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Lecture 1: Probability Models and Axioms

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Probabilistic Modeling

The theory of probability is a mathematical framework for reasoning about and analyzing phenom-
ena with uncertain outcomes. The process of applying this theory involves two main stages:

1. Building a Probabilistic Model: We first specify all the possible outcomes of an experi-
ment and then assign a probability to each of these outcomes.

2. Analysis and Inference: We use the model to make predictions, calculate the probabilities
of various events, and make decisions.

This lecture focuses on the first step: the fundamental structure of a probabilistic model. We will
cover the sample space, the axioms of probability, and the properties that arise from these axioms.

2 The Sample Space

The first step in creating a probabilistic model is to define the sample space, denoted by the
Greek letter Ω (Omega).

Definition (Sample Space): The sample space is the set of all possible outcomes of an experi-
ment.

When defining a sample space, the set of outcomes must be:

• Mutually Exclusive: Each outcome must be distinct from all others. If one outcome occurs,
no other outcome can occur at the same time.

• Collectively Exhaustive: The set of outcomes must include every possible result of the
experiment. No possible outcome can be left out.

The granularity of the sample space is also important. The level of detail should be appropriate
for the problem at hand. For example, when flipping a coin, the sample space could be simply
{Heads, Tails}, or it could include more detail, such as the final orientation of the coin in degrees.
The choice depends on what we want to analyze.

2.1 Example: Discrete Sample Space

Consider an experiment involving two successive rolls of a fair four-sided (tetrahedral) die. The
faces of the die are numbered {1, 2, 3, 4}. Let the outcome of the first roll be X and the outcome
of the second roll be Y . The sample space Ω is the set of all possible pairs (X,Y ).

Ω = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 1), (2, 2), (2, 3), (2, 4), (3, 1), (3, 2), (3, 3), (3, 4), (4, 1), (4, 2), (4, 3), (4, 4)}

This sample space contains 4× 4 = 16 possible outcomes. We can visualize this space as a grid or
as a tree, representing the sequential nature of the experiment.
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Figure 1: Grid representation of the sample space for
two die rolls.

Figure 2: Tree-based sequential description of the sample
space.

2.2 Example: Continuous Sample Space

Not all experiments have a finite or countably infinite number of outcomes. Consider an experiment
where we throw a dart at a square board of side length 1. An outcome is the coordinate pair (x, y)
where the dart lands. The sample space is the set of all possible coordinates.

Ω = {(x, y) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}

This is a continuous sample space, represented by the unit square in the Cartesian plane.

Figure 3: Continuous sample space represented by the unit square.

3 Probability Laws and Axioms

Once the sample space Ω is defined, the next step is to specify a probability law. This law assigns
a probability P (A) to every event A.

Definition (Event): An event is a subset of the sample space Ω.

The probability law must satisfy three fundamental axioms. These axioms form the bedrock of
probability theory and are not derived from other principles.



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

3.1 The Axioms of Probability

For any events A and B:

1. Nonnegativity: The probability of any event is non-negative.

P (A) ≥ 0

2. Normalization: The probability of the entire sample space is 1. This means that one of the
possible outcomes must occur.

P (Ω) = 1

3. Additivity: If two events A and B are disjoint (mutually exclusive), meaning they have no
outcomes in common (A ∩ B = ∅), then the probability of their union is the sum of their
probabilities.

If A ∩B = ∅, then P (A ∪B) = P (A) + P (B)

3.2 Some Consequences of the Axioms

Several fundamental properties of probability can be derived directly from these three axioms.

• Probability of the Empty Set: The probability of the empty set ∅ (an impossible event)
is 0.

Proof: Let A = Ω and B = ∅. Since Ω ∩ ∅ = ∅, these events are disjoint. By the additivity
axiom, P (Ω ∪ ∅) = P (Ω) + P (∅). Since Ω ∪ ∅ = Ω, we have P (Ω) = P (Ω) + P (∅). By the
normalization axiom, 1 = 1 + P (∅), which implies P (∅) = 0.

• Probability of the Complement: The probability of the complement of an event A,
denoted Ac, is given by P (Ac) = 1− P (A).

Proof: The events A and Ac are disjoint and their union is Ω. By the additivity axiom,
P (A ∪ Ac) = P (A) + P (Ac). Since A ∪ Ac = Ω, we have P (Ω) = P (A) + P (Ac). By the
normalization axiom, 1 = P (A) + P (Ac), which gives the result.

• Upper Bound on Probability: The probability of any event A is at most 1.

Proof: Since P (Ac) ≥ 0 (by nonnegativity), we have 1− P (A) ≥ 0, which implies P (A) ≤ 1.

• Subset Property: If event A is a subset of event B (A ⊂ B), then P (A) ≤ P (B).

Proof: We can write B as the union of two disjoint sets: B = A ∪ (B ∩ Ac). By additivity,
P (B) = P (A) + P (B ∩Ac). By nonnegativity, P (B ∩Ac) ≥ 0, so P (B) ≥ P (A).

• Probability of a Union (Inclusion-Exclusion Principle): For any two events A and B,
the probability of their union is:

P (A ∪B) = P (A) + P (B)− P (A ∩B)

Proof: We can write A ∪ B as the union of two disjoint sets: A ∪ B = A ∪ (B ∩ Ac). By
additivity, P (A ∪ B) = P (A) + P (B ∩ Ac). We can also write B = (A ∩ B) ∪ (B ∩ Ac),
which are disjoint. So, P (B) = P (A ∩ B) + P (B ∩ Ac), or P (B ∩ Ac) = P (B) − P (A ∩ B).
Substituting this back gives the desired result.

A direct consequence is the Union Bound: P (A ∪B) ≤ P (A) + P (B).
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4 Calculating Probabilities

4.1 Discrete Uniform Law

A common probability law for finite sample spaces is the discrete uniform law. It assumes that
every outcome in Ω is equally likely. If Ω has n elements, then the probability of any single outcome
is 1/n. For an event A containing k outcomes:

P (A) =
Number of outcomes in A

Total number of outcomes in Ω
=

k

n

Figure 4: Illustration of the discrete uniform law.

Example: Two tetrahedral die rolls Let’s use the die roll example. The sample space has 16
outcomes. Assuming the uniform law, each outcome has probability 1/16.

• What is the probability that the first roll is 1, P (X = 1)? The event A = {X = 1} is the set
{(1, 1), (1, 2), (1, 3), (1, 4)}. It has 4 outcomes. P (X = 1) = 4/16 = 1/4.

• Let Z = min(X,Y ). What is the probability that Z = 2, P (Z = 2)? The event B = {Z = 2}
occurs if the outcomes are (2, 2), (2, 3), (2, 4), (3, 2), (4, 2). It has 5 outcomes. P (Z = 2) =
5/16.

• What is the probability that Z = 4, P (Z = 4)? The event C = {Z = 4} occurs only if the
outcome is (4, 4). It has 1 outcome. P (Z = 4) = 1/16.

4.2 Continuous Uniform Law

For our continuous example of a dart thrown at a unit square, we can define a uniform probability
law where the probability of an event is equal to its area.

P (A) = Area of A
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• What is the probability that x + y ≤ 1/2? This event corresponds to a triangular region in
the lower-left corner of the square, with vertices at (0, 0), (1/2, 0), and (0, 1/2). The area of
this triangle is 1

2 × base× height = 1
2 ×

1
2 ×

1
2 = 1/8. So, P (x+ y ≤ 1/2) = 1/8.

• What is the probability of hitting the exact point (0.5, 0.3)? A single point has no area.
Therefore, the probability is 0. In a continuous sample space, events corresponding to single
outcomes have zero probability.

5 The Countable Additivity Axiom

The additivity axiom as stated is sufficient for finite sample spaces. However, for infinite sample
spaces, we need a stronger version.

The Countable Additivity Axiom: If A1, A2, . . . is an infinite sequence of disjoint events, then
the probability of their union is the sum of their probabilities:

P (A1 ∪A2 ∪ . . . ) =
∞∑
i=1

P (Ai)

This axiom is crucial for handling infinite sample spaces.

Example: Infinite Discrete Sample Space Let the sample space be the set of positive integers,
Ω = {1, 2, 3, . . . }. Let the probability law be P (n) = 1

2n for each n ∈ Ω. (First, we check that this

is a valid probability law:
∑∞

n=1 P (n) =
∑∞

n=1
1
2n = 1/2

1−1/2 = 1).

What is the probability that the outcome is an even number? The event is A = {2, 4, 6, 8, . . . }.
This is an infinite union of disjoint events: A = {2}∪{4}∪{6}∪ . . . . Using the countable additivity
axiom:

P (A) = P (2) + P (4) + P (6) + · · · = 1

22
+

1

24
+

1

26
+ . . .

This is a geometric series with first term a = 1/4 and common ratio r = 1/4. The sum is:

P (A) =
a

1− r
=

1/4

1− 1/4
=

1/4

3/4
=

1

3

Figure 5: A discrete infinite probability distribution.
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6 Conclusion: The Role of Probability Theory

Probability theory provides the tools to move from a real-world problem involving uncertainty to a
mathematical model. This model allows for rigorous analysis, leading to predictions and informed
decisions. The data from the real world, in turn, helps in building and refining these models through
inference and statistics. The axioms are the starting point for this entire framework, providing the
rules for consistent reasoning in the face of uncertainty.

Figure 6: The cycle of modeling, analysis, and inference.
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Lecture 2: Conditioning and Bayes’ Rule

Instructor: Prof. Abolfazl Hashemi

1 The Concept of Conditional Probability

In probability theory, our understanding of events evolves as we receive new information. Condi-
tional probability is the mathematical framework for updating our beliefs in light of new evidence.
It allows us to answer the question: how does the probability of an event A change after we learn
that another event B has occurred?

1.1 An Intuitive Example

Let’s consider a sample space Ω with 12 equally likely outcomes. Let A and B be two events within
this space.

In this original model, suppose event A contains 5 outcomes and event B contains 6 outcomes. The
probability of each event is calculated under the discrete uniform law:

P (A) =
Number of outcomes in A

Total outcomes
=

5

12

P (B) =
Number of outcomes in B

Total outcomes
=

6

12
=

1

2

Now, suppose we are told that event B has definitively occurred. This information restricts the set
of possible outcomes to only those within B. Our original sample space Ω is no longer relevant;
the new, effective sample space is now B.

Within this new universe of 6 equally likely outcomes, we want to find the probability that A also
occurred. We are interested in the outcomes that are in A and in B. This corresponds to the
intersection A∩B, which has 2 outcomes. The probability of A given this new information, which
we write as P (A|B), is:

P (A|B) =
Number of outcomes in A ∩B

Number of outcomes in B
=

2

6
=

1

3

This is the “conditional probability of A given B.” Our belief in A occurring has been revised from
5/12 to 1/3 based on the knowledge that B happened.

2 Formal Definition of Conditional Probability

The intuitive idea of shrinking the sample space leads to the formal definition of conditional prob-
ability.

Definition (Conditional Probability): The conditional probability of an event A given an event
B with P (B) > 0 is defined as:

P (A|B) ≜
P (A ∩B)

P (B)
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Figure 7: Original sample space with 12 outcomes.

This formula works for any probability law, not just the uniform case. It rescales the probability
of the intersection, P (A ∩ B), by the probability of the new universe, P (B). Applying this to our
previous example:

P (A ∩B) =
2

12
, P (B) =

6

12

P (A|B) =
2/12

6/12
=

2

6
=

1

3

The formal definition perfectly matches our intuition.
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Figure 8: The revised sample space, which is now the event B.

2.1 Example: Two Rolls of a 4-Sided Die

Let’s consider an experiment of rolling a 4-sided die twice, with a sample space of 16 equally likely
outcomes. Let X be the first roll and Y be the second.

• LetB be the event that min(X,Y ) = 2. The outcomes inB are {(2, 2), (2, 3), (2, 4), (3, 2), (4, 2)}.
Therefore, P (B) = 5/16.

• Let M be the event representing the value of max(X,Y ).

Let’s calculate some conditional probabilities:

1. What is P (M = 1|B)? The event M = 1 corresponds to the outcome {(1, 1)}. The
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Figure 9: The event B where min(X,Y) = 2 is highlighted.

intersection of this event with B is empty. Therefore, P (M = 1 ∩B) = 0.

P (M = 1|B) =
P (M = 1 ∩B)

P (B)
=

0

5/16
= 0

This makes sense: if the minimum roll was 2, it is impossible for the maximum roll to have
been 1.

2. What is P (M = 3|B)? The event M = 3 is {(1, 3), (2, 3), (3, 3), (3, 2), (3, 1)}. The inter-
section of this event with B is the set {(2, 3), (3, 2)}. The probability of this intersection is
P (M = 3 ∩B) = 2/16.

P (M = 3|B) =
P (M = 3 ∩B)

P (B)
=

2/16

5/16
=

2

5

3 Properties of Conditional Probability and Key Tools

A conditional probability law, P (·|B), is a valid probability law that satisfies all the axioms of
probability over the new sample space B. This means it is non-negative, normalized (P (B|B) = 1),
and countably additive.

From the definition of conditional probability, we can derive three cornerstone tools for probabilistic
analysis.

3.1 The Multiplication Rule

By rearranging the definition, we get a powerful tool for calculating the probability of an intersec-
tion.

Multiplication Rule: For any events A and B:

P (A ∩B) = P (B)P (A|B) = P (A)P (B|A)

This rule is particularly useful in sequential experiments, where outcomes happen in stages. It can
be extended to a sequence of multiple events:

P (A1 ∩A2 ∩ · · · ∩An) = P (A1)P (A2|A1) · · ·P (An|A1 ∩ · · · ∩An−1)

This is visualized effectively with a probability tree.
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Figure 10: A probability tree representing a sequential process.

3.2 The Total Probability Theorem

This theorem provides a way to calculate the probability of an event by considering a partition
of the sample space. A set of events {A1, A2, . . . , An} is a partition if the events are mutually
exclusive and their union is Ω.

Total Probability Theorem: For a partition {A1, . . . , An} of Ω:

P (B) =

n∑
i=1

P (Ai)P (B|Ai)

Derivation: The event B can be broken into disjoint pieces: B = (B∩A1)∪(B∩A2)∪· · ·∪(B∩An).
By additivity, P (B) =

∑
P (B ∩ Ai). Applying the multiplication rule to each term gives the

theorem.

3.3 Bayes’ Rule

Bayes’ rule is the most important tool for inference. It allows us to “flip” a conditional probability,
relating P (A|B) to P (B|A). It tells us how to update our beliefs about a hypothesis (Ai) given
some new evidence (B).

Bayes’ Rule: For a partition {A1, . . . , An}:

P (Ai|B) =
P (Ai)P (B|Ai)

P (B)
=

P (Ai)P (B|Ai)∑n
j=1 P (Aj)P (B|Aj)

Here, P (Ai) is the prior probability (our initial belief), P (B|Ai) is the likelihood (from our
model), and P (Ai|B) is the posterior probability (our updated belief).

3.4 Example: Radar Detection

Let’s apply these tools to a concrete problem.

• Event A: An airplane is present. P (A) = 0.05.

• Event B: The radar detects something.

• We are given the model’s performance: P (B|A) = 0.99 (detection probability) and P (B|Ac) =
0.10 (false alarm probability).



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

1. Find P (A∩B): (The probability that a plane is present AND detected) Using the multipli-
cation rule:

P (A ∩B) = P (A)P (B|A) = (0.05)(0.99) = 0.0495

2. Find P (B): (The overall probability of a radar detection) The events A and Ac form a
partition. Using the total probability theorem:

P (B) = P (A)P (B|A) + P (Ac)P (B|Ac)

P (B) = (0.05)(0.99) + (0.95)(0.10) = 0.0495 + 0.095 = 0.1445

3. Find P (A|B): (The probability that a plane is actually present, given a radar detection)
Using Bayes’ rule:

P (A|B) =
P (A)P (B|A)

P (B)
=

0.0495

0.1445
≈ 0.3426

Even though the radar screen shows a detection, the probability of a plane being there is only
about 34%. This is because the high rate of false alarms from the much more likely event
of no plane being present (P (Ac) = 0.95) contributes significantly to the total probability of
detection.

4 The Multiplication Rule

The multiplication rule is a direct and powerful consequence of the definition of conditional
probability. It is the primary tool for calculating the probability of the intersection of multiple
events, especially in scenarios involving sequential outcomes.

4.1 Derivation and Formula

We start with the definition of the conditional probability of event A given event B:

P (A|B) =
P (A ∩B)

P (B)

By rearranging this equation, we can express the probability of the intersection A ∩B as:

P (A ∩B) = P (B)P (A|B)

Because the intersection is symmetric (A ∩ B = B ∩ A), we can also write the rule starting
from P (B|A):

P (A ∩B) = P (A)P (B|A)

4.2 Generalization to Multiple Events

This rule can be extended to find the probability of the intersection of more than two events.
This is often called the chain rule of probability. For a sequence of n events, the formula is:

P (A1 ∩A2 ∩ · · · ∩An) = P (A1)P (A2|A1)P (A3|A1 ∩A2) · · ·P (An|A1 ∩ · · · ∩An−1)

This formula is most intuitive when thinking about a process that unfolds in stages, such as
in a probability tree. To find the probability of a specific path (a sequence of outcomes), you
multiply the conditional probabilities along that path.
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Example for three events: The probability of the event Ac ∩B ∩Cc can be calculated as
follows:

P (Ac ∩B ∩ Cc) = P (Ac) · P (B|Ac) · P (Cc|Ac ∩B)

Figure 11: A probability tree illustrating the sequential calculation of intersection probabilities using the multiplica-
tion rule.

5 The Total Probability Theorem

The total probability theorem is a fundamental tool that allows us to find the probability of
an event by breaking down the problem into distinct cases, or scenarios.

5.1 The Concept of a Partition

To use the theorem, we must first divide the sample space Ω into a partition. A set of events
{A1, A2, . . . , An} is a partition if two conditions are met:

(a) The events are mutually exclusive: Ai ∩Aj = ∅ for all i ̸= j.

(b) The events are collectively exhaustive:
⋃n

i=1Ai = Ω.

In simple terms, a partition divides the sample space into non-overlapping pieces that cover
all possible outcomes.

5.2 Derivation and Formula

Let {A1, . . . , An} be a partition of Ω. Any event B can be expressed as the union of its
intersections with each part of the partition:

B = (B ∩A1) ∪ (B ∩A2) ∪ · · · ∪ (B ∩An)

Since the Ai events are disjoint, the pieces (B ∩ Ai) are also disjoint. Therefore, by the
additivity axiom, we can write the probability of B as the sum of the probabilities of these
pieces:

P (B) = P (B ∩A1) + P (B ∩A2) + · · ·+ P (B ∩An)
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Figure 12: An event B shown with a partition of the sample space into events A1, A2, A3.

Now, applying the multiplication rule to each term P (B ∩Ai) = P (Ai)P (B|Ai), we arrive at
the theorem.

Total Probability Theorem: For a partition {A1, . . . , An}, the probability of an event B
is:

P (B) =

n∑
i=1

P (Ai)P (B|Ai)

This formula can be interpreted as a weighted average. The total probability of event B is
the weighted average of its conditional probabilities P (B|Ai) across all scenarios, where the
weight for each scenario is the probability of that scenario, P (Ai).

6 Bayes’ Rule and Statistical Inference

Bayes’ rule is arguably one of the most important results in probability theory. It provides
a systematic way to update our beliefs in light of new evidence. While the total probability
theorem helps us compute the probability of an effect (B) given its causes (Ai), Bayes’ rule
allows us to infer the probability of a cause (Ai) given that we have observed an effect (B).
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6.1 Derivation and Formula

We begin with the definition of conditional probability for an event Ai given an event B:

P (Ai|B) =
P (Ai ∩B)

P (B)

Using the multiplication rule, we can rewrite the numerator as P (Ai ∩ B) = P (Ai)P (B|Ai).
Substituting this gives:

P (Ai|B) =
P (Ai)P (B|Ai)

P (B)

This is the simple form of Bayes’ rule. To make it more self-contained, we can replace the
denominator P (B) with the expression from the total probability theorem. This gives the
full form of the rule.

Bayes’ Rule: For a partition {A1, . . . , An}, the conditional probability of a specific event
Ai given that B has occurred is:

P (Ai|B) =
P (Ai)P (B|Ai)∑n
j=1 P (Aj)P (B|Aj)

6.2 The Process of Bayesian Inference

Bayes’ rule is the foundation of Bayesian inference, a major school of thought in statistics.
The process involves updating our knowledge about hypotheses based on observed data.

• Hypotheses/Causes (Ai): These are the different states of the world or scenarios we
are considering.

• Prior Probabilities (P (Ai)): This represents our initial belief about the likelihood of
each hypothesis Ai *before* we observe any new evidence.

• Evidence/Data (B): This is the new information or data we have observed.

• Likelihoods (P (B|Ai)): This is the probability of observing the evidence B *if* hy-
pothesis Ai were true. This is specified by our probabilistic model of the world.

• Posterior Probabilities (P (Ai|B)): This is our revised, updated belief about the
likelihood of each hypothesis Ai *after* having incorporated the evidence B.

The flow of reasoning can be summarized as follows:

• Modeling (Forward): We model how causes lead to effects.

Cause Ai
Model: P (B|Ai)−−−−−−−−−−→ Evidence B

• Inference (Backward): We observe an effect and infer the likelihood of its potential
causes.

Evidence B
Inference via Bayes’ Rule: P (Ai|B)−−−−−−−−−−−−−−−−−−−−−→ Cause Ai

This systematic approach, first described by Thomas Bayes (c. 1701-1761), is a powerful
framework for reasoning under uncertainty.
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Lecture 3: Independence

Instructor: Prof. Abolfazl Hashemi

1 Introduction

This lecture introduces the fundamental concept of independence between events. Independence
is a central idea in probability that formalizes the notion of two events having no informational
bearing on each other. We will explore the definition of independence for two events, extend it to
collections of events, and introduce the related concept of conditional independence. Finally, we
will see how these ideas are applied in practical problems like system reliability.

2 Defining Independence

2.1 Intuitive Definition

Our intuition tells us that two events, A and B, are independent if learning that one has occurred
does not change the probability of the other occurring. We can express this using conditional
probability:

P (B|A) = P (B) and P (A|B) = P (A)

While this is a very useful way to think about independence, it is not the formal definition because
it is not well-defined if P (A) or P (B) is zero.

2.2 Formal Definition

The formal definition is more general and symmetric.

Definition (Independence): Two events A and B are independent if the probability of their
intersection is the product of their individual probabilities:

P (A ∩B) = P (A)P (B)

If P (A) > 0, we can see how this relates to the intuitive definition:

P (B|A) = P (A ∩B)

P (A)
=

P (A)P (B)

P (A)
= P (B)

A common point of confusion is between independent events and disjoint events. Disjoint events
are not independent if their probabilities are positive. If A and B are disjoint (A ∩ B = ∅), then
P (A ∩ B) = 0. For them to be independent, we would need P (A)P (B) = 0, which means at least
one of the events must have zero probability. If both have positive probability, knowing that A
occurred tells us that B certainly did not, making them highly dependent.

2.3 Independence of Complements

If events A and B are independent, then their complements are also independent. For example, A
and Bc are independent.
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Figure 13: Disjoint events with positive probabilities are not independent.

Proof: We want to show that P (A∩Bc) = P (A)P (Bc). We can express event A as the union of
two disjoint events: A = (A ∩B) ∪ (A ∩Bc). By the additivity axiom:

P (A) = P (A ∩B) + P (A ∩Bc)

Rearranging the terms gives:
P (A ∩Bc) = P (A)− P (A ∩B)

Since A and B are independent, we can substitute P (A ∩B) = P (A)P (B):

P (A ∩Bc) = P (A)− P (A)P (B) = P (A)(1− P (B))

Since 1− P (B) = P (Bc), we have:

P (A ∩Bc) = P (A)P (Bc)

This confirms their independence.

3 Conditional Independence

The notion of independence can be extended to a conditional probability law.

Definition (Conditional Independence): Two events A and B are conditionally indepen-
dent given an event C if:

P (A ∩B|C) = P (A|C)P (B|C)

It is crucial to understand that independence does not imply conditional independence, and vice-
versa. Conditioning on an event C can both create and destroy independence.

Example: Conditioning can destroy independence. Consider two independent coin tosses.
Let A be the event of a head on the first toss and B be the event of a head on the second toss. Let C
be the event that we get exactly one head in two tosses. Unconditionally, A and B are independent.
However, if we know that C occurred, then if A is true (first toss is H), B must be false (second
must be T). So P (B|A,C) = 0, but P (B|C) > 0. They are not conditionally independent.
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Example: Conditioning can create independence. Consider the experiment where we
choose between two biased coins, A (P (H) = 0.9) and B (P (H) = 0.1), and then toss the chosen
coin twice. Let H1 be a head on the first toss and H2 be a head on the second. Unconditionally,
these events are not independent. If we observe a head on the first toss (H1), it becomes more likely
that we chose coin A, which increases the probability of a head on the second toss. However, if
we condition on knowing which coin was chosen (e.g., event C is “Coin A was chosen”), the tosses
become independent:

P (H1 ∩H2|C) = 0.9× 0.9 = P (H1|C)P (H2|C)

4 Independence of a Collection of Events

The concept of independence can be generalized to more than two events.

