with replacement to construct

(%)
alg

R(i)

alg? according to

we can compute p

Pl =1-Pr (R, 0 (S"\80)) = 0[BY) )

SA\SHY
S L
( 5 (A.84)

:1—(1—k_2> .
m

Note that since pffl?q < 1, it follows that

k—1 ' 1 r
[Tk <olt,=1-(1-1) - (A85)
=0
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Let ¢ = min(k, |\/m?/r|) and define iy, := k — ¢. Then, using pffl) <1,
0 <4 < tmin, and Lemmawitha: —% and b =17 for iy, <i<k-—1
leads to
k—1 k—1 . N2
@) r(k —1) r(k —1)
iljopalg S Z:1:[ (1 — exXp (—T 1-— T . (A86)
Applying the inequality of arithmetic and geometric means yields

I:]:[lpi?g < (1 -3 % exp (_r(km— z')) (1 _ "”(’“m—f)y (A.87)

1=%min

Finally, we obtain the bound stated in (A.82)) by taking the minimum of ((A.85))
and (A37). n

We now proceed to the proof of Theorem [3.3.3 First, consider the

setting where r < k*7'm, 0 < a < 1. Since by Lemma we have (A.82)),
to establish the result (i) it suffices to show that

1 T
limsup,, 4 500l — <1 — —) = 0. (A.88)
Using Lemma [A.4.1] yields

= (13) = () 0-5)

kafl
<1-—exp (—ka_l) <1 — ) ,

m

(A.89)

where for the last inequality we recall the assumption r < k% 'm. The result is
a—1

then established by noting lim sup,, ;.. %— = 0, lim sup;_,, exp (—k*7!) =

1, and using the squeeze theorem.
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Next, consider the setting in (ii), i.e., r < aym, 0 < a; < 1. Following

a similar approach, one obtains

Pr <S(EZ; = S*) <1—exp(—a) (1 — %) . (A.90)

Since the bound in (A.90]) converges to 1 — exp (—ay) as m, k — oo, it holds
that Pr (Séfg) = $*> <1—exp(—aq):=dy <0.63.

Finally, we establish the lower bound on Pr <8$g) = S*). It holds that

T
L

Pr (s =s7) = Tl

alg al

(1 - exp(—rkT; i))

(1 —exp(—aq(k —1)))

ﬁ
Il
o

B
—

v
—

1
- o

(A.91)

I
<. B
> |
o

(1 —exp(—ain)).

3
Il
—_

A crude lower bound can be easily achieved by replacing the product terms
with the smallest term, i.e., 1 — exp(—ay). However, such lower bound con-
verges to zero as k — o0o. Therefore, we resort to a different approach. Note
that for every 0 < «; < 1, there exists a positive integer ¢(ay) such that
exp(agn) > n? for all n > q(a;). For instance, if a; > log(2) ~ 0.6931, then
q(a1) < 4. Thus,

ﬁ)(l—%)g_ﬁ)(l—@). (A.92)
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It then follows

> 1
N SUPy, koo T alg — 7];[1 exp(aln)

> (1 o1 >q(‘ﬁ1@ﬁ (1 - %) (A.93)

exp(aq)

n=2 n? n=2
1 1 et (1 — >)
= (1= — N TP o 1251>0.
()

For instance, if oy > log(2), then 6, > 0.2461.

222



Appendix B

Missing Proofs from Chapter

B.1 Proof of Proposition [5.2.1

First, note that
f(0) =Tr (Pyjp—1 — Fal) = Tr (Prje—1 — Prp—1) = 0. (B.1)

Now, for j € [n]\S it holds that
fi(8) = f(§U{j}) — f(S)
=Tr (Pk\k—l - FE&{;‘}) — Tr (Pyr1 — F5')
=Tr (Fs') - Tr (Fgé{j})
= Tr (F') = Tr ((Fs + 05 *he,h),) ) (B.2)

@ rr, Fg'hy b Fg
oF + h,I’nglhkyj

) hg,jFEQhk,j

- 2 T p-1n .