Definition (Mutual Independence): A collection of events A1, A2, . . . , An is said to be mutu-
ally independent if for any sub-collection of events {Ai1 , . . . , Aik}, the probability of their
intersection is the product of their probabilities:

P (Ai1 ∩ · · · ∩Aik) = P (Ai1) · · ·P (Aik)

This is a very strong condition. For three events A1, A2, A3, it requires that four conditions hold:

P (A1 ∩A2) = P (A1)P (A2)

P (A1 ∩A3) = P (A1)P (A3)

P (A2 ∩A3) = P (A2)P (A3)

P (A1 ∩A2 ∩A3) = P (A1)P (A2)P (A3)

The first three conditions are known as pairwise independence. It is possible for events to be
pairwise independent but not mutually independent.

For instance, consider two independent fair coin tosses. The sample space is {HH,HT, TH, TT},
with each outcome having probability 1/4. Let’s define three events:

• H1: First toss is H. P (H1) = 1/2

• H2: Second toss is H. P (H2) = 1/2

• C: The two tosses had the same result (HH or TT). P (C) = 1/2

These events are pairwise independent:

• P (H1 ∩H2) = P ({HH}) = 1/4 = P (H1)P (H2).

• P (H1 ∩ C) = P ({HH}) = 1/4 = P (H1)P (C).

• P (H2 ∩ C) = P ({HH}) = 1/4 = P (H2)P (C).

However, they are not independent as a collection:

P (H1 ∩H2 ∩ C) = P ({HH}) = 1/4

But,
P (H1)P (H2)P (C) = (1/2)(1/2)(1/2) = 1/8

Since 1/4 ̸= 1/8, the events are not independent.
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5 Application: System Reliability

Independence is a core assumption in modeling the reliability of systems with multiple components.

Series System: A system with components in series works only if all components work. If the
components fail independently, with pi being the probability that component i is working:

P (System works) = P (1 works AND 2 works ...) = p1p2 · · · pn

Parallel System: A system with components in parallel works if at least one component works.
It is easier to calculate the probability that the system fails (all components fail).

P (System fails) = P (1 fails AND 2 fails ...) = (1− p1)(1− p2) · · · (1− pn)

The probability that the system works is therefore:

P (System works) = 1− P (System fails) = 1−
n∏

i=1

(1− pi)

Figure 14: A parallel system.

Figure 15: A series system.

6 The King’s Sibling Puzzle

Puzzle: The king comes from a family of two children. What is the probability that his sibling is
female?

This is a classic problem where careful definition of the sample space is key. Let’s assume boys
(B) and girls (G) are equally likely. The initial sample space for two children, in birth order, is
Ω = {BB,BG,GB,GG}, with each outcome having probability 1/4.

The information “the king comes from a family of two children” tells us that at least one of the
children is a boy. This reduces the sample space to:

Ω′ = {BB,BG,GB}

These three outcomes are now equally likely possibilities. We want to find the probability that the
other child (the sibling) is a girl.

• In the outcome BG, the sibling is a girl.



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

• In the outcome GB, the sibling is a girl.

• In the outcome BB, the sibling is a boy.

Out of the 3 possible scenarios, 2 of them result in the sibling being a girl. Therefore, the probability
is 2/3.

This problem highlights how conditional probability can sometimes lead to counter-intuitive results
if the underlying sample space is not carefully considered.
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Lecture 4: Counting

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Counting in Probability

Many probabilistic models are built on a finite sample space where every outcome is equally likely.
This scenario is governed by the discrete uniform law.

Discrete Uniform Law: If the sample space Ω consists of n equally likely outcomes, and an event
A consists of k of these outcomes, then the probability of event A is:

P (A) =
Number of elements in A

Total number of elements in Ω
=

k

n

Figure 16: A sample space with n equally likely outcomes.

This simple rule transforms many probability problems into problems of counting the number of
outcomes in the sample space and in the event of interest. This lecture focuses on the systematic
methods of counting, known as combinatorics.

2 The Basic Counting Principle

The foundation of nearly all counting methods is the basic counting principle, which applies to
processes that can be broken down into a sequence of stages.

The Basic Counting Principle: If a process consists of r sequential stages, and there are ni

possible choices at stage i (for i = 1, . . . , r), then the total number of possible outcomes is
the product of the number of choices at each stage:

Total Outcomes = n1 · n2 · · ·nr
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This can be visualized as a tree, where each path from the root to a leaf represents a unique
outcome.

Example: If you have 4 shirts, 3 ties, and 2 jackets, the total number of different attires you can
form is a 3-stage process:

• Stage 1: Choose a shirt (n1 = 4 choices)

• Stage 2: Choose a tie (n2 = 3 choices)

• Stage 3: Choose a jacket (n3 = 2 choices)

Total number of attires = 4× 3× 2 = 24.

3 Permutations and Combinations

3.1 Permutations

A permutation is an ordered arrangement of a set of distinct items.

Number of Permutations: The number of ways to order n distinct items is given by n! (n-
factorial):

n! = n× (n− 1)× · · · × 2× 1

This is a direct application of the counting principle where we select items without replacement.

3.2 Combinations

A combination is an unordered selection of items from a set.

Definition: The number of ways to choose a k-element subset from an n-element set is denoted
by the binomial coefficient

(
n
k

)
, read as “n choose k”.

To find the formula for
(
n
k

)
, we can count the number of ordered sequences of k distinct items

(k-permutations) in two ways:

1. Directly: The number of ways is n× (n− 1)× · · · × (n− k + 1) = n!
(n−k)! .

2. Indirectly: First, choose an unordered subset of k items (
(
n
k

)
ways), and then arrange these

k items in order (k! ways). This gives
(
n
k

)
× k!.

Equating these two expressions, we get
(
n
k

)
× k! = n!

(n−k)! , which yields the formula:(
n

k

)
=

n!

k!(n− k)!

4 Binomial Probabilities

The binomial coefficient is essential for calculating probabilities in experiments consisting of a fixed
number of independent trials, each with two possible outcomes (e.g., success/failure, heads/tails).

Consider n independent trials, each with a probability of success p.
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• The probability of any specific sequence of k successes and n− k failures is pk(1− p)n−k, due
to the independence of the trials.

• The number of different sequences that contain exactly k successes is the number of ways to
choose the k positions for the successes out of the n available trial slots, which is

(
n
k

)
.

Combining these, we get the binomial probability formula.

Binomial Probability Formula: The probability of obtaining exactly k successes in n indepen-
dent trials is:

P (k successes) =

(
n

k

)
pk(1− p)n−k

4.1 Example: A Coin Tossing Problem

Problem: Given that there were exactly 3 heads in 10 independent tosses of a fair coin, what is
the probability that the first two tosses were heads?

Let A be the event that the first two tosses are heads, and B be the event of exactly 3 heads in 10
tosses. We want to find P (A|B).

Method 1: Formal Definition We use the formula P (A|B) = P (A∩B)
P (B) .

• P (B): Using the binomial formula, P (B) =
(
10
3

)
p3(1− p)7.

• P (A∩B): This is the event “HH followed by 1 head in the remaining 8 tosses”. The probability
of this is p2 × [

(
8
1

)
p1(1− p)7] =

(
8
1

)
p3(1− p)7.

P (A|B) =

(
8
1

)
p3(1− p)7(

10
3

)
p3(1− p)7

=

(
8
1

)(
10
3

) =
8

120
=

1

15

Method 2: Reduced Sample Space Given event B, the new sample space consists of all
possible sequences with 3 heads. The number of such sequences is

(
10
3

)
. Since the original sequences

were equally likely, these sequences in the new sample space are also equally likely. The number of
favorable outcomes is the number of sequences in B that start with HH. This means the remaining
1 head must be placed in one of the last 8 positions, which can be done in

(
8
1

)
ways.

P (A|B) =
Number of favorable outcomes

Total outcomes in B
=

(
8
1

)(
10
3

) =
1

15

5 Partitions (Multinomial Coefficients)

We now consider partitioning a set of n distinct items into r groups of specified sizes n1, n2, . . . , nr,
where

∑
ni = n.

The number of ways to do this is given by the multinomial coefficient:(
n

n1, n2, . . . , nr

)
=

n!

n1!n2! · · ·nr!
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5.1 Example: Card Dealing

Problem: A 52-card deck is dealt fairly to four players (13 cards each). Find the probability
that each player gets exactly one ace.

The total number of ways to deal the cards is the number of ways to partition 52 cards into four
groups of 13:

|Ω| =
(

52

13, 13, 13, 13

)
=

52!

(13!)4

To find the number of favorable outcomes, we can think of it as a two-stage process:

1. Deal the aces: The number of ways to give one ace to each of the four players is the number
of ways to order the four aces, 4!.

2. Deal the other 48 cards: We need to partition the remaining 48 cards such that each
player receives 12. The number of ways to do this is

(
48

12,12,12,12

)
= 48!

(12!)4
.

The number of favorable outcomes is |A| = 4!× 48!
(12!)4

. The probability is:

P (A) =
|A|
|Ω|

=
4! · 48!

(12!)4

52!
(13!)4

=
24 · 134

52 · 51 · 50 · 49
≈ 0.1055

6 Introduction: Beyond the Binomial

In previous discussions, we introduced the binomial distribution, which models the number of
“successes” in a fixed number of independent trials, where each trial has only two possible outcomes
(success or failure). However, many experiments have more than two outcomes. For example, a
single roll of a die has six outcomes, and a component drawn from a bin could be one of several
different types.

The multinomial distribution is the natural generalization of the binomial distribution to sce-
narios with three or more possible outcomes per trial.

6.1 The Multinomial Experiment

An experiment is considered a multinomial experiment if it satisfies the following conditions:

1. The experiment consists of a fixed number of n identical and independent trials.

2. Each trial results in exactly one of k possible outcomes, or categories.

3. The probability of outcome i, denoted pi, is constant for every trial.

4. The probabilities of the k outcomes must sum to one: p1 + p2 + · · ·+ pk = 1.

The random variables of interest in a multinomial experiment are the counts N1, N2, . . . , Nk, rep-
resenting the number of times each of the k outcomes occurred. Note that these counts must sum
to the total number of trials: N1 +N2 + · · ·+Nk = n.
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6.2 Example: Building a Circuit

To make this concrete, let’s consider an example. Suppose we are building a circuit and need to
draw components from a large bin. The components in the bin are of three types: resistors (R),
capacitors (C), and inductors (L). The proportions in the bin are known:

• 50% Resistors, so the probability of drawing a resistor is pR = 0.5.

• 30% Capacitors, so the probability of drawing a capacitor is pC = 0.3.

• 20% Inductors, so the probability of drawing an inductor is pL = 0.2.

We draw n = 10 components with replacement to ensure the trials are independent and the prob-
abilities remain constant. The question is:

What is the probability of drawing exactly 5 resistors, 3 capacitors, and 2 inductors?

6.3 Deriving the Multinomial PMF

To solve this problem, we follow a two-step process that combines the multiplication rule for
independent events with the counting method for partitions.

6.3.1 Step 1: Probability of a Single Sequence

First, let’s calculate the probability of one specific sequence that matches our criteria. For example,
consider the sequence where we draw all 5 resistors first, then all 3 capacitors, and finally the 2
inductors:

RRRRRCCCLL

Since the trials are independent, the probability of this specific sequence is the product of the
individual probabilities:

P (RRRRRCCCLL) = P (R)5 · P (C)3 · P (L)2

= p5R · p3C · p2L
= (0.5)5(0.3)3(0.2)2

Any other sequence with the same composition (e.g., RCRCR...) will have the same probability,
as the terms in the product are just rearranged.

6.3.2 Step 2: Count the Number of Possible Sequences

Next, we must determine how many different sequences contain exactly 5 resistors, 3 capacitors,
and 2 inductors. This is a problem of partitioning a set of n = 10 positions into three groups of
sizes nR = 5, nC = 3, and nL = 2. The number of ways to do this is given by the multinomial
coefficient: (

n

nR, nC , nL

)
=

n!

nR!nC !nL!

For our example, this is:(
10

5, 3, 2

)
=

10!

5!3!2!
=

3, 628, 800

(120)(6)(2)
=

3, 628, 800

1440
= 2520

There are 2,520 distinct ways to arrange our 10 components.
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6.3.3 The Multinomial PMF

The total probability of our event is the number of possible sequences multiplied by the probability
of any single sequence.

The Multinomial PMF: Let N1, . . . , Nk be the number of times each of k outcomes occurs in n
independent trials, with respective probabilities p1, . . . , pk. The probability of observing the
specific counts n1, . . . , nk is:

P (N1 = n1, . . . , Nk = nk) =
n!

n1!n2! · · ·nk!
pn1
1 pn2

2 · · · p
nk
k

where
∑

ni = n and
∑

pi = 1.

6.4 Solving the Circuit Example

We can now solve our problem by plugging the values into the multinomial PMF.

P (NR = 5, NC = 3, NL = 2) =
10!

5!3!2!
(0.5)5(0.3)3(0.2)2

= 2520 · (0.03125) · (0.027) · (0.04)
= 2520 · (0.00003375)
≈ 0.08505

So, there is approximately an 8.5% chance of drawing this specific mix of components.



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

Lecture 5: Discrete Random Variables Part I
Probability Mass Functions

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Random Variables

Often in probability, we are interested not in the outcomes of an experiment themselves, but in
some numerical attribute of the outcomes. A random variable is a way to formalize this by
associating a numerical value with every possible outcome in the sample space.

1.1 Formal Definition

A random variable is a function that maps the sample space Ω to the set of real numbers R.

X : Ω→ R

We use an uppercase letter, like X, to denote the random variable as a function. We use a lowercase
letter, like x, to denote a specific numerical value that the random variable can take. The set of all
possible values for X is called its range.

A random variable is called discrete if its range is a finite or countably infinite set. This lecture
focuses exclusively on discrete random variables.

2 The Probability Mass Function (PMF)

The probability mass function (PMF) is the probability law of a discrete random variable. It
gives the probability for each value that the random variable can take.

Definition (PMF): The PMF of a discrete random variable X is the function pX(x) defined by:

pX(x) = P (X = x)

The notation P (X = x) is shorthand for the probability of the event consisting of all outcomes
ω ∈ Ω such that X(ω) = x.

A PMF must satisfy two properties:

1. Nonnegativity: pX(x) ≥ 0 for all possible values x.

2. Normalization: The sum of the probabilities over all possible values must be 1:
∑

x pX(x) =
1.

Example: PMF Calculation Consider two rolls of a fair 4-sided die. Let X be the result of
the first roll and Y be the result of the second. Let Z = X + Y . The possible values for Z are
{2, 3, 4, 5, 6, 7, 8}.

• pZ(2) = P (Z = 2) = P ({(1, 1)}) = 1/16

• pZ(3) = P (Z = 3) = P ({(1, 2), (2, 1)}) = 2/16

• pZ(4) = P (Z = 4) = P ({(1, 3), (2, 2), (3, 1)}) = 3/16
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Figure 17: A random variable X mapping outcomes from Ω to numerical values.

• pZ(5) = P (Z = 5) = P ({(1, 4), (2, 3), (3, 2), (4, 1)}) = 4/16

• pZ(6) = P (Z = 6) = P ({(2, 4), (3, 3), (4, 2)}) = 3/16

• pZ(7) = P (Z = 7) = P ({(3, 4), (4, 3)}) = 2/16

• pZ(8) = P (Z = 8) = P ({(4, 4)}) = 1/16

The sum is (1 + 2 + 3 + 4 + 3 + 2 + 1)/16 = 16/16 = 1, satisfying the normalization property.

3 Common Discrete Random Variables

3.1 Bernoulli

A Bernoulli random variable models a single trial with two outcomes (e.g., success/failure).

X =

{
1 with probability p

0 with probability 1− p

An important special case is the indicator variable for an event A, denoted IA, where IA = 1 if
A occurs, and IA = 0 otherwise. Here, p = P (A).
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Figure 18: The PMF of Z, the sum of two 4-sided die rolls.

3.2 Discrete Uniform

A discrete uniform random variable models a choice from a range of integers {a, a + 1, . . . , b},
where each choice is equally likely. Its PMF is:

pX(k) =
1

b− a+ 1
, for k = a, a+ 1, . . . , b

Figure 19: The PMF of Discrete Uniform

3.3 Binomial

A binomial random variable models the number of successes in a fixed number of independent
trials. It is defined by two parameters: n (the number of independent Bernoulli trials) and p (the
probability of success on each trial). The PMF for X ∼ Binomial(n, p) is:

pX(k) =

(
n

k

)
pk(1− p)n−k, for k = 0, 1, . . . , n

3.4 Geometric

A geometric random variable models the number of independent Bernoulli trials required to
achieve the first success. It is defined by the parameter p (probability of success). The PMF for
X ∼ Geometric(p) is:

pX(k) = (1− p)k−1p, for k = 1, 2, 3, . . .
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Figure 20: The PMF of Binomial variables with different parameters

Figure 21: The PMF of Geometric variable

3.5 The Poisson Random Variable

The Poisson distribution is a fundamental model for counting the number of events that occur over
a fixed interval of time or space. Unlike the Binomial distribution, which counts successes in a fixed
number of trials (n), the Poisson distribution operates over a continuous interval where there isn’t
a clear concept of “n trials.” It is particularly useful for modeling events that are relatively rare.

Definition A discrete random variable X is said to follow a Poisson distribution with param-
eter λ (lambda), where λ > 0, if its Probability Mass Function (PMF) is given by:

pX(k) = P (X = k) =
e−λλk

k!
, for k = 0, 1, 2, . . .

We denote this as X ∼ Pois(λ). The parameter λ represents the average rate or mean number of
events in the given interval.

Examples The Poisson distribution is used across many fields to model count data:
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• Telecommunications: The number of phone calls arriving at a call center in one minute.
If the center receives an average of 3 calls per minute, we can model this with λ = 3.

• Biology: The number of mutations on a particular strand of DNA after exposure to radiation.

• Quality Control: The number of defects found in a square meter of fabric.

• Physics: The number of radioactive particles detected by a Geiger counter in a 10-second
interval.

Relation to the Binomial Distribution The Poisson distribution can be viewed as a limiting
case of the Binomial distribution, a relationship often called the law of rare events.

Consider a Binomial random variable Y ∼ Bin(n, p). If the number of trials n is very large and
the probability of success p is very small, the Binomial PMF can be approximated by the Poisson
PMF. Specifically, if we let n→∞ and p→ 0 such that the mean np remains constant at a value
λ, then the Binomial distribution converges to the Poisson distribution with parameter λ.

lim
n→∞,p→0,np=λ

(
n

k

)
pk(1− p)n−k =

e−λλk

k!

This makes the Poisson distribution an excellent tool for approximating Binomial probabilities
when dealing with a large number of trials and a low probability of success, such as calculating the
probability of finding 5 defective chips in a batch of 10,000 where the defect rate is 0.01%.
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Lecture 6: Discrete Random Variables Part II
Expectation; Variance; Conditioning

Instructor: Prof. Abolfazl Hashemi

1 Expectation

The expectation (or expected value, or mean) of a random variable is a weighted average of its
possible values, where the weights are the probabilities given by the PMF. It provides a summary
of the central tendency of the distribution.

Definition (Expectation): The expected value of a discrete random variable X is:

E[X] =
∑
x

x · pX(x)

The expectation can be thought of as the long-run average of the outcomes of many independent
repetitions of the underlying experiment.

1.1 Expectations of Common Random Variables

• Bernoulli(p):
E[X] = (1 · p) + (0 · (1− p)) = p

For an indicator variable IA, this means E[IA] = P (A).

• Discrete Uniform on {0, 1, . . . , n}:

E[X] =

n∑
k=0

k · 1

n+ 1
=

1

n+ 1

n∑
k=0

k =
1

n+ 1

n(n+ 1)

2
=

n

2

1.2 The Expected Value Rule

To find the expectation of a function of a random variable, Y = g(X), one can first find the PMF
of Y and then apply the definition of expectation. A more direct method is the expected value
rule.

Expected Value Rule: For a random variable Y = g(X):

E[Y ] = E[g(X)] =
∑
x

g(x)pX(x)

This rule allows us to compute the expectation of g(X) using the PMF of X, without needing to
find the PMF of Y . It is important to note that, in general, E[g(X)] ̸= g(E[X]).

1.3 Linearity of Expectation

A crucial property of expectation is linearity. For any random variable X and constants a and b,
let Y = aX + b.

Linearity Property:
E[aX + b] = aE[X] + b
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Figure 22: The expected value rule maps values of X to Y=g(X) and computes a weighted average.

Proof: Using the expected value rule with g(X) = aX + b:

E[aX + b] =
∑
x

(ax+ b)pX(x)

=
∑
x

ax · pX(x) +
∑
x

b · pX(x)

= a

(∑
x

x · pX(x)

)
+ b

(∑
x

pX(x)

)
= aE[X] + b · 1
= aE[X] + b

2 Variance

While the expectation provides a measure of the central tendency of a random variable, it does not
describe the spread or dispersion of its distribution. The variance is the most common measure
of this spread.

2.1 Definition

Let X be a random variable with mean µ = E[X]. The variance of X, denoted by var(X), is
defined as the expected value of the squared deviation of X from its mean.

Definition (Variance):
var(X) = E[(X − µ)2]

Using the expected value rule, this can be written as a sum over the PMF of X:

var(X) =
∑
x

(x− µ)2pX(x)

The standard deviation, σX =
√
var(X), is often used as it has the same units as the random

variable itself.
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2.2 Properties of Variance

A more convenient formula for computation is derived as follows:

var(X) = E[(X − µ)2]

= E[X2 − 2µX + µ2]

= E[X2]− E[2µX] + E[µ2] (by linearity of expectation)

= E[X2]− 2µE[X] + µ2

= E[X2]− 2µ2 + µ2

= E[X2]− µ2

Computational Formula:
var(X) = E[X2]− (E[X])2

Another key property concerns linear transformations. For constants a and b:

var(aX + b) = E[((aX + b)− E[aX + b])2] = E[((aX + b)− (aE[X] + b))2]

= E[(a(X − E[X]))2] = E[a2(X − E[X])2] = a2E[(X − E[X])2] = a2var(X)

Linear Transformation Property:

var(aX + b) = a2var(X)

Note that adding a constant b shifts the distribution but does not change its spread, so the variance
remains unchanged.

2.3 Variance of Common Random Variables

• Bernoulli(p): We know E[X] = p. We find E[X2] = 12 · p+ 02 · (1− p) = p.

var(X) = E[X2]− (E[X])2 = p− p2 = p(1− p)

• Discrete Uniform on {0, 1, . . . , n}: We know E[X] = n/2.

E[X2] =

n∑
k=0

k2
1

n+ 1
=

1

n+ 1

n(n+ 1)(2n+ 1)

6
=

n(2n+ 1)

6

var(X) =
n(2n+ 1)

6
−
(n
2

)2
=

2n2 + n

6
− n2

4
=

n2 + 2n

12
=

n(n+ 2)

12

3 Conditioning a Random Variable on an Event

We can define the distribution and expectation of a random variable conditioned on the occurrence
of an event A.

Conditional PMF: The conditional PMF of X given an event A (with P (A) > 0) is:

pX|A(x) = P (X = x|A) =
P ({X = x} ∩A)

P (A)

This is a valid PMF and sums to 1.
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Conditional Expectation: The conditional expectation of X given A is the expectation calcu-
lated using the conditional PMF:

E[X|A] =
∑
x

x · pX|A(x)

Similarly, the conditional variance is var(X|A) = E[X2|A]− (E[X|A])2.

3.1 The Total Expectation Theorem

This theorem relates the overall expectation to conditional expectations over a partition.

Total Expectation Theorem: If A1, . . . , An is a partition of the sample space:

E[X] =

n∑
i=1

P (Ai)E[X|Ai]

This is proven by starting with the definition of E[X] and substituting the total probability theorem
for the PMF, pX(x) =

∑
i P (Ai)pX|Ai

(x), then rearranging the sums.

4 The Geometric Random Variable Revisited

4.1 Memorylessness

The geometric distribution has a unique property among discrete distributions.

Memorylessness: If X ∼ Geometric(p), then for any positive integers n and k:

P (X > n+ k|X > n) = P (X > k)

This means the process “forgets” its past. Given that there have been n failures, the probability of
having at least k more failures is the same as the original probability of having at least k failures.

4.2 Mean of the Geometric

We can elegantly derive the mean using the total expectation theorem and memorylessness. Let
X ∼ Geometric(p). We partition on the outcome of the first trial: A1 = {Success on 1st trial} and
A2 = {Failure on 1st trial}.

E[X] = P (A1)E[X|A1] + P (A2)E[X|A2]

• P (A1) = p. If the first trial is a success, the process stops, so X = 1. Thus, E[X|A1] = 1.

• P (A2) = 1− p. If the first trial is a failure, one trial has been used. By memorylessness, the
remaining number of trials until success follows the same geometric distribution, with mean
E[X]. The total number of trials is therefore 1 + E[X]. So, E[X|A2] = 1 + E[X].

Substituting these into the equation:

E[X] = p · (1) + (1− p) · (1 + E[X])

E[X] = p+ 1− p+ (1− p)E[X] =⇒ E[X] = 1 + (1− p)E[X]

E[X]− (1− p)E[X] = 1 =⇒ p · E[X] = 1 =⇒ E[X] =
1

p
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4.3 The Poisson Random Variable

A key and convenient property of the Poisson distribution is that its expected value and variance
are both equal to the parameter λ.

E[X] = λ and Var(X) = λ

This means that the average number of occurrences we expect to see is λ, and the spread (variance)
of the observed counts is also λ.
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Lecture 7: Discrete Random Variables Part III
Multiple Random Variables; Conditioning on a Random Variable;

Independence of r.v.’s

Instructor: Prof. Abolfazl Hashemi

1 Multiple Random Variables

We often need to model multiple numerical quantities from a single experiment.

1.1 Joint and Marginal PMFs

The joint PMF of two random variables X and Y specifies their probabilistic relationship:

pX,Y (x, y) = P (X = x, Y = y)

From the joint PMF, we can recover the individual PMFs, called marginal PMFs, by summing
over the other variable:

pX(x) =
∑
y

pX,Y (x, y) and pY (y) =
∑
x

pX,Y (x, y)

Figure 23: A joint PMF table. Summing across a row gives a marginal probability for Y; summing down a column
gives a marginal for X.

1.2 Linearity of Expectation

The expected value rule extends to functions of multiple variables: E[g(X,Y )] =
∑

x

∑
y g(x, y)pX,Y (x, y).

The most important result from this is the linearity of expectations.
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Linearity of Expectation: For any random variables X1, . . . , Xn and constants a1, . . . , an:

E[a1X1 + · · ·+ anXn] = a1E[X1] + · · ·+ anE[Xn]

Crucially, this property holds regardless of whether the random variables are independent.

1.3 Mean of the Binomial

Linearity provides a simple way to find the mean of a binomial random variable,X ∼ Binomial(n, p).
We can think of X as the sum of n independent Bernoulli indicator variables, X = X1 + · · ·+Xn,
where Xi = 1 if the i-th trial is a success. By linearity:

E[X] = E[X1 + · · ·+Xn] = E[X1] + · · ·+ E[Xn]

Since each Xi is a Bernoulli(p) trial, E[Xi] = p. Therefore:

E[X] = p+ p+ · · ·+ p (n times) = np

2 Conditioning a Random Variable on Another

In previous lectures, we discussed conditioning a random variable on an event. We now extend this
idea to conditioning on the value of another random variable. This is a powerful tool for breaking
down complex problems into simpler, more manageable parts.

2.1 Conditional PMF

The conditional PMF of a random variable X given that another random variable Y has taken on
a specific value y is a direct application of the definition of conditional probability.

Definition (Conditional PMF): The conditional PMF of X given Y = y is defined as:

pX|Y (x|y) = P (X = x|Y = y) =
P (X = x, Y = y)

P (Y = y)
=

pX,Y (x, y)

pY (y)

This is defined for any y for which the marginal PMF pY (y) is positive.

For a fixed value of y, the function pX|Y (x|y) is a valid PMF for X, meaning it is non-negative and
sums to one over all possible values of x.

2.2 Conditional Expectation

Once we have a conditional PMF, we can define a conditional expectation in the natural way.

Definition (Conditional Expectation): The conditional expectation of X given Y = y is the
expected value of X under the conditional PMF pX|Y (x|y):

E[X|Y = y] =
∑
x

x · pX|Y (x|y)

The expected value rule also has a conditional version: E[g(X)|Y = y] =
∑

x g(x)pX|Y (x|y).



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

Figure 24: A joint PMF table. The conditional PMF pX|Y (x|y) for a given row y is found by taking the probabilities
in that row and dividing them by the row’s sum (the marginal probability pY (y)).

2.3 The Total Expectation Theorem

This theorem is the random variable version of the law of total probability. It states that the overall
expectation of a random variable can be found by taking a weighted average of its conditional
expectations.

Total Expectation Theorem: The expected value of a random variable X can be expressed as:

E[X] =
∑
y

pY (y)E[X|Y = y]

This is often written in the compact form E[X] = E[E[X|Y ]].

3 Independence of Random Variables

The concept of independence extends from events to random variables. Intuitively, two random
variables are independent if knowing the value of one provides no information about the value of
the other.

Definition (Independence): Two random variables X and Y are independent if their joint
PMF is the product of their marginal PMFs for all possible pairs of values (x, y).

pX,Y (x, y) = pX(x)pY (y), for all x, y

An equivalent condition is that for all x and y, P (X = x|Y = y) = P (X = x).
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3.1 Properties of Independent Random Variables

Independence is a very powerful property that simplifies the calculation of expectations and vari-
ances.

Expectation of a Product: For any random variables, E[X+Y ] = E[X]+E[Y ]. However, the
same is not true for products.

If X and Y are independent, then:

E[XY ] = E[X]E[Y ]

More generally, for any functions g and h, if X and Y are independent, then g(X) and h(Y )
are also independent, and E[g(X)h(Y )] = E[g(X)]E[h(Y )].

Variance of a Sum: For any two random variables, var(X+Y ) = var(X)+var(Y )+2(E[XY ]−
E[X]E[Y ]). The term E[XY ]− E[X]E[Y ] is the covariance, and it is zero when the variables are
independent.

If X and Y are independent, then:

var(X + Y ) = var(X) + var(Y )

This property is crucial for many calculations. Note that for independent variables, var(X − Y ) =
var(X) + (−1)2var(Y ) = var(X) + var(Y ).

4 Application: Variance of the Binomial

We can use the properties of independence to easily find the variance of a binomial random variable
X ∼ Binomial(n, p). We represent X as the sum of n independent Bernoulli indicator variables,
X = X1 + · · ·+Xn, where Xi = 1 if the i-th trial is a success. Because the trials are independent,
the random variables Xi are independent. Therefore, we can sum their variances:

var(X) = var(X1 + · · ·+Xn) = var(X1) + · · ·+ var(Xn)

The variance of a single Bernoulli(p) variable is p(1− p). Thus:

var(X) =

n∑
i=1

p(1− p) = np(1− p)

5 Application: The Hat Problem

Problem: n people throw their hats in a box and then each person picks one hat at random. Let
X be the number of people who get their own hat back. Find E[X] and var(X).

Solution: The PMF of X is very complicated. A much simpler approach is to use indicator
variables. Let Xi be an indicator variable for the event that person i gets their own hat back.

Xi =

{
1, if person i gets their own hat

0, otherwise

The total number of people who get their own hat back is the sum of these indicators:

X = X1 +X2 + · · ·+Xn
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Mean: We use the linearity of expectation, which holds even though the Xi are not independent.

E[X] = E[X1 + · · ·+Xn] =
n∑

i=1

E[Xi]

The expectation of an indicator is the probability of the event it indicates: E[Xi] = P (Xi = 1).
The probability that person i gets their own hat is 1/n.

E[X] =

n∑
i=1

1

n
= n · 1

n
= 1

On average, exactly one person gets their own hat back, regardless of the number of people!

Variance: We use the formula var(X) = E[X2]− (E[X])2 = E[X2]− 1.

X2 =

(
n∑

i=1

Xi

)2

=
n∑

i=1

X2
i +

∑
i ̸=j

XiXj

By linearity of expectation:

E[X2] =
n∑

i=1

E[X2
i ] +

∑
i ̸=j

E[XiXj ]

We calculate the two types of terms:

• For an indicator, X2
i = Xi, so E[X2

i ] = E[Xi] = 1/n.

• For i ̸= j, the product XiXj is also an indicator variable for the event that both person i and
person j get their own hats. E[XiXj ] = P (Xi = 1 and Xj = 1) = P (Xi = 1)P (Xj = 1|Xi =
1) = 1

n ·
1

n−1 .

There are n terms of the first type and n(n− 1) terms of the second type.

E[X2] = n ·
(
1

n

)
+ n(n− 1) ·

(
1

n(n− 1)

)
= 1 + 1 = 2

Finally, the variance is:
var(X) = E[X2]− (E[X])2 = 2− 12 = 1

The variance is also 1, regardless of the number of people.
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Lecture 8: Continuous Random Variables Part I
Probability Density Functions

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Continuous Random Variables

Until now, we have focused on discrete random variables, which can take on a finite or countably
infinite number of values. We now turn our attention to continuous random variables, which
can take on any value within a continuous range, such as an interval on the real number line.
Examples include the height of a person, the temperature of a room, or the time until an event
occurs.

Because a continuous random variable can take on an uncountably infinite number of values, we can
no longer assign a positive probability to each individual value. Instead, we describe its probabilistic
behavior using a Probability Density Function (PDF).

2 The Probability Density Function (PDF)

The PDF, denoted fX(x), is the continuous analogue of the Probability Mass Function (PMF).
While a PMF gives direct probabilities, a PDF gives a probability density.

Definition (PDF): For a continuous random variable X, the probability of X falling within an
interval [a, b] is the area under the PDF curve over that interval.

P (a ≤ X ≤ b) =

∫ b

a
fX(x)dx

A valid PDF must satisfy two properties:

1. Nonnegativity: fX(x) ≥ 0 for all x.

2. Normalization: The total area under the PDF curve must be 1.∫ ∞

−∞
fX(x)dx = 1

Figure 25: Probability as the area under the PDF curve.
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2.1 Interpretation of the PDF

The value of the PDF at a point, fX(x), is not a probability. Instead, it tells us the relative
likelihood of the random variable being near x. For a very small interval of width δ:

P (x ≤ X ≤ x+ δ) =

∫ x+δ

x
fX(t)dt ≈ fX(x) · δ

A direct and crucial consequence is that the probability of a continuous random variable taking on
any single value is zero:

P (X = a) =

∫ a

a
fX(x)dx = 0

3 Expectation and Variance

The definitions of expectation and variance for continuous random variables are analogous to their
discrete counterparts, with sums replaced by integrals.

Expectation: The expected value, or mean, of a continuous random variable X is:

E[X] =

∫ ∞

−∞
xfX(x)dx

Expected Value Rule: For a function g(X):

E[g(X)] =

∫ ∞

−∞
g(x)fX(x)dx

Variance: The variance of X with mean µ = E[X] is:

var(X) = E[(X − µ)2] =

∫ ∞

−∞
(x− µ)2fX(x)dx

The properties of linearity of expectation, E[aX+b] = aE[X]+b, and variance, var(aX+b) =
a2var(X), hold just as they did in the discrete case. The computational formula var(X) =
E[X2]− (E[X])2 is also still valid and extremely useful.

4 Common Continuous Distributions

4.1 The Continuous Uniform Distribution

This distribution models complete uncertainty over a fixed interval [a, b].

fX(x) =

{
1

b−a , if a ≤ x ≤ b

0, otherwise

• Mean: E[X] =
∫ b
a x 1

b−adx = a+b
2 .

• Variance: var(X) =
∫ b
a (x−

a+b
2 )2 1

b−adx = (b−a)2

12 .
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4.2 The Exponential Distribution

The exponential distribution is often used to model waiting times until an event occurs, like the
lifetime of a device or the time until the next phone call arrives. It is parameterized by a rate
parameter λ > 0.

fX(x) =

{
λe−λx, x ≥ 0

0, x < 0

• Mean: E[X] = 1
λ . A higher rate λ means a shorter average waiting time.

• Variance: var(X) = 1
λ2 .

Figure 26: The exponential PDF for a small λ (long average wait) and a large λ (short average wait).

5 The Cumulative Distribution Function (CDF)

The CDF is a universal way to describe a random variable’s distribution that works for both discrete
and continuous cases.

Definition (CDF): The Cumulative Distribution Function of a random variable X is:

FX(x) = P (X ≤ x)

For a continuous random variable, the CDF is the integral of the PDF:

FX(x) =

∫ x

−∞
fX(t)dt

Conversely, the PDF is the derivative of the CDF: fX(x) = dFX(x)
dx .

All CDFs are non-decreasing and satisfy limx→−∞ FX(x) = 0 and limx→∞ FX(x) = 1.

6 The Normal (Gaussian) Distribution

The normal distribution is the most important in all of probability and statistics. It arises naturally
in many contexts due to the Central Limit Theorem and has convenient mathematical properties.

Standard Normal N(0, 1): A normal distribution with mean µ = 0 and variance σ2 = 1. Its
PDF is:

fX(x) =
1√
2π

e−x2/2
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Figure 27: The PDF of a Normal Random Variable.

General Normal N(µ, σ2): A normal distribution with mean µ and variance σ2. Its PDF is:

fX(x) =
1

σ
√
2π

e−(x−µ)2/(2σ2)

6.1 Properties of Normal Random Variables

A key property is that any linear transformation of a normal random variable is also normal. If
X ∼ N(µ, σ2), then Y = aX+b is also normal with mean E[Y ] = aµ+b and variance var(Y ) = a2σ2.
So, Y ∼ N(aµ+ b, a2σ2).

This allows us to standardize any normal random variable. If X ∼ N(µ, σ2), then the variable:

Z =
X − µ

σ

has a standard normal distribution, Z ∼ N(0, 1).

6.2 Calculating Normal Probabilities

The integral of the normal PDF cannot be expressed in terms of elementary functions. We rely on
a table for the standard normal CDF, denoted Φ(z) = P (Z ≤ z).

To find probabilities for a general normal X ∼ N(µ, σ2), we first standardize it:

P (X ≤ x) = P

(
X − µ

σ
≤ x− µ

σ

)
= P

(
Z ≤ x− µ

σ

)
= Φ

(
x− µ

σ

)
The table typically provides values for z ≥ 0. For negative values, we use the symmetry of the
“bell curve”:

Φ(−z) = 1− Φ(z)
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Lecture 9: Continuous Random Variables Part II
Conditioning on an Event; Multiple Continuous r.v.’s

Instructor: Prof. Abolfazl Hashemi

1 Conditioning a Continuous Random Variable on an Event

The concepts of conditioning extend from discrete to continuous random variables. We can define
a conditional PDF and a conditional expectation given that an event A has occurred.

1.1 Conditional PDF

For a continuous random variable X and an event A with P (A) > 0, the conditional PDF of X
given A, denoted fX|A(x), is defined such that the probability of X falling in a set B given A is
the integral of the conditional PDF over B:

P (X ∈ B|A) =

∫
B
fX|A(x)dx

A particularly common case is conditioning on the event that X falls within a certain subset S of
the real line. In this case, the conditional PDF is zero outside of S, and a rescaled version of the
original PDF inside S.

Conditional PDF given X ∈ S:

fX|X∈S(x) =

{
fX(x)

P (X∈S) , if x ∈ S

0, otherwise

where P (X ∈ S) =
∫
S fX(t)dt.

1.2 Conditional Expectation

The conditional expectation is the expected value computed using the conditional PDF.

Conditional Expectation:

E[X|A] =
∫ ∞

−∞
xfX|A(x)dx

The expected value rule also applies: E[g(X)|A] =
∫∞
−∞ g(x)fX|A(x)dx.

1.3 Memorylessness of the Exponential PDF

The exponential distribution has a unique property among continuous distributions. Let T ∼
Exponential(λ) be the lifetime of a device. The probability that the device survives past time t is
P (T > t) = e−λt.

Memorylessness Property: Suppose we know the device is still working at time t. The dis-
tribution of the remaining lifetime, X = T − t, is the same as the original distribution of
T .

P (X > x|T > t) = P (T > x)
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Proof:

P (X > x|T > t) = P (T − t > x|T > t) = P (T > t+ x|T > t)

=
P ({T > t+ x} ∩ {T > t})

P (T > t)
=

P (T > t+ x)

P (T > t)

=
e−λ(t+x)

e−λt
= e−λx = P (T > x)

This implies that a used “exponential” device is probabilistically as good as a new one.

2 Total Probability and Total Expectation Theorems

These theorems allow us to compute unconditional probabilities and expectations from conditional
ones, using a partition of the sample space A1, . . . , An.

Total Probability Theorem for PDFs: The unconditional PDF is a weighted average of the
conditional PDFs.

fX(x) =
n∑

i=1

P (Ai)fX|Ai
(x)

Total Expectation Theorem: The unconditional expectation is a weighted average of the con-
ditional expectations.

E[X] =
n∑

i=1

P (Ai)E[X|Ai]

Example: Bill goes to the supermarket. With probability 1/3, he goes “early” at a time uniformly
distributed in [0, 2]. With probability 2/3, he goes “late” at a time uniformly distributed in [6, 8].
Let X be the time he goes. Let A1 = “early” and A2 = “late”. The conditional PDFs are:
fX|A1

(x) = 1/2 for x ∈ [0, 2], and fX|A2
(x) = 1/2 for x ∈ [6, 8]. The overall PDF is:

fX(x) = P (A1)fX|A1
(x) + P (A2)fX|A2

(x) =


(1/3)(1/2) = 1/6, 0 ≤ x ≤ 2

(2/3)(1/2) = 1/3, 6 ≤ x ≤ 8

0, otherwise

The overall expectation is: E[X] = P (A1)E[X|A1] + P (A2)E[X|A2] = (1/3)(1) + (2/3)(7) =
1/3 + 14/3 = 5.

3 Multiple Continuous Random Variables

3.1 Joint PDF

Two random variables are jointly continuous if their probabilistic behavior is described by a joint
PDF, fX,Y (x, y).

Joint PDF: Probability is the volume under the joint PDF surface.

P ((X,Y ) ∈ B) =

∫∫
B
fX,Y (x, y)dxdy

The joint PDF must be non-negative and integrate to 1 over the entire plane.
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3.2 From Joint to Marginal PDFs

We can obtain the individual (marginal) PDF of one variable by integrating the joint PDF over all
possible values of the other variable.

fX(x) =

∫ ∞

−∞
fX,Y (x, y)dy and fY (y) =

∫ ∞

−∞
fX,Y (x, y)dx

Example: Uniform PDF on a set S If (X,Y ) is uniform over a region S, then fX,Y (x, y) =
1/Area(S) if (x, y) ∈ S, and 0 otherwise. The marginal PDF fX(x) is found by integrating this
constant with respect to y over the vertical slice of S at that x. The result is the length of this slice
divided by the total area of S.

Figure 28: A uniform joint PDF over a non-rectangular region S results in non-uniform marginal PDFs.

3.3 Expectations and Joint CDFs

The tools for working with multiple random variables extend to the continuous case.

Expected Value Rule: For Z = g(X,Y ):

E[g(X,Y )] =

∫ ∞

−∞

∫ ∞

−∞
g(x, y)fX,Y (x, y)dxdy

The linearity of expectation, E[X + Y ] = E[X] + E[Y ], holds for all continuous random
variables.
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Joint CDF: The joint CDF is defined as FX,Y (x, y) = P (X ≤ x, Y ≤ y). It is related to the joint
PDF by:

fX,Y (x, y) =
∂2FX,Y

∂x∂y
(x, y)
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Lecture 10: Continuous Random Variables Part III
Conditioning on a Random Variable; Independence; Bayes’ Rule

Instructor: Prof. Abolfazl Hashemi

1 Conditioning a Continuous RV on Another Continuous RV

We have previously discussed conditioning a random variable on an event. We now extend this to
the case where we condition a continuous random variable X on the value of another continuous
random variable Y .

1.1 Conditional PDF

The conditional PDF is the primary tool for this type of analysis. It is defined in a way that is
perfectly analogous to the discrete case.

Definition (Conditional PDF): The conditional PDF of a random variable X given that Y = y
is defined as:

fX|Y (x|y) =
fX,Y (x, y)

fY (y)

This is defined for any y for which the marginal PDF fY (y) is positive. For a fixed value of
y, the function fX|Y (x|y) is a valid PDF for X, meaning it is non-negative and integrates to
1.

The conditional PDF can be visualized as a “slice” of the 3D surface of the joint PDF at a specific
value of y, which is then rescaled to have a total area of 1.

From this definition, we also get a continuous version of the multiplication rule:

fX,Y (x, y) = fY (y)fX|Y (x|y) = fX(x)fY |X(y|x)

1.2 Total Probability and Expectation Theorems

The law of total probability and the total expectation theorem can be expressed by replacing the
sums from the discrete case with integrals.

Total Probability Theorem for PDFs:

fX(x) =

∫ ∞

−∞
fY (y)fX|Y (x|y)dy

Total Expectation Theorem:

E[X] =

∫ ∞

−∞
fY (y)E[X|Y = y]dy

This is often written in the compact form E[X] = E[E[X|Y ]], where the outer expectation is
with respect to the distribution of Y .
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Figure 29: A slice of the joint PDF surface at a fixed y gives the shape of the conditional PDF fX|Y (x|y).

2 Independence of Continuous Random Variables

Two continuous random variables are independent if their joint PDF factors into the product of
their marginal PDFs.

Definition (Independence):

fX,Y (x, y) = fX(x)fY (y), for all x, y

This is equivalent to the conditional PDF being equal to the marginal PDF: fX|Y (x|y) = fX(x). If
two normal random variables are independent, their joint PDF forms a symmetric or elliptical bell
shape.

3 A Comprehensive Example: Stick-Breaking

Problem: We break a stick of length ℓ twice. The first break occurs at a position X chosen
uniformly on [0, ℓ]. The second break occurs at a position Y chosen uniformly on the remaining
piece, [0, X]. We want to find the marginal PDF of Y and the expected value of Y .

Solution:

1. Define the PDFs: The marginal PDF of X is uniform: fX(x) = 1/ℓ for 0 ≤ x ≤ ℓ. The
conditional PDF of Y given X = x is uniform: fY |X(y|x) = 1/x for 0 ≤ y ≤ x.
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Figure 30: The joint PDF of two independent standard normal random variables.

2. Find the Joint PDF: Using the multiplication rule, the joint PDF is defined over the
triangular region 0 ≤ y ≤ x ≤ ℓ:

fX,Y (x, y) = fX(x)fY |X(y|x) = 1

ℓ
· 1
x
=

1

ℓx

3. Find the Marginal PDF of Y: We integrate the joint PDF over all possible values of x.
For a given y, x can range from y to ℓ.

fY (y) =

∫ ∞

−∞
fX,Y (x, y)dx =

∫ ℓ

y

1

ℓx
dx =

1

ℓ
[ln(x)]ℓy =

ln ℓ− ln y

ℓ

This is valid for 0 < y ≤ ℓ.

4. Find the Expectation of Y: We use the total expectation theorem, which is much simpler
than integrating y · fY (y). First, find the conditional expectation of Y given X = x. Since Y
is uniform on [0, x], its mean is the midpoint:

E[Y |X = x] =
x

2

Now, apply the total expectation theorem:

E[Y ] = E[E[Y |X]] =

∫ ℓ

0
E[Y |X = x]fX(x)dx =

∫ ℓ

0

x

2
· 1
ℓ
dx
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=
1

2ℓ

[
x2

2

]ℓ
0

=
1

2ℓ

ℓ2

2
=

ℓ

4

4 Bayes’ Rule: A Theme with Variations

Bayes’ rule is a universal inference engine that can be adapted to any combination of discrete and
continuous random variables. The core idea is always the same: Posterior ∝ Prior× Likelihood.

4.1 Case 1: Discrete Unknown, Continuous Measurement

Let K be a discrete random variable we want to infer, and Y be a continuous measurement.

pK|Y (k|y) =
pK(k)fY |K(y|k)

fY (y)
=

pK(k)fY |K(y|k)∑
k′ pK(k′)fY |K(y|k′)

Example: We send a signal K ∈ {−1, 1} with pK(1) = pK(−1) = 1/2. We receive a noisy signal
Y = K +W , where W ∼ N(0, 1). Find the posterior probability pK|Y (1|y).

• Prior: pK(1) = 1/2.

• Likelihood: If K = 1, then Y = 1 + W ∼ N(1, 1). So, fY |K(y|1) = 1√
2π
e−(y−1)2/2. If

K = −1, then Y = −1 +W ∼ N(−1, 1). So, fY |K(y| − 1) = 1√
2π
e−(y+1)2/2.

• Evidence (Denominator): fY (y) =
1
2fY |K(y|1) + 1

2fY |K(y| − 1).

• Posterior:

pK|Y (1|y) =
1
2

1√
2π
e−(y−1)2/2

1
2

1√
2π
e−(y−1)2/2 + 1

2
1√
2π
e−(y+1)2/2

=
e−(y2−2y+1)/2

e−(y2−2y+1)/2 + e−(y2+2y+1)/2
=

ey

ey + e−y

4.2 Case 2: Continuous Unknown, Discrete Measurement

Let Y be a continuous random variable we want to infer, and K be a discrete measurement.

fY |K(y|k) =
fY (y)pK|Y (k|y)

pK(k)
=

fY (y)pK|Y (k|y)∫
fY (y′)pK|Y (k|y′)dy′

Example: An unknown quantity Y is modeled as uniform on [0, 1]. We perform a Bernoulli trial
K with success probability equal to Y . We observe that the trial is a success (K = 1). Find the
posterior PDF of Y.

• Prior: fY (y) = 1 for y ∈ [0, 1].

• Likelihood: pK|Y (1|y) = P (K = 1|Y = y) = y.

• Evidence (Denominator): pK(1) =
∫ 1
0 pK|Y (1|y)fY (y)dy =

∫ 1
0 y · 1dy = [y

2

2 ]
1
0 = 1/2.

• Posterior:

fY |K(y|1) =
fY (y)pK|Y (1|y)

pK(1)
=

1 · y
1/2

= 2y, for y ∈ [0, 1]

Observing a success makes us believe that higher values of Y are more likely, shifting the prior
uniform distribution to a triangular posterior distribution.
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Lecture 11: Derived Distributions

Instructor: Prof. Abolfazl Hashemi

1 Introduction

In many applications of probability, we begin with a random variable whose distribution is known
and are interested in a new random variable which is a function of the original one. For instance, if
X represents a random current in a circuit, we might be interested in the distribution of the power,
Y = RX2, where R is a constant resistance. The process of finding the probability distribution
(PMF or PDF) of a function of one or more random variables is the central topic of this lecture.
We will develop systematic methods to find these derived distributions.

We will address two main questions:

1. Given the distribution of a random variable X and a function g, how can we find the distri-
bution of Y = g(X)?

2. Given the joint distribution of two random variables, X and Y , and a function g, how can we
find the distribution of Z = g(X,Y )?