—
N

—~

where (a) is obtained by applying matrix inversion lemma (Sherman-Morrison
formula) [173] to (Fs + o} *hy;h/ )™, and (b) follows from the properties of
the matrix trace operator. Finally, since Fg is a symmetric positive definite

matrix, f;(S) > 0 which in turn implies monotonicity.
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B.2 Proof of Lemma [5.4.1]

First, we aim to bound the probability of an event that a random set R
contains at least one index from the optimal set of sensors which is a necessary
condition to reach the optimal MSE. Let us consider St(i), the set of sensors
selected by the end of i*" iteration of Algorithm 4| and let ® = RN (S,j\St(i)).
It holds that]

S\S,) )
Pr{® =0} = 1-—=
=0 H ( [\SY| -1

«\ (@) s—1 1 s
§ 1=0 [”]\Sk | =1
O (1SS LY
<|1-=
- ( S ;n—l

where (a) holds due to the inequality of arithmetic and geometric means, and

—
INe

(b) holds since |[n]\S;| < n. Now recall that for any integer p,
|
szzgzlogp—i—’y—i—fp, (B.4)
=1

where H, is the p'" harmonic number, v is the Euler-Mascheroni constant,

and ¢, = 2ip — O(#) is a monotonically decreasing sequence related to Hurwitz

I'Without a loss of generality, we assume that s is an integer.
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zeta function [230]. Therefore, using the identity (B.4]) we obtain

Pr{® =0} < (1- %(Hn - H,_))*
o\ g0 n
R RO ) o
© S8, n s o 0
S (1_ S <10g<n—s)_2n(n—s)))

INE

S «\ g(®)

1 — — 2n(n—s) |S \S |
(1 - )iy

where (c) follows since ¢, — (s = 5= —

7+ O( 4), and (d) is due to

(
the fact that (1 + z)¥ < €™ for any real number y > 1. Next, the fact that

n S

log(l—z) < —zx — % for 0 <z < 1 yields

(1- Dyemos <=5, (B.6)
n

where 8 = 1+ (5. — Z(nl—s))' On the other hand, we can also upper bound

Pr{® = ()} as .
Pr{¢=@}é< |Sk\8 |Zn1_z>
< (1 ] |s;;\7;s$ r) (5.7

< eSSl
where we again employed the inequality (1 4+ z)¥ < e™. Let us denote § =

max{1, 51 }. Then

Pr{® £ 0} > 1— 21501 > 1=

A .
(1S:\SL)), (B.8)
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by the definition of s and the fact that 1 — e~ %7 is a concave function. Finally,

according to Lemma 2 in [32],

E[fs+1,(S") S,ﬁ“]Z% > f(SY). (B.9)
k k

- o\ o(d)
]ESk\Sk

Combining (B.8) and yields the stated results.
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Appendix C

Missing Proofs from Chapter [

First, we introduce notation and state a few useful facts. Let £ be a
linear subspace of d x n matrices having identical columns with the projection
operator P, (.) such that for all X = [xy,...,x,] we have P.(X) = [X,...,X],

- 1 ‘
where X = = % . x;.

It then becomes evident that the update rule of the average iterate can

be written equivalently as

Xt+1 = Pﬁ(xt — UVF<Xt))

- - (C.1)
where Pz(VF(Xy)) = 1[Vf(Xe),...,Vf(X)]. While the second line does
not hold in general, it does in our case due to the definition of P, and the
fact that X; € £. Note that due to the defined projection operator, for
X* = [x*,...,x*] where x* is any of the global optima, it holds that X* € £

and P (VF(X*))=0¢€ L.

Next, recall the non-expansiveness of projection (see Lemma 2.2.7 and

Corollary 2.2.3 in [59]),

[Pe(X) = Pe(Y)|| < [IX = Y[, (C.2)
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Finally, we explore smoothness and strong convexity of F(-) (in the
convex case). Since X; € L for all i € [T] and X* = X* € L, by strong

convexity and smoothness of f(-) it holds that
_ _ L _ L .
F(X) < F(X;) + (X = X, VF(X))) + 51X = X (C.3)
— — — _ — /’L — —
F(X:) 2 F(X;) + (X = X, VE(X))) + Z1Xi = X7 (C.4)
since ||X; — X;||* = n||x; — %,||*>. Therefore, F(-) is p-strongly convex (in the

convex scenario) and L-smooth on £ and fi-strongly convex (in the convex

scenario) and L-smooth everywhere else.