2 Functions of a Single Discrete Random Variable

When dealing with discrete random variables, the process of finding a derived distribution is a
straightforward accounting exercise. If we know the PMF ofX, we can find the PMF of Y = g(X) by
identifying all possible values ofX that map to a specific value of Y and summing their probabilities.

The Discrete Method: The PMF of Y is found by summing the probabilities of all values of X
that are mapped to y by the function g.

pY (y) = P (Y = y) = P (g(X) = y) =
∑

x:g(x)=y

pX(x)

This formula effectively groups the probability mass from the original distribution of X onto the
new set of values taken by Y .

Example: Linear Transformation of a Discrete RV

Consider a random variable X with the PMF given by pX(−1) = 2/6, pX(1) = 1/6, pX(2) = 3/6.
Let us find the PMFs of two new random variables, Z = 2X and Y = 2X + 3.

Finding the PMF of Z = 2X: We map each value of X to its corresponding value of Z:

• If X = −1, then Z = 2(−1) = −2. The probability of this event is pX(−1) = 2/6.

• If X = 1, then Z = 2(1) = 2. The probability is pX(1) = 1/6.

• If X = 2, then Z = 2(2) = 4. The probability is pX(2) = 3/6.
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Figure 31: To find the probability pY (y), we sum the probabilities of all x values that are mapped to y by the function
g.

The resulting PMF for Z is:

pZ(z) =


2/6, z = −2
1/6, z = 2

3/6, z = 4

0, otherwise

Finding the PMF of Y = 2X + 3: Similarly, we map each value of X to its corresponding value
of Y :

• If X = −1, then Y = 2(−1) + 3 = 1. The probability is pX(−1) = 2/6.

• If X = 1, then Y = 2(1) + 3 = 5. The probability is pX(1) = 1/6.

• If X = 2, then Y = 2(2) + 3 = 7. The probability is pX(2) = 3/6.

The resulting PMF for Y is:

pY (y) =


2/6, y = 1

1/6, y = 5

3/6, y = 7

0, otherwise

In the special case of a linear transformation Y = aX + b with a ̸= 0, the mapping is one-to-one,

so pY (y) = pX

(
y−b
a

)
.
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Figure 32: The PMF of the original random variable X.

3 Functions of a Single Continuous Random Variable

For continuous random variables, we cannot sum individual probabilities as they are zero. Instead,
we must work with probability densities. The most general and reliable method for finding the
PDF of Y = g(X) involves the Cumulative Distribution Function (CDF).

The Two-Step CDF Method

Step 1: Find the CDF of Y. We calculate FY (y) = P (Y ≤ y). The core of this step is to
express the event {Y ≤ y} in terms of an equivalent event for X.

FY (y) = P (g(X) ≤ y) =

∫
{x|g(x)≤y}

fX(x)dx

Step 2: Differentiate the CDF. The PDF of Y is the derivative of its CDF.

fY (y) =
dFY

dy
(y)

The Linear Case: Y = aX + b

Let X be a continuous random variable and Y = aX + b with a ̸= 0. Let’s apply the CDF method.
Assuming a > 0:

FY (y) = P (aX + b ≤ y) = P

(
X ≤ y − b

a

)
= FX

(
y − b

a

)
Differentiating with respect to y using the chain rule gives:

fY (y) =
dFY

dy
(y) = fX

(
y − b

a

)
· 1
a

If a < 0, the inequality flips: FY (y) = P (X ≥ y−b
a ) = 1 − FX(y−b

a ). Differentiating gives fY (y) =

−fX(y−b
a ) · 1a = 1

|a|fX(y−b
a ). Both cases are captured by the general formula:

General Formula for Linear Transformation:

fY (y) =
1

|a|
fX

(
y − b

a

)
The PDF of Y is a scaled (vertically by 1/|a|) and transformed (horizontally) version of the PDF
of X.
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Example: Linear Function of a Normal RV. If X ∼ N (µ, σ2), we can show that Y = aX+b
is also normal.

fX(x) =
1

σ
√
2π

exp

{
−(x− µ)2

2σ2

}
Using the formula, we substitute x = (y − b)/a:

fY (y) =
1

|a|
1

σ
√
2π

exp

−
(
y−b
a − µ

)2
2σ2


=

1

|a|σ
√
2π

exp

{
−(y − (aµ+ b))2

2a2σ2

}
This is the PDF of a normal random variable with mean aµ + b and variance a2σ2. Thus, Y ∼
N (aµ+ b, a2σ2).

The Monotonic Function Method

If g is a strictly monotonic and differentiable function, there is a direct formula that bypasses the
CDF calculation. Let y = g(x) and x = h(y) be the inverse function.

Formula for Monotonic g:

fY (y) = fX(h(y))

∣∣∣∣dhdy (y)
∣∣∣∣

Example: Treadmill Time. You set treadmill speed X ∼ U [5, 10]. Find the PDF of the time Y
to run 10km. The relation is Y = 10/X. The PDF of X is fX(x) = 1/5 for x ∈ [5, 10]. The function
g(x) = 10/x is monotonic decreasing. The range of Y is [1, 2]. The inverse is x = h(y) = 10/y, so
|h′(y)| = | − 10/y2| = 10/y2.

fY (y) = fX

(
10

y

)
· 10
y2

=
1

5
· 10
y2

=
2

y2
, for y ∈ [1, 2]

Non-Monotonic Functions

If g(x) is not monotonic, we must use the CDF method.

Example: Y = X2. For y > 0, the event Y ≤ y corresponds to X2 ≤ y, or −√y ≤ X ≤ √y. The
CDF is FY (y) = FX(

√
y)− FX(−√y). Differentiating gives the PDF: fY (y) =

fX(
√
y)+fX(−√

y)
2
√
y .

4 Functions of Multiple Random Variables

The CDF method extends to functions of multiple variables, such as Z = g(X,Y ).

Procedure for Z = g(X,Y ): 1. Find the CDF of Z: FZ(z) = P (Z ≤ z) =
∫∫

{(x,y)|g(x,y)≤z} fX,Y (x, y) dx dy.

2. Differentiate the CDF: fZ(z) =
dFZ
dz (z).
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Example: Let X,Y be independent U [0, 1]. Find the PDF of Z = Y/X. The joint PDF is
fX,Y (x, y) = 1 on the unit square. We find FZ(z) = P (Y ≤ zX).

• Case 1: 0 < z ≤ 1. The region is a triangle with area z/2. So FZ(z) = z/2.

• Case 2: z > 1. The region is the unit square minus a triangle of area 1/(2z). So FZ(z) =
1− 1/(2z).

Differentiating the piecewise CDF gives the PDF:

fZ(z) =


1/2, 0 < z ≤ 1

1/(2z2), z > 1

0, otherwise

Figure 33: The region of integration for the CDF of Z = Y/X.
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Lecture 12: Sums of Independent Random Variables; Covariance
and Correlation

Instructor: Prof. Abolfazl Hashemi

1 Introduction

This lecture explores two fundamental topics in the study of multiple random variables. First, we
will develop a systematic method for finding the probability distribution of a sum of two independent
random variables, a process known as convolution. This is a powerful tool with many applications,
including a key result regarding the sum of normal random variables. Second, we will move beyond
the case of independence and introduce a measure for the relationship and dependency between two
random variables: covariance and its normalized version, the correlation coefficient. Understanding
covariance will allow us to derive a general formula for the variance of a sum of random variables.

2 The Distribution of a Sum of Independent Random Variables

2.1 The Discrete Case: Convolution

Let X and Y be independent discrete random variables with known PMFs, pX(x) and pY (y). Our
goal is to find the PMF of their sum, Z = X + Y .

The PMF of Z is defined as pZ(z) = P (Z = z) = P (X + Y = z). The event {X + Y = z} can be
broken down into a union of disjoint events of the form {X = x and Y = z − x} for all possible
values of x. For example, the event {Z = 3} corresponds to the union of events like {X = 0, Y = 3},
{X = 1, Y = 2}, {X = 2, Y = 1}, etc.

By the additivity of probability for disjoint events, we can write:

pZ(z) = P (X + Y = z) =
∑
x

P (X = x, Y = z − x)

Since X and Y are independent, the joint probability P (X = x, Y = z−x) factors into the product
of the marginal probabilities, P (X = x)P (Y = z − x). This leads to the main result.
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Discrete Convolution Formula:

pZ(z) =
∑
x

pX(x)pY (z − x)

This operation is called the convolution of the PMFs of X and Y .

The convolution formula can be interpreted graphically as a “flip, shift, multiply, and sum” proce-
dure. To compute pZ(z) for a specific value z:

1. Take the PMF of Y and flip it horizontally around the y-axis.

2. Shift this flipped PMF to the right by the value z.

3. Place the resulting PMF, pY (z − x), directly below the PMF of X, pX(x).

4. For each x, multiply the corresponding values pX(x) and pY (z − x).

5. Sum all of these products to get the final value of pZ(z).

2.2 The Continuous Case: Convolution

The logic for finding the PDF of the sum of two independent continuous random variables is
perfectly analogous. Let Z = X + Y . We can derive the PDF of Z, fZ(z), using a conditional
argument. By the law of total probability:

fZ(z) =

∫ ∞

−∞
fZ|X(z|x)fX(x)dx

Given the event {X = x}, the random variable Z becomes Z = x + Y . This is a simple linear
transformation of Y . The PDF of x + Y is simply the PDF of Y shifted by x, so fZ|X(z|x) =
fY (z−x). Substituting this into the integral gives the convolution formula for continuous variables.

Continuous Convolution Formula:

fZ(z) =

∫ ∞

−∞
fX(x)fY (z − x)dx

The Sum of Independent Normal Random Variables. A cornerstone result in probability
theory, which can be proven using the convolution integral, is that the sum of independent normal
random variables is also normal.

Theorem: If X ∼ N(µx, σ
2
x) and Y ∼ N(µy, σ

2
y) are independent, then their sum Z = X + Y is a

normal random variable with a mean that is the sum of the means and a variance that is the
sum of the variances.

X + Y ∼ N(µx + µy, σ
2
x + σ2

y)
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3 Covariance and Correlation

3.1 Covariance

When random variables are not independent, we need a way to measure their relationship. The
covariance measures the degree to which two variables tend to move together relative to their
means.

Definition (Covariance): The covariance of two random variables X and Y is:

cov(X,Y ) = E[(X − E[X])(Y − E[Y ])]

• If cov(X,Y ) > 0, X and Y tend to be on the same side of their respective means (e.g., when
X is large, Y tends to be large). This is called positive correlation.

• If cov(X,Y ) < 0, X and Y tend to be on opposite sides of their means. This is called negative
correlation.

• If X and Y are independent, their covariance is zero. However, the converse is not true: zero
covariance does not imply independence.

3.2 Properties of Covariance

• cov(X,X) = E[(X − E[X])2] = var(X).

• Computational Formula: cov(X,Y ) = E[XY ]− E[X]E[Y ].

• Bilinearity: cov(aX + b, Y ) = a · cov(X,Y ) and cov(X,Y + Z) = cov(X,Y ) + cov(X,Z).

3.3 Variance of a Sum

Covariance is the key to finding the variance of a sum of dependent random variables.

var(X1 +X2) = cov(X1 +X2, X1 +X2)

= cov(X1, X1) + cov(X1, X2) + cov(X2, X1) + cov(X2, X2)

= var(X1) + var(X2) + 2cov(X1, X2)
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For a sum of n random variables, this generalizes to:

var

(
n∑

i=1

Xi

)
=

n∑
i=1

var(Xi) +
∑
i ̸=j

cov(Xi, Xj)

3.4 The Correlation Coefficient

The magnitude of the covariance depends on the units of X and Y . To get a standardized measure
of the linear relationship, we use the correlation coefficient.

Definition (Correlation Coefficient):

ρ(X,Y ) =
cov(X,Y )

σXσY

• The correlation coefficient is always between -1 and 1: −1 ≤ ρ(X,Y ) ≤ 1.

• |ρ| = 1 if and only if Y is a linear function of X (i.e., Y = aX + b).

• A high correlation does not imply causation; it often reflects an underlying common factor.
For example, if X = Z + V and Y = Z +W where Z, V,W are independent, X and Y will
be correlated because of the shared common factor Z.
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Lecture 13: Conditional expectation and variance revisited; Sum
of a random number of independent R.V.’s

Instructor: Prof. Abolfazl Hashemi

1 Introduction

This lecture delves into a more abstract and powerful view of conditional expectation and condi-
tional variance. Instead of treating E[X|Y = y] as a number that depends on a specific value y,
we will begin to treat the conditional expectation E[X|Y ] as a random variable in its own right—a
function of the random variable Y . This perspective leads to two powerful analytical tools: the
law of iterated expectations and the law of total variance. We will then apply these tools to a
common and important problem: finding the mean and variance of a sum of a random number of
independent random variables.

2 Conditional Expectation as a Random Variable

Recall the definition of the conditional expectation of X given that the random variable Y takes a
specific value y:

E[X|Y = y] =
∑
x

x · pX|Y (x|y) (or an integral in the continuous case)

This expression, for a fixed y, is a number. Let us define a function g(y) that maps each possible
value y to this number:

g(y) = E[X|Y = y]

We can now think about what happens when we evaluate this function at the random variable Y
itself. The result, g(Y ), is a new random variable. For any given outcome of our experiment, a
value y for Y is realized, and the random variable g(Y ) takes on the corresponding value g(y) =
E[X|Y = y].

Definition: The conditional expectation E[X|Y ] is defined as the random variable g(Y ). It
is a function of the random variable Y , and as such, it has its own distribution, mean, and
variance.

2.1 The Law of Iterated Expectations

A fundamental property of this new random variable is that its expected value is simply the original,
unconditional expected value of X. This is a more general statement of the total expectation
theorem.

The Law of Iterated Expectations:

E[E[X|Y ]] = E[X]

Proof: Let g(Y ) = E[X|Y ]. By the expected value rule:

E[E[X|Y ]] = E[g(Y )] =
∑
y

g(y)pY (y)
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Substituting the definition of g(y):

=
∑
y

E[X|Y = y]pY (y)

This is precisely the formula for the total expectation theorem, which we have already shown is
equal to E[X]. The same logic applies in the continuous case with integrals replacing sums.

2.2 Example: Stick-Breaking

Consider a stick of length ℓ. We break it at a point Y , chosen uniformly on [0, ℓ]. We then take
the left piece of length Y and break it again at a point X, chosen uniformly on [0, Y ].

• The PDF of Y is fY (y) = 1/ℓ for y ∈ [0, ℓ].

• The conditional PDF of X given Y=y is fX|Y (x|y) = 1/y for x ∈ [0, y].

The conditional expectation of X given Y = y is the mean of a U [0, y] random variable:

E[X|Y = y] =
y

2

From this, we define the conditional expectation as a random variable:

E[X|Y ] =
Y

2

We can now find the overall mean of X using the law of iterated expectations:

E[X] = E[E[X|Y ]] = E

[
Y

2

]
=

1

2
E[Y ] =

1

2
· ℓ
2
=

ℓ

4

3 Conditional Variance and the Law of Total Variance

We can extend this abstract view to the conditional variance.

Definition: The conditional variance var(X|Y ) is the random variable that takes the value var(X|Y =
y) = E[(X − E[X|Y = y])2|Y = y] when Y = y.

For example, if X ∼ U [0, Y ], then var(X|Y = y) = y2/12. The random variable is thus var(X|Y ) =
Y 2/12.

3.1 The Law of Total Variance

This law provides a way to decompose the total variance of a random variable into two parts: the
average of the conditional variances, and the variance of the conditional means.

The Law of Total Variance:

var(X) = E[var(X|Y )] + var(E[X|Y ])

The term E[var(X|Y )] can be thought of as the “average variability within groups,” where groups
are defined by the value of Y . The term var(E[X|Y ]) can be thought of as the “variability between
group means.”
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Proof: We start with the two terms on the right-hand side.

E[var(X|Y )] = E[E[X2|Y ]− (E[X|Y ])2] (by def. of conditional variance)

= E[E[X2|Y ]]− E[(E[X|Y ])2] (by linearity of expectation)

= E[X2]− E[(E[X|Y ])2] (by law of iterated expectations on X2)

var(E[X|Y ]) = E[(E[X|Y ])2]− (E[E[X|Y ]])2 (by def. of variance)

= E[(E[X|Y ])2]− (E[X])2 (by law of iterated expectations)

Adding these two expressions together, the E[(E[X|Y ])2] terms cancel, leaving:

E[var(X|Y )] + var(E[X|Y ]) = E[X2]− (E[X])2 = var(X)

4 Application: Sum of a Random Number of Random Variables

Let Y = X1 +X2 + · · ·+XN , where N is a non-negative integer random variable, and the Xi are
i.i.d. random variables, also independent of N . Let E[Xi] = E[X] and var(Xi) = var(X).

4.1 Mean of the Sum

We use the law of iterated expectations, conditioning on N .

E[Y ] = E[E[Y |N ]]

First, we find the inner conditional expectation. Given N = n, Y is a sum of a fixed number n of
random variables.

E[Y |N = n] = E[X1 + · · ·+Xn|N = n] = E[X1 + · · ·+Xn] = nE[X]

The random variable E[Y |N ] is therefore N · E[X]. Now we take the outer expectation:

E[Y ] = E[N · E[X]] = E[N ]E[X]

4.2 Variance of the Sum

We use the law of total variance: var(Y ) = E[var(Y |N)] + var(E[Y |N ]).

1. First Term: E[var(Y |N)]. Given N = n, and since the Xi are independent, the variance of
the sum is the sum of the variances:

var(Y |N = n) = var(X1 + · · ·+Xn) = n · var(X)

The random variable var(Y |N) is therefore N · var(X). Its expectation is:

E[var(Y |N)] = E[N · var(X)] = E[N ]var(X)

2. Second Term: var(E[Y |N ]). We already found that the random variable E[Y |N ] isN ·E[X].
Its variance is:

var(E[Y |N ]) = var(N · E[X]) = (E[X])2var(N)

Adding the two terms gives the final result:

Variance of a Random Sum:

var(Y ) = E[N ]var(X) + (E[X])2var(N)
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Lecture 14: Bi-variate and Multivariate Normal

Instructor: Prof. Abolfazl Hashemi

1 The Bivariate Normal Distribution

1.1 Definition of Jointly Normal Random Variables

The bivariate normal distribution is a fundamental probability model for the joint behavior of two
continuous random variables that are often correlated. It is widely used in statistics, econometrics,
signal processing, and many other fields due to its elegant analytical properties.

Definition (Jointly Normal Random Variables) Two random variables X and Y are said to
be jointly normal if they can be expressed as linear combinations of two independent normal
random variables, U and V . That is, there exist scalars a, b, c, d such that:

X = aU + bV

Y = cU + dV

A critical consequence of this definition is that any linear combination of jointly normal random
variables is itself a normal random variable. For example, if Z = s1X + s2Y , then by substitution,
Z = (s1a+ s2c)U + (s1b+ s2d)V . Since this is a sum of the independent normal random variables
(s1a+ s2c)U and (s1b+ s2d)V , Z is also normal.

1.2 Key Property: Zero Correlation Implies Independence

For general random variables, we know that independence implies zero correlation, but the converse
is not true. However, the bivariate normal distribution has a special and exceptionally useful
property in this regard.

Key property: If two random variables X and Y are jointly normal and are uncorrelated (i.e.,
cov(X,Y ) = 0), then they are independent.

This property is a cornerstone of the theory and dramatically simplifies the analysis of jointly
normal variables, as checking for independence reduces to calculating a single covariance value.

1.3 The Conditional Distribution of X Given Y

A powerful feature of the bivariate normal distribution is that the conditional distributions are also
normal and easy to characterize. To derive these, we first decompose the random variable X into
two components: a part that is predictable from Y and an error term that is independent of Y .

For simplicity, let’s first assume X and Y have zero means. We define the linear least squares
estimator of X given Y , denoted X̂, and the corresponding estimation error, X̃:

X̂ = ρ
σX
σY

Y and X̃ = X − X̂

Since X̂ and X̃ are linear combinations of X and Y , they are also jointly normal with X and Y .
We can show that the error X̃ is uncorrelated with Y :

E[Y X̃] = E

[
Y

(
X − ρ

σX
σY

Y

)]
= E[XY ]− ρ

σX
σY

E[Y 2]
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Using E[XY ] = cov(X,Y ) = ρσXσY and E[Y 2] = var(Y ) = σ2
Y , this becomes:

E[Y X̃] = ρσXσY − ρ
σX
σY

σ2
Y = 0

Since they are jointly normal and uncorrelated, X̃ and Y are independent. This leads to a crucial
result for the conditional expectation.

Generalizing to the non-zero mean case, we arrive at the following properties.

Properties of the Conditional Distribution If X and Y are jointly normal, the conditional
distribution of X given Y = y is normal with:

• Mean: E[X|Y = y] = E[X] + ρσX
σY

(y − E[Y ])

• Variance: var(X|Y = y) = (1− ρ2)σ2
X

Notice that the conditional variance does not depend on the value y of the conditioning variable.

1.4 The Form of the Bivariate Normal PDF

By applying the multiplication rule, fX,Y (x, y) = fY (y)fX|Y (x|y), and substituting the formulas
for the normal PDF of Y and the conditional normal PDF of X given Y , we can derive the full
joint PDF. After significant algebra, the result is as follows.

Bivariate Normal PDF (Zero Mean)

fX,Y (x, y) =
1

2πσXσY
√
1− ρ2

exp

{
− 1

2(1− ρ2)

(
x2

σ2
X

− 2ρxy

σXσY
+

y2

σ2
Y

)}

The joint distribution is fully characterized by the five parameters: the two means (µX , µY ), the
two variances (σ2

X , σ2
Y ), and the correlation coefficient (ρ).

The contours of this PDF, where fX,Y (x, y) is constant, are ellipses centered at the mean.
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2 Examples

2.1 Example 1: Linear Combinations

Problem: Let X and Z be zero-mean jointly normal random variables with σ2
X = 4, σ2

Z = 17/9,
and E[XZ] = 2. Define a new random variable Y = 2X − 3Z. Find the PDF of Y and the
conditional PDF of X given Y .

Solution:

1. Find the PDF of Y. Since Y is a linear combination of jointly normal variables, Y is itself
normal. Its mean is E[Y ] = 2E[X]− 3E[Z] = 0. Its variance is:

σ2
Y = var(2X − 3Z) = 4var(X) + 9var(Z)− 12cov(X,Z)

= 4(4) + 9(17/9)− 12(2) = 16 + 17− 24 = 9.

Thus, Y ∼ N(0, 9), and its PDF is fY (y) =
1

3
√
2π
e−y2/18.

2. Find the conditional PDF of X given Y. The variables X and Y are jointly normal. We
have σX = 2 and σY = 3. We need their correlation coefficient.

cov(X,Y ) = E[XY ] = E[X(2X − 3Z)] = 2E[X2]− 3E[XZ] = 2(4)− 3(2) = 2

ρ =
cov(X,Y )

σXσY
=

2

2 · 3
=

1

3

Now we use the formulas for the conditional distribution:

• Conditional Mean: E[X|Y = y] = 0 + 1
3
2
3(y − 0) = 2

9y.

• Conditional Variance: var(X|Y = y) = (1− ρ2)σ2
X = (1− 1/9) · 4 = 32

9 .

Therefore, the conditional distribution of X given Y = y is N
(
2y
9 , 329

)
.

2.2 Example 2: A Cautionary Note on Marginal vs. Joint Normality

It is important to remember that while two jointly normal random variables must have marginals
that are normal, the converse is not true. It is possible to construct two random variables, X and
Y , that are each marginally normal but are not jointly normal.

Counterexample: Let X ∼ N(0, 1). Let Z be an independent random variable with P (Z =
1) = P (Z = −1) = 1/2. Define Y = ZX.

• The marginal PDF of Y is normal N(0, 1).

• X and Y are uncorrelated: E[XY ] = E[X(ZX)] = E[Z]E[X2] = 0 · 1 = 0.

• However, X and Y are clearly dependent. For example, if we know X = 2, then Y must be
either 2 or -2; its value is constrained.

• Since they are dependent but uncorrelated, they cannot be jointly normal.
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3 The Multivariate Normal Distribution

The concepts of the bivariate normal distribution generalize to the case of more than two random
variables.

Definition (Multivariate Normal): A set of random variablesX1, . . . , Xn are said to be jointly
normal if they are all linear functions of a set of independent normal random variables
U1, . . . , Un.

The key properties extend naturally:

• Zero correlation between any pair of the variables implies their independence.

• The conditional expectation of one variable, given some of the others, is a linear function of
the conditioning variables.

• The conditional PDF of a subset of the variables, given the others, is also multivariate normal.

• The joint PDF has the form f(x) = c · exp(−q(x)), where q(x) is a quadratic function of the
variables x1, . . . , xn.

Multivariate normal models are exceptionally common in many fields of science and engineering.
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Lecture 15: Transforms and Moment Generating Functions
(MGFs)

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Transforms

In our study of random variables, we have so far characterized their distributions using the PMF
or the PDF. In this lecture, we introduce an alternative representation of a probability law: the
transform, also known as the moment generating function (MGF). While not always as
intuitive as a PMF or PDF, the transform is a powerful mathematical tool that is particularly
convenient for certain types of manipulations, especially for finding moments and for analyzing
sums of independent random variables.