Remark C.0.1. In the following proofs, for simplicity we make the simplifying
assumption that the clients initialize their parameters such that F' (XSQ)) =
F(Xy). This can hold easily by setting all initial vectors to be equal to a vector

Xg € Rd.

C.1 Proof of Theorem

The proof relies on a perturbation analysis and interpreting the iterates
of the proposed scheme as random perturbations of a virtual sequence X,
having identical columns. Then, leveraging linear convergence of the gossip
subroutine and the fact F(X;) — f* decreases linearly, we can show linear
convergence of the expected difference Ec||X; — XEQ)H and, in turn, the error

of the proposed scheme. Recall that

= min [f(x) = Zfl(x)] . (C.5)

We first state a number of intermediate lemmas
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C.1.1 Useful lemmas

Lemma establishes linear convergence of the virtual average se-

quence in terms of the suboptimality of the function values.

Lemma C.1.1. Let X;y1 = Xy — nP(VF(X,)) denote a sequence such that
Xt = [)_(t, e ;)_(t]; and let n S 1/L Then

Ln

FX) - £ <l - 11 (12500 - 5h) . (o

Proof. First, the equivalent update rule for X, i.e.
_ . _ _ L 1
Xip1 = arg Ymenﬁl{g(Y) = F(Xy) +(VF(Xy), Y = Xy) + Q_T]HY - X’} (C.7)

to establish a useful smoothness result.

From the optimally condition for the convex function g(Y) (see The-
orem 2.2.9 in [59]) and the fact that X, = X; — nP-(VEF(Xy)), it follows
that

(VE(X:) = Pe(VE(X)), Y = Xi41) > 0 (C.8)

for any Y € £. Now, using this result and choosing Y = X, € £ we have
F(X;) > F(Xy) + (VE(X,) — P (VE(Xy)), Xy — Xy)
> g(Xen) = 3 [Kess = Xil? = (Pe(VP(X0). X =X (Co)
= 9(Xen) + JIIPL(VEX))P,
where we used the definition of g(-) and the update rule

Xop = X, — nPe(VE(X,)). (C.10)
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Now, L-smoothness of F(-) on £ and the fact that n < 1/L imply

_ _ 1 L _ _
F(X)) > F(Xpn) + (o = DI Xesr = Xl + 2|Po(VF(X)|*
21 2L 2 (C.11)

= F(Xuna) + (1 = ) Pe(VEX)IP.

Finally, using the definition of P.(VF(X,)), we can relate this last result to

the gradient of f at z; to obtain

F(X) < F(X) = 21 - 2DV )l (C.12)

n
Having established the above smoothness result and recalling that f(-) satisfies

PLC we have
IVf(&)5 > 20f (%) = f*]. (C.13)

Subtracting f* from both sides of (C.12), using (C.13)), and noting F(X,) =
f(x¢) yields

FXen) - 1 < [FK) - £ (1= 2500 - 50) . caw

n 2
Finally, recursively applying the above result establishes the stated expression.

The next Lemma establishes a bound on the gradient norm that will

assist us in the proof of Theorem [6.3.1]

Lemma C.1.2. Recall F is L-smooth and satisfies PLC with parameter p
on L. For any X € L, let X* be the projection of X on the solution set of

miny f(x). Then, we have

IVF(X) = VFX)|* < QL—;(F(X) -/ (C.15)
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Proof. First, by smoothness we have
IVF(X) - VE(X")|? < L X = X*||%. (C.16)

Additionally, PLC implies that F' satisfies the so-called quadratic growth con-
dition (see Appendix A in [58] as well as the related works [233}234]),

21| X — X*||* < F(X) — F*, where F* :I%}nF(X). (C.17)

Combining these two results and noting F* = f* establishes the claim of the

lemma. [ |

The next two Lemmas collectively establish a bound on amount of

perturbation of the DeLi-CoCo’s iterates XEQ) compared to X;.