Definition (Transform/MGF): The transform associated with a random variable X is a func-
tion MX(s) of a scalar parameter s, defined by the expectation:

MX(s) = E[esX ]

This definition applies to any random variable. The specific calculation depends on whether the
variable is discrete or continuous.

• For a discrete random variable, the transform is given by the sum:

MX(s) =
∑
x

esxpX(x)

• For a continuous random variable, the transform is given by the integral:

MX(s) =

∫ ∞

−∞
esxfX(x)dx

It is important to note that the transform MX(s) is only defined for those values of s for which the
corresponding sum or integral is finite.

2 Calculating Transforms for Common Distributions

2.1 The Poisson Transform

LetX be a Poisson random variable with parameter λ. Its PMF is pX(k) = e−λ λk

k! for k = 0, 1, 2, . . . .
The transform is calculated as follows:

MX(s) = E[esX ] =

∞∑
k=0

esk · e−λλ
k

k!

= e−λ
∞∑
k=0

(esλ)k

k!

We recognize the sum as the Taylor series expansion for ez, where z = λes. Therefore:

MX(s) = e−λeλe
s
= eλ(e

s−1)
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2.2 The Exponential Transform

Let X be an exponential random variable with parameter λ. Its PDF is fX(x) = λe−λx for x ≥ 0.
The transform is calculated as:

MX(s) = E[esX ] =

∫ ∞

0
esx(λe−λx)dx = λ

∫ ∞

0
e(s−λ)xdx

= λ

[
e(s−λ)x

s− λ

]∞
0

This integral converges to a finite value only if the exponent (s − λ) is negative, which requires
s < λ. Under this condition, the upper limit evaluates to 0, and we get:

MX(s) = λ

(
0− e0

s− λ

)
=
−λ
s− λ

=
λ

λ− s
, for s < λ

3 Key Properties of Transforms

3.1 Moment Generation

The name “moment generating function” arises from the fact that the moments ofX (i.e., E[X], E[X2], E[X3], . . . )
can be easily generated from the derivatives of its transform. By differentiating the definition of
the transform with respect to s, we find:

d

ds
MX(s) =

d

ds
E[esX ] = E

[
d

ds
esX
]
= E[XesX ]

If we evaluate this derivative at s = 0, we get:

dMX(s)

ds

∣∣∣∣
s=0

= E[Xe0] = E[X]

By repeatedly differentiating, we can find all the moments.

Moment Generating Property: The n-th moment of X is the n-th derivative of the transform,
evaluated at s = 0.

E[Xn] =
dnMX(s)

dsn

∣∣∣∣
s=0

3.2 Uniqueness and Inversion

A crucial property of transforms is that they uniquely determine the distribution of the random
variable.

Inversion Property: The transform MX(s) uniquely determines the CDF of X, assuming MX(s)
is finite for all s in some interval [−a, a] where a > 0.

This means that if two random variables have the same transform, they must have the same
distribution. This property allows us to identify the distribution of a random variable by calculating
its transform and then recognizing it from a table of known transform-distribution pairs. This
“pattern matching” approach is the primary method for inverting transforms.
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3.3 Sums of Independent Random Variables

One of the most powerful applications of transforms is in analyzing sums of independent random
variables, a task that would otherwise require a potentially difficult convolution. Let X and Y be
independent, and let Z = X + Y .

MZ(s) = E[esZ ] = E[es(X+Y )] = E[esXesY ]

= E[esX ]E[esY ] (since X,Y are independent)

= MX(s)MY (s)

Transform of a Sum: The transform of a sum of independent random variables is the product
of their individual transforms.

Example: Sum of Independent Poissons. Let X ∼ Poisson(λ) and Y ∼ Poisson(µ) be
independent. Let Z = X + Y . The transform of the sum is:

MZ(s) = MX(s)MY (s) = eλ(e
s−1) · eµ(es−1) = e(λ+µ)(es−1)

We immediately recognize this as the transform of a Poisson random variable with parameter λ+µ.
By the uniqueness property, we conclude that Z ∼ Poisson(λ+ µ).

4 Advanced Application: Sum of a Random Number of RVs

Transforms are also exceptionally useful for analyzing sums where the number of terms is itself a
random variable. Let Y = X1 + · · ·+XN , where the Xi are i.i.d. and N is a non-negative integer
random variable, independent of the Xi.

We find the transform of Y using the law of iterated expectations:

MY (s) = E[esY ] = E[E[esY |N ]]

Given the event N = n, Y is the sum of n independent random variables, so its conditional
transform is E[esY |N = n] = (MX(s))n. The random variable E[esY |N ] is therefore (MX(s))N .
Taking the outer expectation:

MY (s) = E[(MX(s))N ] =

∞∑
n=0

(MX(s))npN (n)

We can recognize this expression. It is the PMF of N , but with es replaced by the transform
MX(s).

Formula for Random Sums:
MY (s) = MN (log(MX(s)))
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Lecture 16: Introduction to Bayesian Inference

Instructor: Prof. Abolfazl Hashemi

1 The Big Picture of Inference

1.1 Outline

This lecture introduces the framework of Bayesian inference. We will begin by discussing the “big
picture” of how inference relates to probability theory and the real world, including its motivations
and a wide range of modern applications. We will also define the main problem types encountered
in this field, such as hypothesis testing and estimation.

Following this conceptual overview, we will establish the general Bayesian framework. This will
involve:

• Reviewing the four versions of Bayes’ rule (discrete/continuous combinations) as the engine
for updating our beliefs.

• Defining the output of this process, the posterior distribution.

• Discussing how to summarize this posterior distribution using point estimates, specifically
the Maximum a Posteriori (MAP) estimate and the Least Mean Squares (LMS) estimate.

• Introducing the performance measures used to evaluate these estimates, such as the proba-
bility of error for hypothesis testing and the mean squared error for estimation.

• Finally, we will work through several key examples.

1.2 Inference: The Big Picture

Probability theory and statistical inference are two sides of the same coin. The relationship between
them can be visualized as a loop.

• Probability Theory (Analysis): This is a deductive process. We start with a set of axioms
and a fully specified probabilistic Model. We then use mathematical analysis to derive the
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properties of this model and make Predictions about outcomes or Decisions based on those
predictions, which apply to the Real World.

• Inference/Statistics: This is an inductive process. We begin with Data from the Real
World. Our goal is to use this data to learn about the underlying process that generated it.
We use statistical methods to build, select, or refine a probabilistic Model.

In essence, probability theory moves from model to data, while inference moves from data to model.

1.3 Inference Then and Now

The fundamental questions of inference have existed for a long time, but the scale and complexity
of the problems have changed dramatically.

• Then: Inference was characterized by small, sparse data sets. A typical problem might
involve observing that “10 patients were treated: 3 died” while “10 patients were not treated:
5 died,” and trying to draw a conclusion. The limited data required simple models and led
to conclusions with high uncertainty.

• Now: The modern world is defined by “Big Data,” “Big Models,” and “Big Computers.” We
have access to massive datasets from complex systems and the computational power to build
and analyze equally complex probabilistic models. This allows for unprecedented accuracy
and new types of applications.

2 A Sample of Application Domains

The methods of statistical inference are fundamental to nearly every quantitative field.

• Design and Interpretation of Experiments: This is the classical application, most no-
tably in political polling and election forecasting. An inference model takes polling data
(data) to build a model of voter preferences (model), which is then used to predict an election
outcome (prediction).

• Marketing and Recommendation Systems: Modern online platforms use inference to
model user behavior. In a recommendation system (like the Netflix competition), the system
observes a sparse matrix of user ratings for movies and must infer the missing ratings to
recommend new movies to a user.
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• Finance: Inference is used to model the behavior of financial markets, asset prices, and
volatility based on historical time-series data.

• Life Sciences: Fields like genomics, systems biology, and neuroscience rely on inference
to build models from enormous and complex experimental datasets, such as mapping gene
expression or understanding neural pathways.

• Physical and Environmental Sciences: Inference is used for modeling and monitoring
global climate, pollution, interpreting data from physics experiments, and processing astro-
nomical data.

• Signal Processing (ECE): This field is built on inference. Examples include:

– Communication systems (extracting a signal from noise)

– Speech and image processing and understanding

– Tracking objects with radar or vision

– Positioning systems like GPS
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– Detection of abnormal events

2.1 Model Building vs. Variable Estimation

Inference problems can often be divided into two main categories, which we can illustrate with a
simple signal-plus-noise model: X = aS +W . Here, X is our observation, S is the true signal, a is
a parameter of the system (like channel attenuation), and W is random noise.

• Model Building: In this problem, we know the signal S (e.g., we sent a known test signal)
and we observe X. Our goal is to infer the unknown parameter a, which defines the model
of our system.

• Variable Estimation: In this problem, we know the system parameter a and we observe
X. Our goal is to infer the value of the original, unobserved signal S.

2.2 Hypothesis Testing vs. Estimation

We can also classify inference problems by the nature of the unknown quantity.

• Hypothesis Testing: The unknown quantity, Θ, is discrete and takes one of a few possible
values. For example, Θ ∈ {airplane, bird} or Θ ∈ {disease, no disease}. The goal is to make
a decision and select the correct hypothesis, aiming to minimize the probability of making an
incorrect decision.

• Estimation: The unknown, Θ, is a continuous numerical value (or a vector of values). For
example, Θ could be the precise location of the airplane, the temperature of a system, or the
bias of a coin. The goal is to produce an estimate, θ̂, that is “close” to the true unknown
value Θ.

3 The Bayesian Inference Framework

The Bayesian approach to inference is a unified framework that treats all unknown quantities as
random variables.

The framework consists of three main components:
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1. The Prior Distribution (pΘ or fΘ): This is a probability distribution (PMF or PDF)
that represents our beliefs about the unknown quantity Θ before we have seen any data. This
prior can come from physical constraints (e.g., Θ must be in [0, 1]), symmetry, results from
earlier studies, or even a subjective belief.

2. The Observation Model (pX|Θ or fX|Θ): This is a conditional distribution (PMF or PDF)
that describes the data-generating process. It tells us the probability of observing the data X
given that the unknown parameter Θ has a specific value. This is also called the “likelihood”
of the data given the parameter.

3. The Posterior Distribution (pΘ|X or fΘ|X): After we make an observation X = x, we use
Bayes’ rule to update our beliefs. The result is the posterior distribution, which represents
our new, refined belief about Θ after incorporating the evidence from the data.

3.1 The Output of Bayesian Inference

The complete answer to a Bayesian inference problem is the full posterior distribution. This PMF
or PDF encapsulates all the information we have about Θ.

From this complete answer, we can derive simpler, more actionable summaries. The most common
summaries are point estimates (a single “best guess”) and error analyses (a measure of our
confidence in that guess).

3.2 Point Estimates

An estimator is a rule, or function g(X), that maps an observation X to a guess Θ̂. The resulting
number, θ̂ = g(x), is the estimate. There are two major Bayesian estimators:

1. Maximum a Posteriori (MAP) Estimate: This is the value of θ that maximizes the
posterior distribution. It is the “peak” of the posterior, or the most likely value of Θ given
the data.

θ̂MAP = argmax
θ

pΘ|X(θ|x) or argmax
θ

fΘ|X(θ|x)

2. Conditional Expectation / Least Mean Squares (LMS) Estimate: This is the ex-
pected value (or mean) of the posterior distribution.

θ̂LMS = E[Θ|X = x]

As we will see later, this estimate is the one that minimizes the mean squared error.
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4 The Four Cases of Bayesian Inference

4.1 Case 1: Discrete Θ, Discrete X (Hypothesis Testing)

This is the classic discrete hypothesis testing problem.

• Bayes’ Rule: pΘ|X(θ|x) = pΘ(θ)pX|Θ(x|θ)
pX(x)

• Evidence: pX(x) =
∑

θ′ pΘ(θ
′)pX|Θ(x|θ′)

In the example shown in the figure, Θ can be 1, 2, or 3. Given the observation x, the posterior
probabilities are pΘ|X(1|x) = 0.1, pΘ|X(2|x) = 0.6, and pΘ|X(3|x) = 0.3.

• MAP Estimate: The MAP estimate is θ̂ = 2, as this value has the highest posterior
probability (0.6).

• Performance (Probability of Error): Given X = x, the probability of error associated
with our MAP estimate is P (θ̂ ̸= Θ|X = x) = 1− pΘ|X(θ̂|x) = 1− 0.6 = 0.4. The MAP rule
is optimal because it minimizes this conditional probability of error for every possible x.

4.2 Case 2: Discrete Θ, Continuous X (Signal Detection)

This is a standard signal detection problem, e.g., Θ ∈ {1, 2, 3} is a transmitted symbol and X =
Θ+W is the received signal, corrupted by continuous noise W ∼ N(0, σ2).

• Bayes’ Rule: pΘ|X(θ|x) = pΘ(θ)fX|Θ(x|θ)
fX(x)

• Evidence: fX(x) =
∑

θ′ pΘ(θ
′)fX|Θ(x|θ′)

The MAP rule and error calculations are identical to the discrete-discrete case. The MAP rule still
minimizes the overall probability of error.

4.3 Case 3: Continuous Θ, Continuous X (Parameter Estimation)

This is the classic parameter estimation problem, e.g., estimating a signal amplitude Θ from a noisy
measurement X = Θ+W .

• Bayes’ Rule: fΘ|X(θ|x) = fΘ(θ)fX|Θ(x|θ)
fX(x)

• Evidence: fX(x) =
∫
fΘ(θ

′)fX|Θ(x|θ′)dθ′
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Since P (Θ̂ = Θ) = 0 for continuous variables, we use a different performance metric: the Mean
Squared Error (MSE). The LMS estimate E[Θ|X = x] is defined as the estimate that minimizes
this MSE.

4.4 Case 4: Continuous Θ, Discrete X (Coin Bias Example)

This is a core problem: inferring the unknown bias Θ of a coin (a continuous value in [0, 1]) after
observing K = k heads in n discrete tosses.

• Bayes’ Rule: fΘ|K(θ|k) = fΘ(θ)pK|Θ(k|θ)
pK(k)

• Likelihood: pK|Θ(k|θ) =
(
n
k

)
θk(1− θ)n−k (Binomial PMF)

If we assume a uniform prior fΘ(θ) = 1 for θ ∈ [0, 1], the posterior is:

fΘ|K(θ|k) =
1 ·
(
n
k

)
θk(1− θ)n−k

pK(k)
= c · θk(1− θ)n−k

This posterior distribution is known as the Beta distribution.

Point Estimates for the Coin Bias Problem:

• MAP Estimate: We maximize fΘ|K(θ|k) by finding the peak of θk(1 − θ)n−k. Taking the
derivative with respect to θ and setting it to zero yields k(1− θ) = (n− k)θ, which solves to
θ̂MAP = k/n.

• LMS Estimate: We must compute the mean of the Beta posterior. Using the known integral∫ 1
0 θα(1− θ)βdθ = α!β!

(α+β+1)! , we find:

E[Θ|K = k] =

∫ 1

0
θ · fΘ|K(θ|k)dθ =

∫ 1
0 θk+1(1− θ)n−kdθ∫ 1
0 θk(1− θ)n−kdθ

=
(k + 1)!(n− k)!/(n+ 2)!

k!(n− k)!/(n+ 1)!
=

(k + 1)!

k!
· (n+ 1)!

(n+ 2)!
=

k + 1

n+ 2

So, θ̂LMS = k+1
n+2 .

5 Summary

• Bayesian inference starts with a prior pΘ(·) and an observation model pX|Θ(·|·).

• It uses Bayes’ rule to compute the posterior pΘ|X(·|x) after observing data X = x.

• An estimator Θ̂ = g(X) is a rule; an estimate θ̂ = g(x) is a number.

• MAP estimates maximize the posterior. This is optimal for hypothesis testing as it minimizes
the probability of error.

• LMS estimates compute the mean of the posterior, E[Θ|X = x]. This is optimal for estima-
tion as it minimizes the Mean Squared Error, E[(Θ̂−Θ)2].
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Lecture 17: Linear Models With Normal Noise

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Linear Models with Normal Noise

This lecture explores a particularly important and widely used class of models in estimation theory:
linear models where both the underlying parameters and the observation noise are assumed to follow
normal (Gaussian) distributions.

The general form of the model we consider involves observations Xi that are linear combinations
of unknown parameters Θj , corrupted by additive noise Wi:

Xi =

m∑
j=1

aijΘj +Wi

Here, aij are known coefficients. A key assumption in this lecture is that the noise terms Wi and
the parameters Θj are mutually independent random variables, and all follow normal distributions.

This model structure is highly prevalent in various fields due to several advantageous properties:

• Convenience and Tractability: Normal distributions have convenient mathematical prop-
erties that simplify analysis significantly.

• Bayes’ Rule Application: When priors and likelihoods are normal, the resulting poste-
rior distribution is also normal. This property is known as conjugacy and greatly simplifies
Bayesian inference.

• Coincidence of Estimators: For these models, the Maximum A Posteriori (MAP) esti-
mate and the Least Mean Squares (LMS) estimate (which is equivalent to the conditional
expectation E[Θ|X]) coincide.

• Simple Estimator Formulas: The resulting MAP/LMS estimators are often linear func-
tions of the observations, leading to straightforward calculation.

• Analytical Performance: Measures like the Mean Squared Error (MSE) can often be
calculated analytically.

We will illustrate these concepts using examples, culminating in a trajectory estimation problem.

2 Recognizing Normal PDFs

Before diving into estimation, it’s crucial to be able to recognize the probability density func-
tion (PDF) of a normal random variable, possibly scaled or unnormalized. A random variable X
following a normal distribution with mean µ and variance σ2, denoted X ∼ N(µ, σ2), has the PDF:

fX(x) =
1

σ
√
2π

e−
(x−µ)2

2σ2

The key feature is that the exponent is a quadratic function of x, specifically −(x− µ)2/(2σ2).
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Any function of the form f(x) = c ·e−Q(x), where c is a constant and Q(x) is a quadratic function of
x with a positive coefficient for the x2 term, corresponds to a normal PDF (possibly unnormalized).

For instance, consider g(x) = c · e−8(x−3)2 . Comparing this to the standard form, we can identify:

(x− µ)2

2σ2
= 8(x− 3)2

This implies µ = 3 and 2σ2 = 1/8, so σ2 = 1/16. Thus, g(x) represents the PDF of a N(3, 1/16)
random variable, scaled by some constant c.

More generally, if we encounter a function like:

fX(x) = c · e−(αx2+βx+γ)

where α > 0, we can rewrite the exponent by completing the square to match the normal PDF
structure:

αx2 + βx+ γ = α

(
x2 +

β

α
x

)
+ γ = α

(
x+

β

2α

)2

− β2

4α
+ γ

Comparing α
(
x+ β

2α

)2
with (x−µ)2

2σ2 , we identify:

µ = − β

2α

1

2σ2
= α =⇒ σ2 =

1

2α

Thus, any PDF proportional to e−(αx2+βx+γ) with α > 0 corresponds to a normal distribution
N(−β/2α, 1/(2α)).

3 Estimating a Normal Random Variable with Additive Normal
Noise

Let’s start with the simplest case: estimating a single unknown parameter Θ based on a single
observation X, where the observation is the sum of the parameter and independent noise W .

X = Θ+W

Assume both Θ and W are normal random variables and are independent. Specifically, let’s first
consider the standard case: Θ ∼ N(0, 1) and W ∼ N(0, 1).

Our goal is to find the posterior PDF fΘ|X(θ|x) using Bayes’ rule:

fΘ|X(θ|x) =
fΘ(θ)fX|Θ(x|θ)

fX(x)

where fX(x) =
∫∞
−∞ fΘ(θ)fX|Θ(x|θ)dθ is the marginal PDF ofX, acting as a normalization constant.

First, we need the likelihood function fX|Θ(x|θ). Given a specific value Θ = θ, the observation
X = θ + W . Since W ∼ N(0, 1), X conditioned on Θ = θ is a shifted normal random variable:
X|{Θ = θ} ∼ N(θ, 1). Thus, the likelihood is:

fX|Θ(x|θ) =
1√
2π

e−
(x−θ)2

2
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The prior PDF for Θ is:

fΘ(θ) =
1√
2π

e−
θ2

2

Now, applying Bayes’ rule (ignoring the denominator fX(x) for now, as it’s just a normalizing
constant with respect to θ):

fΘ|X(θ|x) ∝ fΘ(θ)fX|Θ(x|θ)

∝
(

1√
2π

e−
θ2

2

)(
1√
2π

e−
(x−θ)2

2

)
∝ exp

{
−θ2

2
− (x− θ)2

2

}
= exp

{
−1

2
(θ2 + x2 − 2xθ + θ2)

}
= exp

{
−1

2
(2θ2 − 2xθ + x2)

}
= exp

{
−
(
θ2 − xθ +

x2

2

)}
The expression in the exponent, θ2 − xθ + x2/2, is quadratic in θ. The coefficient of θ2 is 1(> 0).
This confirms that the posterior distribution fΘ|X(θ|x) is normal. To find its mean and variance,
we complete the square for the terms involving θ:

θ2 − xθ =
(
θ − x

2

)2
− x2

4

Substituting this back into the exponent:

−
((

θ − x

2

)2
− x2

4
+

x2

2

)
= −

((
θ − x

2

)2
+

x2

4

)
So, the posterior PDF is proportional to:

fΘ|X(θ|x) ∝ exp

{
−
(
θ − x

2

)2}
exp

{
−x2

4

}
Since the term exp{−x2/4} does not depend on θ, it gets absorbed into the normalization constant.
The part depending on θ is:

fΘ|X(θ|x) ∝ exp

{
−(θ − x/2)2

1

}
Comparing this to the general normal PDF form exp{− (θ−µpost)2

2σ2
post

}, we identify the posterior mean

µpost and posterior variance σ2
post:

µpost =
x

2

2σ2
post = 1 =⇒ σ2

post =
1

2

Therefore, the posterior distribution is Θ|{X = x} ∼ N(x/2, 1/2).
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The MAP estimate θ̂MAP is the value of θ that maximizes the posterior PDF. For a normal
distribution, this is simply the mean.

θ̂MAP = µpost =
x

2

The LMS estimate θ̂LMS is the conditional expectation E[Θ|X = x]. For any distribution, this is
the mean of the conditional distribution.

θ̂LMS = E[Θ|X = x] = µpost =
x

2

In this case, MAP and LMS estimates coincide. The estimator, viewed as a function of the random
variable X, is:

Θ̂MAP = Θ̂LMS = E[Θ|X] =
X

2

This estimator is a linear function of the observation X.

These key findings hold even for general normal priors and noise: if Θ ∼ N(µ0, σ
2
0) and W ∼

N(0, σ2
W ), and X = Θ+W , then:

• The posterior fΘ|X(θ|x) is normal.

• The MAP and LMS estimators coincide.

• The estimator Θ̂ = E[Θ|X] is a linear function of X, specifically of the form Θ̂ = aX + b.
(The exact formula involves a weighted average of the prior mean µ0 and the observation x).

4 Estimation with Multiple Observations

Now, consider the case where we have multiple independent observations X1, ..., Xn, all related to
the same unknown parameter Θ.

X1 = Θ+W1

...

Xn = Θ+Wn

Assume Θ, W1, ..., Wn are mutually independent. Let the prior for Θ be Θ ∼ N(x0, σ
2
0) and the

noise terms be Wi ∼ N(0, σ2
i ). Note that we use x0 to denote the prior mean to distinguish it from

the observations x1, ..., xn.

We again use Bayes’ rule for the vector of observations X = (X1, ..., Xn):

fΘ|X(θ|x) =
fΘ(θ)fX|Θ(x|θ)

fX(x)

The prior is fΘ(θ) ∝ exp{− (θ−x0)2

2σ2
0
}.

To find the joint likelihood fX|Θ(x|θ), we use the fact that given Θ = θ, the observationsXi = θ+Wi

are conditionally independent. This is because the Wi are independent. Given Θ = θ, each Xi is
normal: Xi|{Θ = θ} ∼ N(θ, σ2

i ). The individual likelihood for observation Xi is:

fXi|Θ(xi|θ) =
1

σi
√
2π

e
− (xi−θ)2

2σ2
i
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Due to conditional independence, the joint likelihood is the product of the individual likelihoods:

fX|Θ(x|θ) =
n∏

i=1

fXi|Θ(xi|θ) ∝
n∏

i=1

exp

{
−(xi − θ)2

2σ2
i

}
= exp

{
−

n∑
i=1

(xi − θ)2

2σ2
i

}

Now, the posterior is proportional to the product of the prior and the joint likelihood:

fΘ|X(θ|x) ∝ fΘ(θ)fX|Θ(x|θ)

∝ exp

{
−(θ − x0)

2

2σ2
0

}
exp

{
−

n∑
i=1

(xi − θ)2

2σ2
i

}

= exp

{
−1

2

(
(θ − x0)

2

σ2
0

+
n∑

i=1

(xi − θ)2

σ2
i

)}

= exp

{
−1

2

n∑
i=0

(xi − θ)2

σ2
i

}

Let quad(θ) =
∑n

i=0
(xi−θ)2

σ2
i

. The posterior is fΘ|X(θ|x) ∝ e−
1
2
quad(θ). Since quad(θ) is a sum of

quadratic functions in θ, it is itself a quadratic function in θ. The coefficient of θ2 in quad(θ) is∑n
i=0

1
σ2
i
, which is positive. Therefore, the posterior distribution is normal.