Lemma C.1.3. Let X, = X, — nVF(X,). Under the conditions of DeLi-

CoCo, with v = 5(%“;), it holds that

Eel[X(? — X + Ecl| X(? - 22| ©.18)
5 . C.18
< (1= 290 (BelX® - Xl + Bl - Z7).

where (0, w) = 168 4+ 6% — 8dw + (4 + 26) A2 (I — W).

max

Proof. See Theorem 2 and its proof in [39]. The main ingredients of the proof
are: (i) the fact that the error feedback sequence ZgQ) approaches XEQ) due
to the contraction property of the compression operator C, and (ii) the linear

mixing rate of the gossiping matrix W that is determined by the spectral gap
J. |
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Lemma C.1.4. Let X,.1 = X, —nVF(X,) and let {X!9} denote the sequence
generated by DeLi-CoCo. Let 2 = Ee|| X! — X,||? + Ec||X!? — Z{9)|12. For
any 0 <n < 1/L, let Q be such that

L 5 )
Ci=p—E>0, pi= 1—2%77(1—7”) <1, ¢:= (1—§)Q(3+20n2L2) <1
(C.19)
Then, it holds that
13202 &y _ . 20m2A2 by
¢ < 2L (1 - TIRIF(Xy) — [0+ edpt + S (1 - THR. (C.20)

= 2u 2 1-¢ 2
Additionally, if all nodes initialize such that XOQ =0, by considering the dom-
wmant terms in above we have

2 A?
1-¢

=0 (L0 - D)) - 1 +

7 5 (1— 51)@) : (C.21)

2

where the O notation does not hide any terms depending on Q) ort.

Before presenting the proof we highlight again that if f is interpolating
[211-213], e.g. an overparameterized neural network or a function satisfying
the growth condition [214}215|, then A = 0 and the second term disappears.
Additionally, if there is no communication compression and the graph is fully
connected (0 = 1), the term 1 — /2 can be improved to 1 — v (see, e.g. [55]).
Therefore, by using the gossip learning rate v = 1, the second term in the

error bound collapses to 0. Further, (C.19)) is not necessary.
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Proof. It holds by definitions X£$1 = X9 _ nVF(XgQ)) and ZE?I = 79 that
0 Y, 0 0
Eel|X{)) — Xer |2 + Ec| X2 — Z{ |1
= Ee|X\? — Xpp1 — Xy + X — nVE(XID)|2
+Ee|| X[ - Z{? — v F(X[)|?

< 3¢2 4 3| Pe(VF(X)|? + 5B || VF(X(Y) — VF(X,) + VF<X2>||2, |
C.22

where we used the fact that Ec||X§Q) — Z§Q)||2 > 0 and the smoothness of
F(-). Let X} be the projection of X; to the optimal set. Now, we proceed by

using the smoothness property, the non-expansiveness property of projection

(cf. (C.2))) as well as the fact that P, (VF(X*)) = 0 to obtain

Ee||X{?) — Xppll? + e[ X(D) — 247

2
t+1 t+1 H

< 3e; + 3n*|Po(VF(X,)) — Pe(VF(X)|]?
+ 502 Ee | VF (X)) — VF(X,) + VF(X,)|]?
< 3¢} + 130?|VF(X,) = VF(X)|
+ 10772ECHVF(X§Q)> — VF(X;) + VF(X)|?
< 3e; + 13| VF(X;) — VF(X)|?
+ 20L2°Ee | X9 — X2 + 2002 | VF (X)) )2
< 3¢ + 13| VF(X,) — VF(X")|)?
+ 201202 (Be || X\ P — X + Eel|X{?) — Z{|?) + 200||V F (X))

< (34 20m2L%)e? + 130%||VEF(X,) — VF(XD)||? + 20n2A2.
(C.23)

To bound |VF (X;) — VF(X})|| we can use the result of Lemma|C.1.2 Thus,
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by Lemma and the above result we obtain the recursion

) e, 13 o
B < (1= ) (0 20P L6 + SLHE(R) - 1) + 200782

= fe? + vy + u,
(C.24)
where
£:=(1- 577)@(3 +20n2L2), (C.25)
13, & .
vim g (1 SO (F(X) - ) (C.26)

is a linearly decreasing sequence, i.e. v; < p'yy, where by Lemma

L 13 6 . .
pi=1-— 2%77(1 - 7”), wi= g (1 %)QL%Q[F(XO) — ], (C27)

and

u = 20(1 — %)Qn%?. (C.28)

Given the fact that v; vanishes linearly, we expect e? to converge linearly be-
cause for a large enough @, we have £ < 1 (see the conditions in the statement

of Theorem [6.3.1)). We now prove this statement using induction.

Define h; such that hg = eg, and let hy 1 = ahy + v;. Using simple

algebra it follows that
t—1
hy = &'ed + Z iy, (C.29)
i=0

Similarly, we can expand the recursion of e¢? to obtain

t—1 t—1
6? < §t€(2) + E gt—z—lplyo +u E &< h + H (030)
=0 =0
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Note that if h; linearly converges to zero, then e? linearly converges as well.

Since p — & = ¢ > 0 by assumption, using simple algebra we can show

he < p'ed + %) (C.31)
Thus,
< pie+ Xy L .32

and the proof is complete by noting the definitions of p, &, vy, u, and the fact

that by definition €2 = || X{@|2. [ |

C.1.2 Proof of the main theorem

The main challenge in decentralized learning under PLC is that we
cannot use the co-coercivity property. To this end, we leverage the fact that
PLC relates to suboptimality of the function value and exploit a judiciously

chosen step size to simplify the analysis.

Let X!\? = X, + E!? for some (random) error matrix E € R™>". By
L-smoothness of F(-) for all X and the fact that X, .1 = X, — nP:(VF(X,))

we have

_ _ _ L _
F(Xi$) < FX)+(=nPe(VEX) + B, VE(X) + 5 [0V F(X) - B2
(C.33)
Let n = 1/L < 1/L and hence the condition of Lemma is satisfied.
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Expanding the last inequality by using n =1/ L we obtain

_ 1 _ _ _ _
FX(E) < F(Xy) = £(Pe(VE(X0), V(X)) + (VF(X0) = Pe(VF(X), EiE))
+§||E§$i|l2+ L IPVEX))IP
2 2L
(C.34)
Next, we need to take care of the cross terms. First, note that
— (Pe(VF(X,)), VE(Xy))
= (—=Pc(VF(Xy)), VF(X,) + Pe(VF (X)) = Pe(VF(Xy))) .35)
C.35

—[Pe(VEX))* + (0 = Pe(VE(Xy)), VF(Xy) — Pe(VE(Xy)))

< —[Pe(VEX)],
where the last inequality follows by the variational characterization of the
projection (see Lemma 2.2.7 in [59)), i.e.

(Y —P:(Y), X —P:(Y) <0, XeL, (C.36)

and the fact that 0 € L.

We now bound the second cross term in (C.34). From Young’s inequal-
ity, for all @ > 0 it holds that
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(VE(X,) = Pe(VF(X,). B2
< SIBQI + i@nvmx» ~ PeVF(X)?
= SIBEIP + S IVFXII? + 5 [Pe(VER)I?
- _<PL(VF<Xt)): VE(X,))
< QB + 5 IVFX)IP o [PVEX)P (Using (C39)
< _||Et+1||2 + —||VF(Xt) VF(X])+ VFX})|?
(X7 is the projection of X; on f X* — see Lemma

Q 1 _ _ 1
< SIEQ? + S| VE(X) - VEX)|? + -7

2 . ) *\ |2
(recall A := max Zl IV fi(x")]5)

LQ

_ E( 2
SIEE 5

- 1
L&) - e Lo
(C.37)
In the last step, we use the result of Lemma [C.1.2] by noting the fact that F'

on L, similar to f, satisfies the PL condition with parameter .
Putting the bounds on the cross terms in (C.34) together, we obtain