To find the MAP/LMS estimate, we need to find the value of θ that minimizes quad(θ) (or equiv-
alently, maximizes the posterior PDF). We can do this by taking the derivative with respect to θ
and setting it to zero:

d

dθ
quad(θ) =

d

dθ

n∑
i=0

(xi − θ)2

σ2
i

=
n∑

i=0

−2(xi − θ)

σ2
i

= −2
n∑

i=0

(
xi
σ2
i

− θ

σ2
i

)
Setting the derivative to zero:

n∑
i=0

xi
σ2
i

−
n∑

i=0

θ

σ2
i

= 0

n∑
i=0

xi
σ2
i

= θ

n∑
i=0

1

σ2
i

Solving for θ gives the estimate:

θ̂MAP = θ̂LMS = E[Θ|X = x] =

∑n
i=0

xi

σ2
i∑n

i=0
1
σ2
i

This confirms that the MAP and LMS estimates coincide and yield this formula.

4.1 Interpretation of the Estimate

The estimate θ̂ =
∑n

i=0 xi/σ
2
i∑n

i=0 1/σ
2
i
has a clear interpretation as a weighted average. We can rewrite it as:

θ̂ =
n∑

i=0

wixi, where wi =
1/σ2

i∑n
j=0 1/σ

2
j
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The weights wi sum to 1 (
∑n

i=0wi = 1). The estimate is a weighted average of the prior mean
x0 and all the observations x1, ..., xn. The weight wi given to xi is inversely proportional to its
associated variance σ2

i (where σ2
0 is the prior variance and σ2

i for i ≥ 1 is the noise variance for
Xi). This makes intuitive sense: data points (including the prior mean) with smaller variance (i.e.,
higher precision or certainty) receive higher weight in the final estimate.

Key conclusions for the multiple observation case remain consistent with the single observation case
under normality:

• The posterior distribution fΘ|X(θ|x) is normal.

• The LMS and MAP estimates coincide, given by the weighted average formula.

• The estimate is a linear function of the prior mean and the observations: θ̂ = a0x0 + a1x1 +
· · ·+ anxn.

5 The Mean Squared Error

A crucial aspect of estimation is evaluating the performance of an estimator. For the LMS esti-
mator, the relevant performance measure is the Mean Squared Error (MSE). We consider both the
conditional MSE given the observations, and the overall (unconditional) MSE.

The conditional MSE given X = x is the variance of the posterior distribution:

MSEcond = E[(Θ− Θ̂)2|X = x] = E[(Θ− E[Θ|X = x])2|X = x] = var(Θ|X = x)

Since we found that the posterior fΘ|X(θ|x) is proportional to e−
1
2
quad(θ), where quad(θ) =

∑n
i=0

(θ−xi)
2

σ2
i

,

we can identify the posterior variance. Recall that for a normal distribution N(µ, σ2), the PDF is

proportional to e−
(θ−µ)2

2σ2 . We need to rewrite quad(θ) in the form
(θ−µpost)2

σ2
post

+ const. Expanding

quad(θ):

quad(θ) =

n∑
i=0

θ2 − 2xiθ + x2i
σ2
i

=

(
n∑

i=0

1

σ2
i

)
θ2 − 2

(
n∑

i=0

xi
σ2
i

)
θ +

(
n∑

i=0

x2i
σ2
i

)

This is of the form Aθ2 +Bθ +C. Comparing the exponent −1
2quad(θ) with the standard normal

exponent − (θ−µpost)2

2σ2
post

, we look at the coefficient of θ2:

−1

2

(
n∑

i=0

1

σ2
i

)
= − 1

2σ2
post

This directly gives the posterior variance:

σ2
post = var(Θ|X = x) =

1∑n
i=0

1
σ2
i

Therefore, the conditional MSE is:

E[(Θ− Θ̂)2|X = x] =
1∑n

i=0
1
σ2
i
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An important observation is that this conditional variance (and thus the conditional MSE) does
not depend on the specific values observed x = (x1, ..., xn). It depends only on the prior variance
σ2
0 and the noise variances σ2

i .

The overall (unconditional) MSE is the expectation of the conditional MSE over all possible obser-
vations X:

MSEoverall = E[(Θ− Θ̂)2] = E
[
E[(Θ− Θ̂)2|X]

]
Since the conditional MSE is constant and does not depend on X, its expectation is just the
constant itself:

E[(Θ− Θ̂)2] =
1∑n

i=0
1
σ2
i

So, for linear models with normal noise, the conditional and unconditional MSE for the LMS/MAP
estimator are identical.

5.1 Examples

• Equal Variances: If all variances are equal, σ2
0 = σ2

1 = · · · = σ2
n = σ2, then the sum in the

denominator has n+ 1 identical terms:

n∑
i=0

1

σ2
i

=

n∑
i=0

1

σ2
=

n+ 1

σ2

The estimate becomes the simple average: θ̂ =
∑n

i=0 xi

n+1 . The MSE (conditional and uncondi-
tional) is:

MSE =
1

(n+ 1)/σ2
=

σ2

n+ 1

As the number of observations n increases, the MSE decreases, reflecting increasing accuracy.

• Single Observation Case Revisited: Consider X = Θ + W , with Θ ∼ N(0, 1) and
W ∼ N(0, 1) independent. Here, n = 1, x0 = 0 (prior mean), σ2

0 = 1, x1 is the observation,

σ2
1 = 1. The estimate is Θ̂ =

x0/σ2
0+x1/σ2

1

1/σ2
0+1/σ2

1
= 0/1+X/1

1/1+1/1 = X
2 , which matches our previous result.

The MSE is:

MSE = E[(Θ− Θ̂)2|X = x] =
1

1/σ2
0 + 1/σ2

1

=
1

1/1 + 1/1
=

1

2

The conditional MSE is constant, equal to 1/2.

6 Multiple Parameters: Trajectory Estimation Example

The framework extends naturally to estimating multiple unknown parameters Θ = (Θ1, ...,Θm).
Consider estimating the parameters of a trajectory. Suppose the position x(t) at time t follows a
quadratic model:

x(t) = θ0 + θ1t+ θ2t
2

Here, θ0, θ1, θ2 are the unknown parameters determining the trajectory (e.g., initial position, initial
velocity, acceleration/2).
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We model these parameters as random variables Θ0,Θ1,Θ2. Let’s assume they are independent
with prior distributions fΘj (θj). We take measurements of the position at different times t1, ..., tn.
Each measurement Xi is corrupted by noise Wi:

Xi = Θ0 +Θ1ti +Θ2t
2
i +Wi

We assume a noise model, typically that the Wi are independent and identically distributed (i.i.d.)
random variables, independent of the Θj .

6.1 Model with Normality Assumptions

Let’s make specific normality assumptions:

• Priors: Θj ∼ N(0, σ2
j ) for j = 0, 1, 2. Assume independence. (Using zero mean priors is

common if there’s no strong prior belief, but non-zero means could also be used).

• Noise: Wi ∼ N(0, σ2) for i = 1, ..., n. Assume independence, and independence from Θj .

We want to find the posterior PDF for the vector Θ = (Θ0,Θ1,Θ2) given the vector of observations
X = (X1, ..., Xn). Using Bayes’ rule:

fΘ|X(θ|x) ∝ fΘ(θ)fX|Θ(x|θ)

The joint prior PDF fΘ(θ) is the product of individual priors due to independence:

fΘ(θ) = fΘ0(θ0)fΘ1(θ1)fΘ2(θ2) ∝ exp

{
− θ20
2σ2

0

}
exp

{
− θ21
2σ2

1

}
exp

{
− θ22
2σ2

2

}

fΘ(θ) ∝ exp

{
−1

2

(
θ20
σ2
0

+
θ21
σ2
1

+
θ22
σ2
2

)}
The joint likelihood fX|Θ(x|θ) is found using the conditional independence of Xi given Θ = θ.
Given θ = (θ0, θ1, θ2), each observation is Xi = (θ0 + θ1ti + θ2t

2
i ) +Wi. Since Wi ∼ N(0, σ2), we

have Xi|{Θ = θ} ∼ N(θ0 + θ1ti + θ2t
2
i , σ

2). The individual likelihood is:

fXi|Θ(xi|θ) ∝ exp

{
−(xi − (θ0 + θ1ti + θ2t

2
i ))

2

2σ2

}
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The joint likelihood is the product:

fX|Θ(x|θ) =
n∏

i=1

fXi|Θ(xi|θ) ∝
n∏

i=1

exp

{
−(xi − θ0 − θ1ti − θ2t

2
i )

2

2σ2

}

fX|Θ(x|θ) ∝ exp

{
− 1

2σ2

n∑
i=1

(xi − θ0 − θ1ti − θ2t
2
i )

2

}
Combining the prior and the likelihood, the posterior PDF is:

fΘ|X(θ|x) ∝ exp

{
−1

2

(
θ20
σ2
0

+
θ21
σ2
1

+
θ22
σ2
2

)
− 1

2σ2

n∑
i=1

(xi − θ0 − θ1ti − θ2t
2
i )

2

}
Let this be written as fΘ|X(θ|x) ∝ c(x) exp{−1

2Q(θ0, θ1, θ2)}, where c(x) collects terms not depend-
ing on θ, and

Q(θ0, θ1, θ2) =

(
θ20
σ2
0

+
θ21
σ2
1

+
θ22
σ2
2

)
+

1

σ2

n∑
i=1

(xi − θ0 − θ1ti − θ2t
2
i )

2

The expression Q(θ0, θ1, θ2) is a quadratic function of the parameters θ0, θ1, θ2. This implies that
the joint posterior distribution fΘ|X(θ|x) is a multivariate normal distribution.

The MAP estimate θ̂MAP = (θ̂0,MAP , θ̂1,MAP , θ̂2,MAP ) is found by maximizing the posterior PDF,
which is equivalent to minimizing the quadratic function Q(θ0, θ1, θ2) with respect to θ0, θ1, θ2. This
minimization can be performed by setting the partial derivatives ∂Q/∂θj to zero for j = 0, 1, 2.
This results in a system of linear equations for θ0, θ1, θ2.

7 General Linear Normal Models

The trajectory example is a specific instance of a broader class of linear normal models. In general,
if the parameters Θ = (Θ1, ...,Θm) and observations X = (X1, ..., Xn) are such that they can all
be expressed as linear functions of some underlying independent normal random variables (which
includes the priors for Θj and the noise terms Wi), then several key properties hold:

• The joint posterior distribution fΘ|X(θ|x) is a multivariate normal distribution. Its PDF is
proportional to exp{−Quadratic(θ1, ..., θm)}.

• The MAP estimate Θ̂MAP is found by minimizing this quadratic function. This leads to a
system of linear equations.

• The MAP estimate for each parameter Θ̂MAP,j is a linear function of the observations X =
(X1, ..., Xn).

• MAP = LMS: In the multivariate normal case, the mode (MAP estimate) coincides with
the mean (LMS estimate). Thus, Θ̂MAP,j = E[Θj |X].

• Marginal Posteriors: The marginal posterior PDF for each individual parameter, fΘj |X(θj |x),
is also normal.

• Joint vs. Marginal MAP: The MAP estimate for Θj obtained from the joint posterior
(Θ̂MAP,j) is the same as the MAP estimate obtained from the marginal posterior fΘj |X(θj |x).
This is a property of multivariate normal distributions where the mode of the joint distribution
projects onto the modes of the marginal distributions.
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• Constant Conditional MSE: The conditional MSE for estimating Θi, given X = x, which
is the variance of the marginal posterior distribution var(Θi|X = x), does not depend on the
observed values x. Consequently, the overall MSE E[(Θ̂i,MAP −Θi)

2] is equal to this constant
conditional MSE.

8 Illustration: Free-Falling Object Trajectory

Let’s consider a specific numerical example of trajectory estimation. Suppose an object is falling
under gravity, so its vertical position follows x(t) = Θ0 + Θ1t + Θ2t

2. We know the acceleration
due to gravity, so Θ2 = −g/2 ≈ −9.81/2 = −4.905. Let’s assume Θ2 is known and constant for
simplicity in this version (although the original slide notation varies slightly across pages). We
want to estimate the initial position Θ0 and initial velocity Θ1.

Assume the following priors and noise model:

• Θ0 ∼ N(µ0, σ
2
0), e.g., µ0 = 200, σ2

0 = 502

• Θ1 ∼ N(µ1, σ
2
1), e.g., µ1 = 50, σ2

1 = 502

• Θ2 = −9.81/2 = −4.905 (Known constant)

• Noise Wi ∼ N(0, σ2), e.g., σ2 = 502

Measurements Xi are taken at times ti:

Xi = Θ0 +Θ1ti +Θ2t
2
i +Wi

The posterior PDF for (Θ0,Θ1) given X = x is proportional to:

fΘ0,Θ1|X(θ0, θ1|x) ∝ fΘ0(θ0)fΘ1(θ1)
n∏

i=1

fXi|Θ0,Θ1
(xi|θ0, θ1)

∝ exp

{
−(θ0 − µ0)

2

2σ2
0

}
exp

{
−(θ1 − µ1)

2

2σ2
1

}
exp

{
−

n∑
i=1

(xi − θ0 − θ1ti −Θ2t
2
i )

2

2σ2

}
The MAP estimate (θ̂0,MAP , θ̂1,MAP ) is found by minimizing the negative logarithm of this expres-
sion (ignoring constants), which means minimizing:

(θ0 − µ0)
2

2σ2
0

+
(θ1 − µ1)

2

2σ2
1

+

n∑
i=1

(xi − θ0 − θ1ti −Θ2t
2
i )

2

2σ2

Using the example values (µ0 = 200, µ1 = 50, σ2
0 = σ2

1 = σ2 = 502,Θ2 = −4.905 ≈ −9.81/2. Note:
slide 15 uses Θ2 = −9.81 directly in the objective, suggesting it might be simplifying g = 9.81
and Θ2 = −g. Let’s stick to the objective shown on slide 15, which seems to absorb the 1/(2σ2)
scaling): Minimize w.r.t. θ0, θ1:

(θ0 − 200)2 + (θ1 − 50)2 +
n∑

i=1

(xi − θ0 − θ1ti + (9.81/2)t2i )
2

(Note: The slides use +9.81t2i inside the square, which likely assumes xi measurements are adjusted
for the known gravity term, or there’s a sign convention difference. Assuming the formula on slide
15 is the intended objective based on their priors and measurements).
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Solving this minimization problem (a standard least squares problem with regularization from the
prior) yields the MAP estimates θ̂0 and θ̂1. The figures illustrate this process: noisy measure-
ments are generated from a true trajectory, and the MAP estimation procedure finds an estimated
trajectory that balances fitting the data and adhering to the prior beliefs.
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The final slide in the illustration shows numerical results for a specific realization:

• True θ0 = 236.2702

• MAP estimate θ̂0 = 256.0561
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• Standard deviation of the estimator Θ̂0 (square root of posterior variance var(Θ0|X = x)):
std(θ̂0) = 21.1193

• True θ1 = 46.8473

• MAP estimate θ̂1 = 48.282

• Standard deviation of the estimator Θ̂1: std(θ̂1) = 3.2538

These standard deviations quantify the uncertainty in the estimates based on the posterior dis-
tribution. The “95% confidence interval” shown in the plot is likely derived from these posterior
standard deviations, typically as θ̂j ± 1.96× std(θ̂j). The plot visually demonstrates how the esti-
mated trajectory, derived from the MAP estimates, fits the noisy data while being influenced by
the prior expectations.
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Lecture 18: Least Mean Squares (LMS) Estimation Estimation

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Least Mean Squares (LMS) Estimation

This lecture introduces the Least Mean Squares (LMS) estimation criterion, a fundamental ap-
proach for determining point estimates of unknown parameters. Unlike the Maximum A Posteriori
(MAP) method, which seeks the most probable value of the parameter, LMS estimation aims to
find an estimate that minimizes the average squared error.

Specifically, given an observation X = x, we want to find an estimate θ̂ for the unknown parameter
Θ that minimizes the conditional Mean Squared Error (MSE):

MSEcond(θ̂|x) = E[(Θ− θ̂)2|X = x]

As we will show, the solution that minimizes this conditional MSE is the conditional expectation
of the parameter given the observation:

θ̂LMS = E[Θ|X = x]

This provides a powerful and widely applicable method for generating estimators. We will delve into
its mathematical properties, compare it with MAP estimation, and work through an illustrative
example.

2 LMS Estimation Without Observations

Let’s first consider the simplest scenario: estimating an unknown parameter Θ when we have no
observations, only a prior distribution fΘ(θ) (or pΘ(θ) for discrete Θ). We want to choose a single
numerical value θ̂ as our best guess for Θ.

How should we choose this θ̂?

• One approach is the MAP rule: choose θ̂ that maximizes the prior fΘ(θ). This gives the most
likely value before seeing any data.

• Another approach relates to minimizing the error. The LMS criterion in this context is to
choose θ̂ to minimize the overall Mean Squared Error (MSE), which is calculated based solely
on the prior distribution:

MSE(θ̂) = E[(Θ− θ̂)2] =

∫ ∞

−∞
(θ − θ̂)2fΘ(θ)dθ

(or a sum if Θ is discrete).

2.1 Example: Uniform Prior

Suppose Θ is uniformly distributed between 4 and 10: Θ ∼ U [4, 10].

fΘ(θ) =

{
1/6 if 4 ≤ θ ≤ 10

0 otherwise

For this uniform prior:
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• The MAP estimate could be any value between 4 and 10, as they all have the maximum
probability density.

• The LMS estimate seeks to minimize E[(Θ− θ̂)2].

2.2 Derivation of the LMS Estimate (No Observations)

To find the value θ̂ that minimizes g(θ̂) = E[(Θ−θ̂)2], we can differentiate g(θ̂) with respect to θ̂ and
set the derivative to zero. We can differentiate inside the expectation (assuming mild conditions):

d

dθ̂
E[(Θ− θ̂)2] = E

[
d

dθ̂
(Θ− θ̂)2

]
= E[2(Θ− θ̂) · (−1)]
= −2E[Θ− θ̂]

= −2(E[Θ]− E[θ̂])

= −2(E[Θ]− θ̂) (since θ̂ is a constant here)

Setting the derivative to zero:

−2(E[Θ]− θ̂) = 0 =⇒ θ̂ = E[Θ]

The second derivative is d2

dθ̂2
g(θ̂) = d

dθ̂
[−2(E[Θ]− θ̂)] = 2 > 0, confirming this is a minimum.

Therefore, the LMS estimate in the absence of observations is the mean (expected value) of the
prior distribution.

For the uniform example Θ ∼ U [4, 10], the mean is E[Θ] = (4 + 10)/2 = 7. So, θ̂LMS = 7.

2.3 Optimal Mean Squared Error (No Observations)

The minimum achievable MSE occurs when we use the LMS estimate θ̂ = E[Θ]. The value of this
minimum MSE is:

min
θ̂

E[(Θ− θ̂)2] = E[(Θ− E[Θ])2]

This expression is precisely the definition of the variance of Θ.

Optimal MSE = var(Θ)

For the uniform example Θ ∼ U [4, 10], the variance is var(Θ) = (b−a)2

12 = (10−4)2

12 = 62

12 = 36
12 = 3.

The minimum MSE achievable with a constant estimate is 3.
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3 LMS Estimation Based on an Observation X

Now, let’s incorporate an observation X. We have:

• An unknown parameter Θ with prior fΘ(θ).

• An observation X related to Θ via a likelihood model fX|Θ(x|θ).

• A specific observed value X = x.

We seek a point estimate θ̂ for Θ using the information provided by x.

The LMS principle is now applied within the conditional probability space, given X = x. We
choose θ̂ to minimize the conditional Mean Squared Error:

min
θ̂

E[(Θ− θ̂)2|X = x]

This expectation is calculated using the posterior distribution fΘ|X(θ|x). The argument used previ-

ously for the unconditional case applies directly here: the value θ̂ that minimizes E[(Θ− θ̂)2|X = x]
is the mean of the distribution used in the expectation, which is the posterior distribution.

Therefore, the LMS estimate of Θ given X = x is the conditional expectation:

θ̂LMS = E[Θ|X = x] =

∫ ∞

−∞
θfΘ|X(θ|x)dθ

The LMS estimator is the function Θ̂LMS = g(X) that maps any possible observation X to the
corresponding conditional expectation:

Θ̂LMS = E[Θ|X]

3.1 Optimality Properties

The LMS estimator E[Θ|X] possesses strong optimality properties:

1. E[Θ] minimizes E[(Θ− c)2] over all constants c.

2. E[Θ|X = x] minimizes E[(Θ− c)2|X = x] over all constants c, for a fixed observation x.

3. Θ̂LMS = E[Θ|X] minimizes the overall MSE E[(Θ− g(X))2] over all possible estimators g(X)
(i.e., all functions of the data).

Property 3 is particularly significant. It states that among all conceivable ways to use the observa-
tion X to estimate Θ, the conditional expectation E[Θ|X] yields the lowest average squared error.
No other function of X can perform better in this overall MSE sense.

4 Performance of the LMS Estimator

We can evaluate the performance of the LMS estimator both conditionally (after observing x) and
unconditionally (before observing X).
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• Conditional MSE: Given that we observed X = x, the expected squared error of our
estimate θ̂ = E[Θ|X = x] is:

MSEcond(x) = E[(Θ− E[Θ|X = x])2|X = x]

This is simply the variance of the posterior distribution:

MSEcond(x) = var(Θ|X = x)

This value generally depends on x. It quantifies the remaining uncertainty about Θ after
observing x.

• Overall MSE: The overall expected performance of the estimator Θ̂ = E[Θ|X] before any
observation is made is the expectation of the conditional MSE over all possible X:

MSEoverall = E[(Θ− E[Θ|X])2] = E[var(Θ|X)]

This is also known as the minimum overall MSE achievable by any estimator based on X.

5 Comparison with MAP Estimation

The LMS estimator E[Θ|X = x] minimizes the expected squared error, while the MAP estima-
tor maximizes the posterior PDF fΘ|X(θ|x). These are distinct criteria and may yield different
estimates.

However, they coincide under certain conditions:

• If the posterior distribution fΘ|X(θ|x) is unimodal (single peak) and symmetric around its
mean.

• A prominent example is when the posterior is a normal distribution, as its mean, median,
and mode are all identical.

• As established in the previous lecture, linear-normal models (linear relationship between X
and Θ, normal prior, normal noise) result in normal posteriors. In such cases, θ̂LMS = θ̂MAP.

LMS is primarily used for estimation problems where the cost of error grows quadratically. It’s less
directly applicable to hypothesis testing, where MAP (or likelihood ratios) are more common.

6 Example: Uniform Prior and Uniform Noise Revisited

Let’s re-examine the example with Θ ∼ U [4, 10] and X|{Θ = θ} ∼ U [θ − 1, θ + 1].

We previously found the posterior distribution fΘ|X(θ|x) to be uniform over different intervals
depending on x:
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• If 3 < x < 5: fΘ|X(θ|x) ∼ U [4, x+ 1].

• If 5 ≤ x ≤ 9: fΘ|X(θ|x) ∼ U [x− 1, x+ 1].

• If 9 < x < 11: fΘ|X(θ|x) ∼ U [x− 1, 10].

The LMS estimate θ̂LMS(x) = E[Θ|X = x] is the midpoint of the interval over which the posterior
is uniform:

θ̂LMS(x) = E[Θ|X = x] =


(4 + (x+ 1))/2 = (x+ 5)/2 if 3 < x < 5

((x− 1) + (x+ 1))/2 = x if 5 ≤ x ≤ 9

((x− 1) + 10)/2 = (x+ 9)/2 if 9 < x < 11

This estimator is a continuous, piecewise linear function of x.

6.1 Conditional MSE for the Example

The conditional MSE is var(Θ|X = x). For a U [a, b] distribution, the variance is (b− a)2/12.

• If 3 < x < 5: Interval is [4, x+ 1]. Length b− a = x− 3. var(Θ|X = x) = (x−3)2

12 .

• If 5 ≤ x ≤ 9: Interval is [x− 1, x+ 1]. Length b− a = 2. var(Θ|X = x) = 22

12 = 1
3 .

• If 9 < x < 11: Interval is [x− 1, 10]. Length b− a = 11− x. var(Θ|X = x) = (11−x)2

12 .

The conditional MSE is smallest (equal to 1/3) when x falls in the central region [5, 9], and increases
quadratically as x approaches the boundaries 3 or 11. This indicates that observations in the middle
range provide more certainty about Θ compared to observations near the edges.
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7 LMS Estimation with Multiple Variables

The LMS framework extends easily to multiple observations or multiple unknown parameters.

• Multiple Observations: If we have observations X = (X1, ..., Xn), the LMS estimate for a
scalar Θ is:

θ̂LMS = E[Θ|X1 = x1, ..., Xn = xn]

This requires finding the posterior distribution fΘ|X1,...,Xn
(θ|x1, ..., xn) and calculating its

mean.

• Multiple Unknowns (Vector Parameter): If Θ = (Θ1, ...,Θm) is a vector, the LMS esti-
mate Θ̂ = (Θ̂1, ..., Θ̂m) minimizes the expected squared Euclidean distance E[||Θ− Θ̂||2|X =
x]. This minimization is achieved by estimating each component separately using its condi-
tional expectation:

Θ̂j,LMS = E[Θj |X = x] for j = 1, ...,m

This requires finding the marginal posterior distributions for each Θj (given X = x) and
calculating their means. In many cases, it’s easier to find the mean of the joint posterior
distribution fΘ|X(θ|x).

8 Properties of the Estimation Error

Let Θ̂ = E[Θ|X] be the LMS estimator and Θ̃ = Θ− Θ̂ be the estimation error.