L+oz

F(X9) < F(X,) - (VEX))|? + B2
, (C.38)
e F(X) ~ ]+ A7
* 2a,u[ ! a

Subtracting f* from both sides, using the PL condition of f along the fact
that [|P.(VE(X))|? = |[Vf(&)|3/n and f(%,) = F(X;), and taking the
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expectation yields

ElF(X ) - < -2+ 2 (rxy—F
) L 2ap ( ) (C.39)

L+ao 1
+ el BG P + ~ A%

Recall from Lemma |C.1.1] and |C.1.4] that with the specific choice of stepsize

n= 1/i and the fact that L > L we have

F(Xy) = [ < [F(Xo) — f1p' (C.40)
and 13202 6
BB < ¢ < Z-(1 = F)°IF(Xo) - [
e 2
o oA o (C.41)
2t == _ 2\
+ [1Xyg Hp+1_§(1 5 )"
where
Iz L p 0\
=p—£>0, =1-2—1-—)<1—-— =23(1— —)~ < p.
(=p—¢§ p nL( 2L) A 1-5)"<p
(C.42)

To state a simple and clear result, we make a simplifying assumption that

o > L. Indeed, in our regime of interest where (1 — %)Q is small, if

LI =

following simple algebra we can show this assumption holds if () satisfies

24(1 — 7)62 <1 (C.44)
Therefore,
L+a L L? L L
<a, 1-—F+—)<1—-—+—. C.45
2 ( nL QOZ,U) nL 2p ( )



Thus, it holds that

@y _ o 21A% 07
1=+ 13LyT=¢ v\ # . .
+p Z s W (1—7) [FXo) = /] (Ca6)
@271 —
+ptHXo I Lx/lg £
(1-%)°

That is, the above result establishes the linear convergence of the proposed

scheme under smoothness and PLC.

C.2 Proof of Theorem [6.3.2]

The proof follows a near identical perturbation analysis in Theorem
6.3.1 To formalize the arguments, we start by providing some intermediate

lemmas.

C.2.1 Useful lemmas

The first Lemma establishes linear convergence of the “unperturbed

sequence”.

Lemma C.2.1. Let X, = X, — 7P:(VF(X,)) denote a sequence such that
Xo€ L, Xy = [%yy..., %], and n < 2/(L + p). Then

IXe =X < (1 = pm)"[[Xo — X7 (C.47)
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Proof. Given the update of the average iterates it holds that
X1 = X = [|Pe(Xe = nVEF (X)) = Pe(X* = VE(X))|?

= [IX; = X*|* + | VE(X,) — VE(X)|?

where to obtain the inequality we use the non-expansiveness of projection (see

Lemma 2.2.7 and Corollary 2.2.3 in [59]),
[Pe(X) =Pe(Y)|| < IX =Y. (C.49)

Now, we use Theorem 2.1.11 in [59], i.e.,

pL 2 1 2
VF(Z)—=VF(Y),Z-Y)> 22z - Y|?+ ——||F(Z) = VF(Y)|?,
(VE(Z) (Y) >—M+L” I NJFLH() (Y)ll
(C.50)
for Z = X, and Y = X* to bound the inner-product on the RHS of (C.48)),
"V * H’L v * (12
X — X P<(1-2—9)|IX, — X
X1 [ UMJFL)H t I
2n X 2
+ (0 = —)IVF(Xy) = VE(X)|
p+L ' (C.51)
pL 2, 2 I % (12
<(1-2n——-+ -2 X —X
< (=20 s = 2 m I X = X7

= (1= np)*|I X = X%,
where to obtain the inequality we use the fact that n < 2/(L + p) as well as

the strong convexity of F'(-) — in particular, the inequality
IVF(X;) = VEX)|| = pll Xy — X7. (C.52)

Finally, recursively applying the result of (C.51)) establishes the stated expres-

sion. |
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The next Lemma establishes a bound on the amount of perturbation

of the DeLi-CoCo’s iterates XEQ) compared to X;.