• Conditional Mean of Error is Zero: As shown before, E[Θ̃|X = x] = 0 for any x. This
implies E[Θ̃|X] = 0. By iterated expectations, the overall mean error is also zero: E[Θ̃] =
E[E[Θ̃|X]] = E[0] = 0. The LMS estimator is unbiased conditionally and unconditionally.

• Orthogonality Principle: The error Θ̃ is orthogonal (uncorrelated) to any function h(X)
of the data, including the estimator Θ̂ itself.

E[Θ̃h(X)] = 0

Specifically, E[(Θ − E[Θ|X])E[Θ|X]] = 0. Since both Θ̃ and Θ̂ have zero mean (assuming
E[Θ] = 0 for simplicity, otherwise center them), this implies:

cov(Θ̃, Θ̂) = 0

The error is uncorrelated with the estimate.

• Variance Decomposition: Using the orthogonality E[Θ̃Θ̂] = 0 and Θ̃ = Θ− Θ̂ =⇒ Θ =
Θ̂ + Θ̃:

var(Θ) = E[(Θ− E[Θ])2]

= E[(Θ̂ + Θ̃− E[Θ̂ + Θ̃])2]

= E[(Θ̂− E[Θ̂] + Θ̃− E[Θ̃])2]

= E[(Θ̂− E[Θ̂] + Θ̃)2] (since E[Θ̃] = 0)

= E[(Θ̂− E[Θ̂])2 + Θ̃2 + 2Θ̃(Θ̂− E[Θ̂])]

= E[(Θ̂− E[Θ̂])2] + E[Θ̃2] + 2E[Θ̃Θ̂]− 2E[Θ̃]E[Θ̂]

= var(Θ̂) + E[Θ̃2] + 2(0)− 2(0)E[Θ̂]

= var(Θ̂) + var(Θ̃) (since E[Θ̃] = 0, E[Θ̃2] = var(Θ̃))
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So, var(Θ) = var(Θ̂LMS) + var(Θ̃). This is also equivalent to the Law of Total Variance:
var(Θ) = var(E[Θ|X]) + E[var(Θ|X)]. The variance of the original variable is decomposed
into the variance of the estimator plus the variance of the error (which is also the overall
MSE).
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Lecture 19: Linear Least Mean Squares (LLMS) Estimation

Instructor: Prof. Abolfazl Hashemi

1 Introduction

In the previous lecture, we established that the Least Mean Squares (LMS) estimator, given by
the conditional expectation Θ̂LMS = E[Θ|X], minimizes the Mean Squared Error (MSE) E[(Θ −
g(X))2] over all possible estimators g(X). However, computing this conditional expectation can be
challenging for several reasons.

1.1 Challenges in LMS Estimation

While theoretically optimal in the mean-square sense, LMS estimation faces practical difficulties:

1. Model Dependency: The result relies heavily on the accuracy of the assumed prior fΘ(θ)
and likelihood fX|Θ(x|θ). If the models are incorrect, the resulting estimator may be far from
optimal.

2. Computational Burden:

• Finding the posterior fΘ|X(θ|x) involves calculating the evidence fX(x) =
∫
fΘ(θ

′)fX|Θ(x|θ′)dθ′,
which can be a difficult integral.

• Calculating the conditional mean E[Θ|X = x] =
∫
θfΘ|X(θ|x)dθ requires another, po-

tentially complex, integration.

• These integrals often lack closed-form solutions, necessitating numerical methods (like
Markov Chain Monte Carlo - MCMC) especially in high dimensions.

3. Complexity of the Estimator: The resulting estimator Θ̂ = E[Θ|X] can be a highly
nonlinear and complex function of the observations X, making its analysis (e.g., finding its
distribution or moments) challenging. Linear-normal models are a notable exception where
the estimator remains linear.

1.2 Addressing the Challenges

To address these difficulties, we introduce the Linear Least Mean Squares (LLMS) estimation
framework. Instead of searching for the best estimator among all functions g(X), we restrict our
search to a simpler class: linear estimators of the form Θ̂ = aX + b.

The goal of LLMS estimation is to find the scalar coefficients a and b that minimize the MSE
specifically within this class of linear estimators:

min
a,b

E[(Θ− (aX + b))2]

The key advantages of this approach are:

• The solution for a and b is simple and depends only on first and second moments (means,
variances, covariances) of Θ and X. Full distributional knowledge is not required.

• The resulting estimator is, by construction, easy to implement and analyze.
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We will derive the solution, examine its properties, and compare it to the general LMS estimator
through an example.

2 The LLMS Formulation

We are given an unknown random variable Θ and an observation random variable X. Our objective
is to estimate Θ using an estimator that is a linear function of X.

Comparison of Estimator Classes:

• General Estimators: Θ̂ = g(X) for any function g. The optimal estimator in terms of
minimizing overall MSE E[(Θ− g(X))2] is Θ̂LMS = E[Θ|X].

• Linear Estimators: Θ̂ = aX+ b. The optimal estimator in this restricted class, minimizing
E[(Θ− (aX + b))2], is denoted Θ̂LLMS or Θ̂L.

The LLMS problem is to find the specific values of a and b that achieve this minimum.

The figure illustrates the concept using the example from the previous lecture. The blue curve
represents the potentially nonlinear LMS estimator E[Θ|X]. The red line represents the best linear
approximation to this curve, which is the LLMS estimator Θ̂L = aX + b. The LLMS estimator
provides the best linear fit to Θ in the mean-square sense.

Important Note: If the true conditional expectation E[Θ|X] happens to be a linear function of X,
then the best overall estimator is already linear. In this case, the LLMS estimator will coincide
with the LMS estimator: Θ̂LLMS = Θ̂LMS . This occurs, for instance, in the linear-normal models
discussed previously.

3 Derivation of the LLMS Estimator

We want to minimize the cost function J(a, b) = E[(Θ− aX − b)2] with respect to a and b. We use
calculus by setting the partial derivatives to zero.
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Step 1: Minimize with respect to b (assuming a is fixed)

∂J

∂b
=

∂

∂b
E[(Θ− aX − b)2] = E

[
∂

∂b
(Θ− aX − b)2

]
= E[2(Θ− aX − b) · (−1)] = −2E[Θ− aX − b]

Setting the derivative to zero:

E[Θ− aX − b] = 0 =⇒ E[Θ]− aE[X]− b = 0

b∗ = E[Θ]− aE[X]

This shows that for any given slope a, the optimal intercept b∗ ensures that the estimator aX + b∗

has the same mean as Θ, i.e., E[aX + b∗] = aE[X] + (E[Θ] − aE[X]) = E[Θ]. This means the
LLMS estimator is unbiased.

Step 2: Substitute b∗ and minimize with respect to a Substitute b∗ = E[Θ] − aE[X] back
into the cost function:

J(a, b∗) = E[(Θ− aX − (E[Θ]− aE[X]))2]

= E[((Θ− E[Θ])− a(X − E[X]))2]

Now minimize this with respect to a:

∂J(a, b∗)

∂a
= E

[
∂

∂a
((Θ− E[Θ])− a(X − E[X]))2

]
= E[2((Θ− E[Θ])− a(X − E[X])) · (−(X − E[X]))]

= −2E[(X − E[X])(Θ− E[Θ])− a(X − E[X])2]

Setting the derivative to zero:

E[(X − E[X])(Θ− E[Θ])]− a∗E[(X − E[X])2] = 0

Recognizing the definitions of covariance and variance:

Cov(Θ, X)− a∗var(X) = 0

Solving for the optimal slope a∗:

a∗ =
Cov(Θ, X)

var(X)

(Assuming var(X) > 0).

Step 3: Combine a∗ and b∗ The optimal linear estimator Θ̂L = a∗X + b∗ is:

Θ̂L =
Cov(Θ, X)

var(X)
X +

(
E[Θ]− Cov(Θ, X)

var(X)
E[X]

)
Rearranging gives the standard form:

Θ̂L = E[Θ] +
Cov(Θ, X)

var(X)
(X − E[X])

Using the correlation coefficient ρΘX = Cov(Θ,X)
σΘσX

and variances σ2
Θ = var(Θ), σ2

X = var(X):

Θ̂L = E[Θ] + ρΘX
σΘ
σX

(X − E[X])
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4 Properties of the LLMS Solution

The LLMS estimator Θ̂L = E[Θ] + Cov(Θ,X)
var(X) (X − E[X]) has several important properties:

• Depends only on Moments: Its calculation requires only the means E[Θ], E[X], variances
var(Θ), var(X), and the covariance Cov(Θ, X). The full probability distributions are not
needed. This makes it practical even when distributions are unknown or complex, as these
moments can often be estimated from data.

• Interpretation: The estimate starts at the prior mean E[Θ] and adjusts based on the
observationX. The adjustment is proportional to the deviation ofX from its mean, X−E[X].
The proportionality constant a∗ = Cov(Θ, X)/var(X) reflects how strongly Θ and X are
linearly related and scales the deviation by the variability of X.

• Effect of Correlation:

– If Cov(Θ, X) > 0 (positive correlation, ρ > 0), an observation X above its mean (X >
E[X]) leads to an estimate Θ̂L above the prior mean (Θ̂L > E[Θ]).

– If Cov(Θ, X) < 0 (negative correlation, ρ < 0), an observation X above its mean leads
to an estimate Θ̂L below the prior mean.

– If Cov(Θ, X) = 0 (uncorrelated, ρ = 0), then Θ̂L = E[Θ]. The observation X provides
no information useful for a linear estimate, and the best linear estimate is just the prior
mean.

• Unbiasedness: As shown in the derivation, E[Θ̂L] = E[Θ]. The LLMS estimator is unbiased.

4.1 LLMS Error Variance (Minimum MSE for Linear Estimators)

The performance of the LLMS estimator is measured by its MSE. Let Θ̃L = Θ− Θ̂L be the error.

MSELLMS = E[Θ̃2
L] = E[(Θ− Θ̂L)

2]

Substituting Θ̂L = E[Θ] + a∗(X − E[X]) where a∗ = Cov(Θ, X)/var(X):

E[(Θ− Θ̂L)
2] = E[((Θ− E[Θ])− a∗(X − E[X]))2]

= E[(Θ− E[Θ])2]− 2a∗E[(Θ− E[Θ])(X − E[X])] + (a∗)2E[(X − E[X])2]

= var(Θ)− 2a∗Cov(Θ, X) + (a∗)2var(X)

= var(Θ)− 2
Cov(Θ, X)

var(X)
Cov(Θ, X) +

(
Cov(Θ, X)

var(X)

)2

var(X)

= var(Θ)− 2
(Cov(Θ, X))2

var(X)
+

(Cov(Θ, X))2

var(X)

= var(Θ)− (Cov(Θ, X))2

var(X)

Using the correlation coefficient ρ2 = (Cov(Θ,X))2

var(Θ)var(X) :

E[(Θ− Θ̂L)
2] = var(Θ)− ρ2var(Θ) = (1− ρ2)var(Θ)

This is the minimum MSE achievable by any linear estimator.
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• The reduction in variance from the prior variance var(Θ) depends on the square of the corre-
lation coefficient, ρ2.

• If ρ = 0, the MSE is var(Θ), meaning the linear estimator provides no improvement over
simply using the prior mean.

• If |ρ| = 1, the MSE is 0. This occurs when Θ and X have a perfect linear relationship,
allowing Θ to be determined exactly from X via a linear function.

5 Example: Uniform Prior and Noise Revisited

Let’s apply the LLMS formula to the example where Θ ∼ U [4, 10] and X|{Θ = θ} ∼ U [θ−1, θ+1].
We previously calculated the necessary moments:

• E[Θ] = 7

• E[X] = 7

• var(Θ) = 3 (σΘ =
√
3)

• var(X) = 10/3 (σX =
√
10/3)

• Cov(Θ, X) = 3

The LLMS estimator is:

Θ̂L = E[Θ] +
Cov(Θ, X)

var(X)
(X − E[X])

Θ̂L = 7 +
3

10/3
(X − 7) = 7 +

9

10
(X − 7)

Θ̂L = 7 + 0.9X − 6.3 = 0.9X + 0.7

This linear estimator Θ̂L = 0.9X + 0.7 is the best linear approximation in the mean square sense.

The figure shows both the nonlinear LMS estimator E[Θ|X] (blue piecewise curve) and the LLMS
estimator Θ̂L (red straight line). The LLMS provides a simpler alternative when the LMS is
complex or computationally expensive.
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The minimum MSE achieved by this linear estimator is:

E[(Θ− Θ̂L)
2] = (1− ρ2)var(Θ)

First, find ρ:

ρ =
Cov(Θ, X)

σΘσX
=

3√
3
√

10/3
=

3√
10

ρ2 =
9

10
= 0.9

MSELLMS = (1− 0.9)× 3 = 0.1× 3 = 0.3

The best linear estimator reduces the variance from the prior variance of 3 down to 0.3.

6 LLMS for Inferring Coin Bias Revisited

Consider the coin flip example: Θ ∼ U [0, 1] (prior bias), X|Θ ∼ Binomial(n,Θ) (number of heads
in n flips). We previously found the moments:

• E[Θ] = 1/2

• E[X] = n/2

• var(Θ) = 1/12

• var(X) = n(n+ 2)/12

• Cov(Θ, X) = n/12

Applying the LLMS formula:

Θ̂LLMS = E[Θ] +
Cov(Θ, X)

var(X)
(X − E[X])

Θ̂LLMS =
1

2
+

n/12

n(n+ 2)/12

(
X − n

2

)
Θ̂LLMS =

1

2
+

1

n+ 2

(
X − n

2

)
As simplified before, this yields:

Θ̂LLMS =
X + 1

n+ 2

In this case, the LLMS estimator matches the LMS estimator E[Θ|X] = X+1
n+2 , because the LMS

estimator happens to be linear in X.

7 LLMS with Multiple Observations

The LLMS framework readily extends to estimating Θ using multiple observationsX = (X1, ..., Xn).
We now seek the best estimator that is a linear function of all observations:

Θ̂ = a1X1 + a2X2 + · · ·+ anXn + b
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The goal is to find the coefficients a1, ..., an and the intercept b that minimize the MSE:

min
a1,...,an,b

E[(Θ− (a1X1 + · · ·+ anXn + b))2]

Similar to the single observation case, we can solve this by setting the partial derivatives with
respect to b and each ai to zero.

• Setting ∂/∂b = 0 yields b = E[Θ]−
∑n

i=1 aiE[Xi]. This ensures the estimator is unbiased.

• Setting ∂/∂aj = 0 for each j = 1, ..., n yields a system of n linear equations involving the
coefficients a1, ..., an and the covariances Cov(Θ, Xj) and Cov(Xi, Xj). This system is often
written in matrix form involving the covariance matrix of X.

The solution requires only the means E[Θ], E[Xi] and all pairwise covariances Cov(Θ, Xi),Cov(Xi, Xj).

If the true conditional expectation E[Θ|X1, ..., Xn] is a linear function of X1, ..., Xn, then the
resulting LLMS estimator will be identical to the LMS estimator.

If multiple parameters Θj need to be estimated, the LLMS procedure is typically applied separately
to find the best linear estimator Θ̂j =

∑
i ajiXi + bj for each Θj .

8 Example: LLMS with Multiple Noisy Observations

Consider the model from Lecture 15:

Xi = Θ+Wi, i = 1, ..., n

where Θ,W1, ...,Wn are uncorrelated random variables. Let E[Θ] = x0, var(Θ) = σ2
0. Let E[Wi] =

0, var(Wi) = σ2
i .

We seek the LLMS estimator Θ̂LLMS = a1X1 + · · ·+ anXn + b.

If we additionally assume normality and independence (as in Lecture 17), we found:

Θ̂LMS = E[Θ|X] =

x0

σ2
0
+
∑n

i=1
Xi

σ2
i

1
σ2
0
+
∑n

i=1
1
σ2
i

Since this Θ̂LMS is already linear in X1, ..., Xn, it must be the LLMS solution under these normality
and independence assumptions: Θ̂LLMS = Θ̂LMS .

Now, consider the case with general distributions, retaining only the assumptions about means,
variances, and uncorrelatedness. The LLMS solution depends only on these moments. We need to
compute E[Xi] and Cov(Θ, Xi), Cov(Xi, Xj).

• E[Xi] = E[Θ +Wi] = E[Θ] + E[Wi] = x0 + 0 = x0.

• Cov(Θ, Xi) = Cov(Θ,Θ + Wi) = Cov(Θ,Θ) + Cov(Θ,Wi). Since Θ,Wi are uncorrelated,
Cov(Θ,Wi) = 0. So, Cov(Θ, Xi) = var(Θ) = σ2

0.

• For i = j: var(Xi) = var(Θ +Wi) = var(Θ) + var(Wi) (since Θ,Wi uncorrelated) = σ2
0 + σ2

i .

• For i ̸= j: Cov(Xi, Xj) = Cov(Θ +Wi,Θ+Wj) = Cov(Θ,Θ) + Cov(Θ,Wj) + Cov(Wi,Θ) +
Cov(Wi,Wj). Since all variables are uncorrelated, the cross-terms are zero. So, Cov(Xi, Xj) =
var(Θ) = σ2

0.
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These are exactly the same first and second moments as in the independent normal case. Because
the LLMS solution depends only on these moments, the resulting LLMS estimator Θ̂LLMS must
be the same formula as derived in the normal case, even for general distributions (as long as they
share these moments and uncorrelatedness property).

Θ̂LLMS =

x0

σ2
0
+
∑n

i=1
Xi

σ2
i

1
σ2
0
+
∑n

i=1
1
σ2
i

(Note: Deriving this directly from the LLMS linear system requires more algebra but confirms the
result).

9 Importance of Data Representation in LLMS

A crucial difference between LMS and LLMS lies in their sensitivity to data transformations.

• LMS: E[Θ|X] uses all information in X. If Y = f(X) is some transformation (e.g., Y = X3),
then conditioning on Y contains the same (or less, if f is not invertible) information as condi-
tioning onX. If f is invertible, E[Θ|X] and E[Θ|Y ] represent the same underlying conditional
distribution mean, just expressed as different functions of their respective conditioning vari-
ables.

• LLMS: The estimator is restricted to be linear in the given data representation.

– The best linear estimator based on X is Θ̂1 = aX + b.

– The best linear estimator based on Y = X3 is Θ̂2 = cY + d = cX3 + d.

– In general, Θ̂1 ̸= Θ̂2. Transforming the data changes the space of functions considered.

• Feature Engineering: This sensitivity allows for improving LLMS performance by applying
nonlinear transformations to the original data X to create new features, and then finding the
best linear estimator based on these engineered features.

– E.g., Use features (X,X2, X3). Find Θ̂ = a1X + a2X
2 + a3X

3 + b minimizing MSE.
This is still an LLMS problem, but in a higher-dimensional feature space.

– E.g., Use features (X, eX , logX). Find Θ̂ = a1X+a2e
X +a3 logX+ b minimizing MSE.

• By including relevant nonlinear transformations of the data as linear features, LLMS can
approximate complex nonlinear relationships more effectively.



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

Lecture 20: Inequalities, Convergence, and the Weak Law of
Large Numbers

Instructor: Prof. Abolfazl Hashemi

1 Probability Inequalities

Often, we do not know the full probability distribution (PDF or PMF) of a random variable X,
but we might know its mean, variance, or other properties. Probability inequalities provide a way
to make useful statements about the likelihood of certain events (often, events where the random
variable takes on extreme values) based only on this limited information.

1.1 The Markov Inequality

The Markov inequality provides an upper bound on the probability that a non-negative random
variable takes on a value significantly larger than its mean.

Statement: If X is a random variable such that X ≥ 0 (takes only non-negative values) and its
expected value E[X] is finite, then for any constant a > 0:

P (X ≥ a) ≤ E[X]

a

Intuition: If a non-negative random variable has a small average value, it’s unlikely that the
variable often takes on very large values, because large values would significantly increase the
average. The inequality quantifies this intuition.

Proof (Continuous Case): Recall the definition of the expected value for a non-negative contin-
uous random variable:

E[X] =

∫ ∞

0
xfX(x)dx

We can split the integral:

E[X] =

∫ a

0
xfX(x)dx+

∫ ∞

a
xfX(x)dx

Since X ≥ 0, both x and fX(x) are non-negative in the integrals. Therefore, the first integral is
non-negative: ∫ a

0
xfX(x)dx ≥ 0

This implies:

E[X] ≥
∫ ∞

a
xfX(x)dx

Now, within the remaining integral, x is always greater than or equal to a (x ≥ a). Therefore, we
can replace x with a inside the integral, which potentially makes the integral smaller:

E[X] ≥
∫ ∞

a
afX(x)dx = a

∫ ∞

a
fX(x)dx
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The integral
∫∞
a fX(x)dx is, by definition, the probability P (X ≥ a).

E[X] ≥ aP (X ≥ a)

Since a > 0, we can divide by a to get the Markov inequality:

P (X ≥ a) ≤ E[X]

a

(A similar proof holds for discrete random variables using sums instead of integrals).

Examples:

1. Let X ∼ Exponential(λ = 1). Here X ≥ 0 and E[X] = 1/λ = 1. Applying Markov for a > 0:

P (X ≥ a) ≤ 1

a

For comparison, the exact probability is P (X ≥ a) = e−a. For a = 2, Markov gives P (X ≥
2) ≤ 1/2 = 0.5, while the exact value is e−2 ≈ 0.135. The bound is correct but can be quite
loose.

2. Let X ∼ Uniform[−4, 4]. Can we apply Markov to find P (X ≥ 3)? No, because X is not
always non-negative. The condition X ≥ 0 is essential for the proof and the validity of the
inequality. (We could apply it to X2 or |X| if needed, as these are non-negative).

1.2 The Chebyshev Inequality

The Chebyshev inequality provides a bound on the probability that a random variable deviates
from its mean by more than a certain amount. It uses both the mean and the variance and does
not require the random variable to be non-negative.

Statement: Let X be a random variable with finite mean µ = E[X] and finite variance σ2 =
var(X). Then for any constant c > 0:

P (|X − µ| ≥ c) ≤ σ2

c2

Intuition: If the variance (a measure of spread) is small, the probability of observing a value far
from the mean must also be small.

Proof: Let Y = (X−µ)2. Since Y is a squared value, Y ≥ 0. We can apply the Markov inequality
to Y . The mean of Y is E[Y ] = E[(X − µ)2] = σ2. Now consider the event |X − µ| ≥ c. Since
c > 0, this is equivalent to the event (X − µ)2 ≥ c2, or Y ≥ c2. Applying the Markov inequality to
Y with a = c2 (note a > 0 since c > 0):

P (Y ≥ c2) ≤ E[Y ]

c2

Substituting back Y = (X − µ)2 and E[Y ] = σ2:

P ((X − µ)2 ≥ c2) ≤ σ2

c2
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Since P ((X − µ)2 ≥ c2) = P (|X − µ| ≥ c), we get the Chebyshev inequality:

P (|X − µ| ≥ c) ≤ σ2

c2

Alternative Form: Often, the deviation c is expressed in terms of standard deviations, c = kσ,
where k > 0. Substituting c = kσ into the inequality:

P (|X − µ| ≥ kσ) ≤ σ2

(kσ)2
=

σ2

k2σ2
=

1

k2

This means the probability that X falls k or more standard deviations away from its mean is at
most 1/k2. For example, the probability of being 2 or more standard deviations away is at most
1/22 = 1/4. The probability of being 3 or more standard deviations away is at most 1/32 = 1/9.

Example: Let X ∼ Exponential(λ = 1). We know µ = 1 and σ2 = 1. Let’s bound P (X ≥ 3).
The event X ≥ 3 implies X − 1 ≥ 2. Since X is non-negative, X − 1 could be negative, but
X ≥ 3 definitely implies |X − 1| ≥ 2. So, P (X ≥ 3) ≤ P (|X − 1| ≥ 2). Using Chebyshev with
µ = 1, σ2 = 1, c = 2:

P (|X − 1| ≥ 2) ≤ σ2

c2
=

1

22
=

1

4
= 0.25

So, Chebyshev gives P (X ≥ 3) ≤ 0.25. Compare: Markov gave P (X ≥ 3) ≤ 1/3 ≈ 0.333. Exact
value is e−3 ≈ 0.05. Chebyshev provides a tighter bound than Markov in this case, but both are
quite loose compared to the exact value. The power of these inequalities lies in their generality -
they apply regardless of the specific distribution shape, using only moments.

2 The Weak Law of Large Numbers (WLLN)

The Law of Large Numbers is a cornerstone theorem connecting probability theory to observed
frequencies and averages. It mathematically justifies the intuitive idea that as we collect more
data, the sample average tends to approach the true underlying mean. The Weak Law (WLLN)
formalizes this using the concept of convergence in probability.

Setup:

• Let X1, X2, . . . be a sequence of independent and identically distributed (i.i.d.) random
variables.

• Assume they have a finite mean E[Xi] = µ and a finite variance var(Xi) = σ2.

• Define the sample mean (or sample average) after n observations: Mn = X1+···+Xn
n .

Properties of the Sample Mean:

• Mean: E[Mn] = E
[
1
n

∑n
i=1Xi

]
= 1

n

∑n
i=1E[Xi] = 1

n(nµ) = µ. The sample mean is an
unbiased estimator of the population mean.