Lemma C.2.2. Let X;, = X; — nP:(VF(X,)) and let {XgQ)} denote the
sequence generated by DeLi-CoCo. Let e} = EC||X§Q) — XylI” + ECHXEQ) —
Z\9||2. For any 0 <n < 2/(L+ p), let Q be such that

Ci=p—E>0, pi=1-np3?<l, ¢&:= (1—%)Q(3+20n2i2) < 1. (C.53)

Then, it holds that

13Ln? oy . 2012 A2 oy

ef < = (1= ) CUXEY =X+ XY P S (1= 59 (C54)
¢ 2 1-¢ 2

Additionally, if all nodes initialize such that XOQ =0, by considering the dom-

mant terms in above we obtain

Ln? 1) _ 2A2 1)
=0 (2= %o - x4+ o - ). (es)

¢

where the O notation does not hide any term depending on Q) ort.

Proof. It holds by definitions X£$1 = X9 _ nVF(XgQ)) and ZE?F)I = 79 that
Ee|[Xi$h = Xoa | + Ee| X{, - 2P
= Ee|X{? - Xy — X + X, — gVF(X@)?
+ B[ Xi® = 2 — v F(X?)

< 32 + 37| Pe(VE(X)| + 57°Ee | VF(X(Y) — VF(X,) + vm‘(ct)u?,)
C.56

where we used the update rule of the average iterates X, = X;—nP:(VF(X,)).

Now, we proceed by using the smoothness property of F'(+), the non-expansiveness
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property of projection (cf. (C.2))) as well as the fact that P.(VF(X*)) =0 to

obtain

0 Y 0 0
Ee|| XY, — Xo|® + Ee|| X, — 2%,

&
< 3¢2 4 37| Po(VF(X,)) — Pe(VE(XH)|?
+ 502 |VF (X)) — VF(X,) + VF(X,)|?
<32 4+ 13%|VF(X,) — VE(X")|?
+ 10772ECHVF(X§Q)) — VF(X;) + VF(X)|?
< 3¢2 + 132 VF(X,) — VF(XY)|?
+ 20 L2 Ee||X(Y — X[ + 2002 || V F(X7)|)?
<32 4+ 13%|VF(X,) — VE(X")|?
+ 20122 (B | X(Y = Xy + Ee | X{? — Zi?|1?) + 2002 | VI (X) |

< (34 20n°L3)e? + 13n*L*|| X, — X*||* + 2002 |V F (X")||?,
(C.57)

where we used the fact that ECHXEQ) — 7\ | > 0 and exploited smoothness of

F(-). Thus, by Lemma and the result of (C.57)) we obtain the recursion

ef 1 < &ef + vt u, (C.58)
where
L oy Q 272
&= (1- )3 +207°L), (C.59)
2 oy Qv (12
vy = 13007 (1 — )71, = X%, (C.60)
and
5 . 5
wi=20(1 — %)QUQHVF(X )2 = 20(1 — %)an. (C.61)
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Note that by Lemma |C.2.1], 14 is a linearly converging sequence, i.e. v, < p'uy

where
o 2 o 2 oy Qv (12
pi=1—=nu) o= 13007 (1= o)[1Xo = X7 (C.62)

Since for a large enough ) and small enough 7 (see the conditions in the
statement of Theorem ?7) a < 1, given the fact that v, vanishes linearly, we
expect e? to converge linearly. In the following we prove this statement using

induction.

Define h; such that hg = 637 and h;y 1 = Ehy + vy Using simple algebra

it follows that
t—1
hy = &'ed + Z &, (C.63)
i=0

Similarly, we can expand the recursion of e? to obtain

t—1 t—1
el < Elep + E E Ny +u E & < h+ ¢ (C.64)
=0 =0

Note that if h; linearly converges to zero, hence, €? linearly converges as well.

Since p — & = ¢ > 0 by assumption, using simple algebra we can show

1<

b < (el + D) (C.65)
Thus,
e? < pt 624—@ +L, C.66
O (C.66)
and the proof is complete by noting the definitions of &, p, vy, and w. |
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C.2.2 Proof of the main theorem

Let X%q) = X, + ESZ) for some (random) error matrix qu) € Réxn,
Recall P, (.) denotes the projection operator onto the linear subspace (denoted
by £) of d x n matrices with identical columns. Noting the fact that X* =
Pr(X* — npVE(X")) and Xy = P(X; — nVEF(Xy)), and using the update
rule of Deli-CoCo we have
139 =X = B + [P — V(X)) = Pe(X =V F(X)|P

+ 2B, Pe(X —VEX?)) - Pr(X)
< B + 2B, Pe(X nVF(XE@»

— Pe(XF = pVF(X")) + [IX{¥ — X* = pVF(X?) + nVE (X%,
(C.67)

where to obtain the inequality we used the non-expansiveness property of pro-
jection (cf. ( m . Next, we aim to bound each of the individual terms above.
First, we know from the definition of ¢, that E¢||E! +1|| < e141. Secondly, by
using the Cauchy-Schwarz inequality, the cross term can be entangled and

dealt with according to
Ec[(E), Pe(X\? — nVF (X)) — Pe(X* — nVF(X*)))]
< BB |Pe(X Y — nVE(X(Y)) — Pe(X* — nVE(XY))||

< BB 1X? — X — gV F(X(D) + pVF (X)), .
C.68

by using the non-expansiveness property of projection (cf. (C.2)). Thus, by
taking the expectation of both sides in (C.67) and using the above arguments
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we obtain

Ee||X{?) — X*|2 < €2, + 2e01 B X\?) = X* = nVF(X(Y) 4+ nVF(XY)||

+ Ee|| X9 - X* — pVF(XD) + gV F (X2
(C.69)

Now we bound the last term on the RHS of the above expression. Using

Theorem 2.1.11 in [59)], i.e.

~

L 1
(VF(Z)=VF(Y),Z-Y)> |2 - Y|+ —||F(2) = VF(Y)|,
ji+ L i+ L
(C.70)
for Z = XgQ) and Y = X* we have
XY — X* — pVF(X?) + nVE(XH)|? < X9 - X2
+?|[VE(X{®) - VE(X)|?
L ) 2n .
—2 XY - X2 - [ VEXY) - V(X))
ji+ L fi+ L
. il ) 2
_x@ —xo2 (1 -2 ) 1 v EX@) - vEx)? <n— : ) )
i+ L i+ L
. il 2
< IX@ - X2 (1 -2+ — —— )i
i+ L i+ L
= XS = XY ) o= X - X,
(C.71)
for any n < 2/(L + f1). The strong convexity of F(-) implies
IVEX?) — VFX)| > ]| X{@ — X*|. (C.72)

Thus, we can now put together a bound on the error term according to

Ee[|X(9) — X*||? < PEe||X{?) — X2 + €2, + 20ers  Be|| X(Y — X¥| o)
= (erp1 + (Ec||X{? — X))
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Therefore,

EelX($) — X*|| < ern + (Ee | X — X7 (C.74)

Recall from Lemma that the sequence €? converges linearly, i.e.,

13Ln? 5y . 20m% A? oy
e? < (1—=D)QXE? = X120t + ot X2 |2+ (1 — =)@, (C.75)
¢ 2 1—¢ 2
where

Ci=p—E>0, pi=0-qu?<l, ¢:= (1—%)Q(3+20n2£2) < 1. (C.76)

Note that for any n we have £ > p and we can upper bound the bound on e?

by replacing p with /. Using a similar technique as the one we used towards
the end of the proof of Lemma , we can show for any two sequence hil)
and h\? .= ¢'h?) that satisfy

it holds that
h(2) (1)

Thus, replacing A" and A'® with Ec||X(?) — X*||2 and €2 we obtain that

IEC||X§_C£ — X*|| converges according to

13Ln? v\ @
Ec|X(@ — X*|? = ¢! (—” (1 - —”) 1Ko — X" + ||Xo||2>

I 2
+ Xy — X2t (C.79)
20m% A? . 67\ ¢
1—(1-¢ 2 )

which is the stated result.
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