• Variance: Using the independence of Xi:

var(Mn) = var

(
1

n

n∑
i=1

Xi

)
=

1

n2
var

(
n∑

i=1

Xi

)
=

1

n2

n∑
i=1

var(Xi) =
1

n2
(nσ2) =

σ2

n

The variance of the sample mean decreases as n increases, indicating that Mn becomes more
concentrated around its mean µ.
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Proof of WLLN using Chebyshev: We can apply the Chebyshev inequality to the random
variable Mn. Its mean is µ and its variance is σ2/n. For any fixed constant ϵ > 0:

P (|Mn − µ| ≥ ϵ) ≤ var(Mn)

ϵ2
=

σ2/n

ϵ2
=

σ2

nϵ2

Now, consider the limit as the sample size n goes to infinity:

lim
n→∞

P (|Mn − µ| ≥ ϵ) ≤ lim
n→∞

σ2

nϵ2

Since σ2 and ϵ2 are finite positive constants, the right-hand side goes to 0:

lim
n→∞

σ2

nϵ2
= 0

Since probabilities are non-negative, P (|Mn−µ| ≥ ϵ) ≥ 0. By the Squeeze Theorem, we must have:

lim
n→∞

P (|Mn − µ| ≥ ϵ) = 0

This is the statement of the Weak Law of Large Numbers.

WLLN Statement: IfX1, X2, . . . are i.i.d. random variables with finite mean µ and finite variance
σ2, then for any ϵ > 0:

lim
n→∞

P

(∣∣∣∣X1 + · · ·+Xn

n
− µ

∣∣∣∣ ≥ ϵ

)
= 0

(Note: The WLLN actually holds even if the variance is infinite, as long as the mean is finite, but
the proof using Chebyshev requires finite variance).

2.1 Interpretations of the WLLN

The WLLN formalizes two key intuitive ideas:

1. Averaging Reduces Noise: If we take repeated noisy measurements Xi = µ+Wi of a true
value µ, where Wi are i.i.d. noise terms with E[Wi] = 0, then E[Xi] = µ. The sample mean
Mn = µ + 1

n

∑
Wi. The WLLN implies P (|Mn − µ| ≥ ϵ) → 0, meaning the average of the

measurements Mn becomes a highly reliable estimate of µ for large n.

2. Frequencies Approach Probabilities: If we repeat an experiment independently n times
and let Xi = 1 if an event A occurs on trial i and Xi = 0 otherwise (P (A) = p), then

E[Xi] = p. The sample mean Mn =
∑

Xi

n is the relative frequency of event A in n trials.
The WLLN implies P (|Mn − p| ≥ ϵ) → 0, meaning the observed relative frequency gets
arbitrarily close to the true probability p with high probability as n increases. This provides
the theoretical basis for estimating probabilities from experimental frequencies.

2.2 Application: The Pollster’s Problem

A classic application is estimating the proportion p of a population favoring a certain option (e.g.,
voting “yes”).

• We randomly sample n individuals.

• Xi = 1 if person i favors “yes”, Xi = 0 otherwise. Assume Xi ∼ Bernoulli(p) are i.i.d.
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• The sample proportion is Mn = 1
n

∑n
i=1Xi. This is our estimate of p.

• We want to determine the sample size n needed to achieve a certain accuracy with high
probability. For example, we want the error |Mn−p| to be less than 0.01 (1 percentage point)
with, say, 95% probability. This means we want P (|Mn − p| ≥ 0.01) ≤ 0.05.

Using the Chebyshev bound derived from WLLN:

P (|Mn − p| ≥ ϵ) ≤ var(Xi)

nϵ2
=

p(1− p)

nϵ2

Setting ϵ = 0.01. The term p(1−p) is unknown but is maximized when p = 0.5, with p(1−p) ≤ 1/4.
Using this worst-case value:

P (|Mn − p| ≥ 0.01) ≤ 1/4

n(0.01)2
=

1

4n(0.0001)
=

2500

n

To ensure this probability is ≤ 0.05:

2500

n
≤ 0.05 =⇒ n ≥ 2500

0.05
=

2500

1/20
= 50000

According to the Chebyshev bound, a sample size of n = 50, 000 is needed to guarantee the error
is less than 0.01 with at least 95% probability.

If we tried n = 10, 000, the bound gives:

P (|M10000 − p| ≥ 0.01) ≤ 2500

10000
= 0.25

This only guarantees the probability is at most 25%. (In practice, due to the Central Limit Theorem,
the required sample size is much smaller, typically around n = 1000 to n = 2500 for this level of
accuracy, because the Chebyshev bound is often very conservative).

3 Convergence in Probability

The WLLN statement, limn→∞ P (|Mn − µ| ≥ ϵ) = 0, motivates a general definition for how a
sequence of random variables can converge to a constant.

Definition: A sequence of random variables Y1, Y2, . . . is said to **converge in probability** to a
constant a if, for every ϵ > 0,

lim
n→∞

P (|Yn − a| ≥ ϵ) = 0

We denote this by Yn
P−→ a.

The WLLN can thus be concisely stated as: If Xi are i.i.d. with mean µ (and finite variance for

the Chebyshev proof), then Mn
P−→ µ.

3.1 Understanding Convergence in Probability

It’s helpful to contrast this with the familiar convergence of a sequence of deterministic numbers,
an → a.
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• Ordinary Convergence (an → a): For any desired closeness ϵ > 0, the terms an must
eventually (for all n ≥ n0) fall within the interval [a− ϵ, a+ ϵ] and stay there.

• Convergence in Probability (Yn
P−→ a): For any desired closeness ϵ > 0, the probability

that Yn falls outside the interval [a− ϵ, a+ ϵ] must go to zero as n→∞. This doesn’t mean
Yn can never be far from a for large n, but the chance of this happening becomes vanish-
ingly small. Essentially, the probability distribution of Yn becomes increasingly concentrated
around a.

3.2 Properties of Convergence in Probability

Convergence in probability behaves well with arithmetic operations and continuous functions.

• If Xn
P−→ a and Yn

P−→ b, then:

– Xn + Yn
P−→ a+ b

– XnYn
P−→ ab

• Continuous Mapping Theorem: If g is a function that is continuous at a, and Xn
P−→ a,

then g(Xn)
P−→ g(a). For example, if Mn

P−→ µ, then M2
n

P−→ µ2.

• Limitation regarding Expectations: A crucial point is that Yn
P−→ a does not imply

E[Yn]→ a. The limit of the expectation may not equal the expectation of the limit.

3.3 Examples of Convergence in Probability

Example 1 (Expectation vs. Probability Limit): Consider the sequence Yn defined by the
PMF:

pYn(y) =


1− 1/n if y = 0

1/n if y = n2

0 otherwise

Does Yn
P−→ 0? For any ϵ > 0, if n is large enough so n2 ≥ ϵ:

P (|Yn − 0| ≥ ϵ) = P (Yn = n2) =
1

n

Since limn→∞(1/n) = 0, we have Yn
P−→ 0. However, the expectation is:

E[Yn] = 0 ·
(
1− 1

n

)
+ n2 ·

(
1

n

)
= n

Here, limn→∞E[Yn] =∞. The expectation diverges even though the random variable converges in
probability to 0. The rare but increasingly large value n2 prevents the expectation from converging.
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Example 2 (Minimum of Uniforms): LetX1, X2, . . . be i.i.d. U [0, 1]. Let Yn = min{X1, . . . , Xn}.
Does Yn

P−→ 0? For 0 < ϵ < 1:
P (|Yn − 0| ≥ ϵ) = P (Yn ≥ ϵ)

The minimum is ≥ ϵ if and only if all Xi are ≥ ϵ.

P (Yn ≥ ϵ) = P (X1 ≥ ϵ, . . . ,Xn ≥ ϵ) =
n∏

i=1

P (Xi ≥ ϵ)

Since P (Xi ≥ ϵ) = 1− ϵ for Xi ∼ U [0, 1]:

P (Yn ≥ ϵ) = (1− ϵ)n

As n→∞, since 0 < 1− ϵ < 1, we have (1− ϵ)n → 0. Thus, Yn = min{X1, . . . , Xn}
P−→ 0.

4 Related Topics and Further Convergence Concepts

This lecture introduced basic inequalities and the WLLN, which uses convergence in probability.
There are several related and more advanced topics:

• Better Bounds/Approximations: While Markov and Chebyshev are general, they are
often loose. Other tools provide tighter bounds or approximations for tail probabilities, such
as the Chernoff bound (using moment generating functions) and the Central Limit Theorem
(providing a normal approximation for the distribution of sums/averages).

• Other Types of Convergence: Besides convergence in probability, other important modes
exist:

– Almost Sure Convergence (Convergence with Probability 1): P (limn→∞ Yn =
a) = 1. This is a stronger condition than convergence in probability. The Strong Law
of Large Numbers (SLLN) states that under similar conditions to WLLN, the sample
mean Mn converges almost surely to µ.

– Convergence in Distribution: The sequence of cumulative distribution functions
FYn(y) converges to a limiting CDF FY (y) at all points where FY is continuous. This is
the mode of convergence related to the Central Limit Theorem.
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Lecture 21: The Central Limit Theorem (CLT)

Instructor: Prof. Abolfazl Hashemi

1 Overview: From WLLN to CLT

In our study of inequalities and convergence, we established the Weak Law of Large Numbers
(WLLN). The WLLN states that for a sequence of independent and identically distributed (i.i.d.)
random variables X1, . . . , Xn, their sample mean Mn converges in probability to the true mean µ:

Mn =
X1 + · · ·+Xn

n

P−→ µ

This is a statement about convergence, telling us that the distribution of Mn becomes tightly
concentrated around µ. However, it does not tell us the *shape* of the distribution.

The Central Limit Theorem (CLT) answers this question. It describes the shape of the distribution
of the sum Sn = X1 + · · · +Xn (or its standardized version) as n becomes large. It is one of the
most profound and useful results in all of probability and statistics.

This lecture will cover:

• A precise statement of the CLT.

• The universality and practical usefulness of the theorem.

• Examples of how to use the CLT for approximations.

• A specific refinement for approximating discrete random variables (the 1/2 continuity correc-
tion).

• An application to statistical polling.

2 Different Scalings of Sums of Random Variables

Let X1, . . . , Xn be i.i.d. random variables with a finite mean µ and a finite variance σ2. Let
Sn = X1 + · · ·+Xn. We can examine the behavior of this sum under different scalings:

• The Sum Sn:

– E[Sn] = E[X1 + · · ·+Xn] = nµ

– var(Sn) = var(X1 + · · ·+Xn) = nσ2 (by independence)

As n→∞, the variance nσ2 →∞. The distribution of Sn spreads out and does not converge
to a stable form.

• The Sample Mean Mn:

– Mn = Sn/n

– E[Mn] = E[Sn/n] = nµ/n = µ

– var(Mn) = var(Sn/n) = (1/n2)var(Sn) = (1/n2)(nσ2) = σ2/n
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As n→∞, the variance σ2/n→ 0. The distribution of Mn shrinks and becomes concentrated
at the single point µ. This is the WLLN, but it does not give us a limiting *shape*.

• An Intermediate Scaling:

– Sn/
√
n

– E[Sn/
√
n] = nµ/

√
n = µ

√
n

– var(Sn/
√
n) = (1/n)var(Sn) = (1/n)(nσ2) = σ2

This scaling results in a constant variance, but the mean µ
√
n diverges (assuming µ ̸= 0).

This also fails to converge.

The correct approach to get a stable, non-degenerate limiting distribution is to standardize the
random variable.

3 The Central Limit Theorem (CLT)

To standardize Sn, we first center it by subtracting its mean, and then scale it by its standard
deviation.

• Sn = X1 + · · ·+Xn

• E[Sn] = nµ

• var(Sn) = nσ2 =⇒ std. dev.(Sn) =
√
nσ

We define the standardized sum Zn as:

Zn =
Sn − E[Sn]

std. dev.(Sn)
=

Sn − nµ√
nσ

Let’s find the mean and variance of this new random variable Zn:

E[Zn] = E

[
Sn − nµ√

nσ

]
=

E[Sn]− nµ√
nσ

=
nµ− nµ√

nσ
= 0

var(Zn) = var

(
Sn − nµ√

nσ

)
= var

(
Sn√
nσ

)
=

1

nσ2
var(Sn) =

1

nσ2
(nσ2) = 1

For any n, Zn is a random variable with a mean of 0 and a variance of 1. The CLT states that as
n increases, the distribution of Zn converges to the standard normal distribution.

The Central Limit Theorem (CLT): Let X1, . . . , Xn be a sequence of i.i.d. random variables
with finite mean µ and finite, non-zero variance σ2. Let Sn = X1+ · · ·+Xn. Let Zn = Sn−nµ√

nσ
.

Let Z be a standard normal random variable, Z ∼ N(0, 1), with CDF Φ(z).

Then, for every z:
lim
n→∞

P (Zn ≤ z) = Φ(z)

3.1 Usefulness of the CLT

The CLT is arguably the most important theorem in probability for practical applications.
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• Universality: It is a universal result. It applies to any underlying distribution for the Xi,
whether they are discrete (like Bernoulli, Poisson) or continuous (like Uniform, Exponential),
as long as they have a finite mean and variance.

• Simplicity: It allows us to make probabilistic statements using only the mean µ and variance
σ2, without needing to know the full PMF or PDF of the Xi.

• Computational Shortcut: Calculating the exact PMF/PDF of Sn requires n− 1 convolu-
tions, which is computationally intractable for large n. The CLT provides a simple, excellent
approximation.

• Justification for Normal Models: It explains why the normal distribution appears so
frequently in nature. Many real-world random phenomena (e.g., measurement errors, noise
in a signal, height of a person) are the aggregate result of many small, independent ran-
dom factors. The CLT states that the sum of such factors will be approximately normally
distributed.

3.2 Theoretical vs. Practical Implications

• Theory: The CLT is a precise mathematical statement about the convergence of the CDF of
Zn to the normal CDF Φ(z). Stronger versions of the theorem exist, showing convergence of
PDFs/PMFs under certain conditions. The theorem can also be generalized to cases where
Xi are not identically distributed, or even have weak dependence. The standard proof uses
transforms (Moment Generating Functions), by showing that the MGF of Zn converges to
the MGF of a standard normal: limn→∞E[esZn ] = es

2/2.

• Practice: The practical use of the CLT is as an approximation for a finite n. We treat Zn

as if it is a standard normal random variable. This is equivalent to treating the sum Sn as if
it is a normal random variable:

Sn ≈ N(nµ, nσ2)

This approximation is generally considered good for “moderate” n, often n > 30 is cited as a
rule of thumb. However, the quality of the approximation depends heavily on the underlying
distribution of Xi. If Xi is itself symmetric and unimodal (bell-shaped), the convergence is
very fast. If Xi is highly skewed (like an exponential), it requires a larger n for the sum to
become symmetric and bell-shaped.

3.3 Visualizing the CLT

Symmetric Case: Sum of Uniform Random Variables

Consider Xi ∼ U [0, 8] (discrete, integer values). The PMF for Sn (shifted and scaled) is shown for
increasing n. The original PMF (n = 1) is symmetric. Convergence to the normal shape is very
fast.

Non-Symmetric Case: Sum of Geometric Random Variables

Consider Xi ∼ Geometric(p). The PMF for Sn is shown for increasing n. The original PMF
(n = 1) is highly skewed. Convergence is much slower, but even for n = 32, the distribution’s shape
is clearly approaching the symmetric, bell-shaped normal curve.
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4 Examples of CLT Approximations

The standard problem form is: given P (Sn ≤ a) ≈ b, find one parameter given the other two.

Setup for Examples 1-4: Let Xi be the weights of packages, which are i.i.d. exponential random
variables with parameter λ = 1/2. From the properties of the exponential distribution:

• Mean: µ = E[Xi] = 1/λ = 2

• Variance: σ2 = var(Xi) = 1/λ2 = 4.

• Standard Deviation: σ =
√
4 = 2.

Let Sn = X1 + · · · + Xn. By the CLT, Sn ≈ N(nµ, nσ2) = N(2n, 4n). The standardized sum is
Zn = Sn−2n√

4n
= Sn−2n

2
√
n

.

4.1 Example 1: Find a Probability

If we load n = 100 packages, what is P (S100 ≥ 210)?

• We approximate S100 ≈ N(2 · 100, 4 · 100) = N(200, 400).

• The standard deviation is
√
400 = 20.

• Standardize the value 210: z =
210−µSn

σSn
= 210−200

20 = 10
20 = 0.5.

• P (S100 ≥ 210) ≈ P (Z ≥ 0.5), where Z ∼ N(0, 1).

• P (Z ≥ 0.5) = 1− P (Z < 0.5) = 1− Φ(0.5).
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• From the normal table, Φ(0.5) ≈ 0.6915.

• P (S100 ≥ 210) ≈ 1− 0.6915 = 0.3085.

4.2 Example 2: Find a Threshold

Let n = 100. Find the capacity a such that P (S100 ≥ a) ≈ 0.05.

• We are approximating S100 ∼ N(200, 400).

• We want to find a such that P (S100 ≥ a) ≈ 0.05.

• Standardize a: P
(
S100−200

20 ≥ a−200
20

)
≈ 0.05.

• P
(
Z ≥ a−200

20

)
≈ 0.05.

• We need to find the value z such that P (Z ≥ z) = 0.05, or P (Z < z) = 0.95.

• From the normal table, Φ(1.64) ≈ 0.9495 and Φ(1.65) ≈ 0.9505. We use z ≈ 1.645.

• a−200
20 ≈ 1.645 =⇒ a ≈ 200 + 20(1.645) = 200 + 32.9 = 232.9.

4.3 Example 3: Find Sample Size

Find n such that P (Sn ≥ 210) ≈ 0.05.

• We are approximating Sn ∼ N(2n, 4n).

• We want P
(
Sn−2n
2
√
n
≥ 210−2n

2
√
n

)
≈ 0.05.

• P
(
Z ≥ 210−2n

2
√
n

)
≈ 0.05.

• From Example 2, the critical value for Z is 1.645.

• 210−2n
2
√
n
≈ 1.645 =⇒ 210− 2n ≈ 3.29

√
n.

• Let y =
√
n. We have a quadratic equation: 2n+3.29

√
n−210 ≈ 0 =⇒ 2y2+3.29y−210 ≈ 0.

• y = −b±
√
b2−4ac
2a =

−3.29±
√

3.292−4(2)(−210)

4 = −3.29±
√
10.82+1680
4 .

• Since y =
√
n > 0: y ≈ −3.29+

√
1690.82

4 ≈ −3.29+41.12
4 = 37.83

4 ≈ 9.46.

• n = y2 ≈ (9.46)2 ≈ 89.5. Thus, n ≈ 89 packages.

4.4 Example 4: Alternative Formulation

Find P (N > 100), where N is the number of packages needed for the total weight to exceed 210.

• The event {N > 100} means “it takes more than 100 packages to exceed 210 lbs.”

• This is logically identical to the event {S100 ≤ 210}, meaning “the sum of the first 100
packages did not exceed 210 lbs.”

• P (N > 100) = P (S100 ≤ 210).

• From Example 1, P (S100 ≥ 210) ≈ 0.3085.
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• P (S100 ≤ 210) = 1 − P (S100 > 210). Since the normal is continuous, P (S100 > 210) =
P (S100 ≥ 210).

• P (N > 100) ≈ 1− 0.3085 = 0.6915.

5 Normal Approximation to the Binomial PMF

A primary application of the CLT is the De Moivre-Laplace approximation to the binomial distri-
bution.

• Let Xi ∼ Bernoulli(p). Then E[Xi] = p and var(Xi) = p(1− p).

• Let Sn = X1 + · · ·+Xn. Sn follows a Binomial(n, p) distribution.

• By the CLT, Sn ≈ N(np, np(1− p)).

Example: n = 36, p = 0.5. Find P (S36 ≤ 21).

• Mean: np = 36(0.5) = 18.

• Variance: np(1− p) = 36(0.5)(0.5) = 9.

• Standard deviation:
√
9 = 3.

• Exact calculation: P (S36 ≤ 21) =
∑21

k=0

(
36
k

)
(0.5)36 = 0.8785.

• Naive CLT approximation: P (Sn ≤ 21) ≈ P
(
Z ≤ 21−18

3

)
= P (Z ≤ 1) = Φ(1) ≈ 0.8413.

This approximation is not very accurate. The discrepancy arises because we are approximating a
discrete random variable (which places probability mass at integer points) with a continuous one.

5.1 The 1/2 Correction for Integer Random Variables

The binomial Sn only takes integer values. The event Sn ≤ 21 is the sum of the probabilities
P (Sn = 0), . . . , P (Sn = 21). When we approximate this sum with an integral under the normal
curve, the bar at k = 21 is best represented by the interval [20.5, 21.5]. To approximate P (Sn ≤ 21),
we should integrate the normal PDF up to the right edge of this bar, which is 21.5.

This is the **continuity correction** (or 1/2 correction):

P (Sn ≤ 21) ≈ P (Snormal
n ≤ 21.5)

Applying this correction:

P (Sn ≤ 21.5) ≈ P

(
Z ≤ 21.5− 18

3

)
= P

(
Z ≤ 3.5

3

)
≈ P (Z ≤ 1.17)

From the table, Φ(1.17) ≈ 0.8790. This is an excellent approximation of the exact value 0.8785.

5.2 Approximating the PMF

We can also use the continuity correction to approximate the probability of a single value, P (Sn =
k). We approximate this as the area under the normal curve over the interval [k − 0.5, k + 0.5].

P (Sn = k) ≈ P (k − 0.5 ≤ Snormal
n ≤ k + 0.5)
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P (Sn = k) ≈ Φ

(
k + 0.5− np√

np(1− p)

)
− Φ

(
k − 0.5− np√

np(1− p)

)
Example: Find P (S36 = 19) for p = 0.5.

• Exact answer:
(
36
19

)
(0.5)36 ≈ 0.1251.

• CLT approximation:

P (18.5 ≤ Sn ≤ 19.5) ≈ P

(
18.5− 18

3
≤ Z ≤ 19.5− 18

3

)
= P (0.166... ≤ Z ≤ 0.5) ≈ Φ(0.5)− Φ(0.17)

≈ 0.6915− 0.5675 = 0.1240

This is again a very close approximation.

6 The Pollster’s Problem Revisited

We wish to find n such that P (|Mn − p| ≥ 0.01) ≤ 0.05. Mn = Sn/n. The event is P (|Sn/n− p| ≥
0.01) = P (|Sn − np| ≥ 0.01n). Standardizing, we want:

P

(∣∣∣∣∣ Sn − np√
np(1− p)

∣∣∣∣∣ ≥ 0.01n√
np(1− p)

)
≤ 0.05

P

(
|Z| ≥ 0.01

√
n√

p(1− p)

)
≤ 0.05

The term p(1− p) is unknown. We use the worst-case (largest) value p(1− p) = 0.25 (at p = 0.5),
which makes the variance largest and the probability bound most conservative.

P

(
|Z| ≥ 0.01

√
n√

0.25

)
≤ 0.05 =⇒ P (|Z| ≥ 0.02

√
n) ≤ 0.05

By symmetry, this is 2 · P (Z ≥ 0.02
√
n) ≤ 0.05, or P (Z ≥ 0.02

√
n) ≤ 0.025. This implies

P (Z < 0.02
√
n) ≥ 0.975. From the normal table, Φ(1.96) = 0.975. So, we need:

0.02
√
n ≥ 1.96

√
n ≥ 1.96

0.02
= 98

n ≥ 982 = 9604

This sample size of 9,604 is far more efficient than the n ≥ 25, 000 required by the Chebyshev
inequality, demonstrating the power of the CLT.
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Lecture 22: Classical Statistics I

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Classical Statistics

This lecture transitions from the Bayesian framework of inference to the classical (or frequentist)
framework. The core philosophy changes:

• Main Idea: The unknown parameter, θ, is a fixed, deterministic constant. It is not a
random variable.

• Our goal is to estimate this unknown constant θ.

2 Classical Statistics vs. Bayesian Inference

Let’s contrast the two major approaches to statistics:

• Bayesian Inference (Recap):

– The unknown parameter θ is treated as a random variable.

– We must specify a prior distribution pθ(θ) or fθ(θ) that represents our belief about θ
before seeing data.

– The observation X is also a random variable.

– We use Bayes’ rule to compute the posterior distribution pθ|X(θ|x) or fθ|X(θ|x). This
posterior distribution is the complete answer to the inference problem.

• Classical Statistics:

– The unknown parameter θ is a fixed, deterministic constant. There is no prior
distribution.

– The observation X is a random variable, and its distribution depends on the value of
the constant θ.

– We write this as pX(x; θ) or fX(x; θ). This is the likelihood of observing x if the param-
eter’s true value is θ.

– Crucial point: pX(x; θ) is not a conditional probability in the Bayesian sense, because
θ is not a random variable.

– We are not working with a single probabilistic model, but rather a family of models,
one for each possible value of θ.

– An estimator, Θ̂ = g(X), is a function of the observations. It is a random variable,
and we use its value (the estimate) to guess the true value of θ.
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3 Problem Types in Classical Statistics

Using the classical setup, where θ is a constant determining the model pX(x; θ), we can define
several types of problems:

• Parameter Estimation: The parameter θ can be any value within a continuous (e.g.,
θ ∈ [0, 1]) or discrete set. The goal is to design an estimator Θ̂ = g(X) such that the
estimation error, Θ̂− θ, is “small” in some probabilistic sense.

• Binary Hypothesis Testing: We must decide between two possible values for the param-
eter.

H0 : θ = 1/2 versus H1 : θ = 3/4

• Composite Hypothesis Testing: At least one of the hypotheses corresponds to a set of
values.

H0 : θ = 1/2 versus H1 : θ ̸= 1/2

This lecture will focus on parameter estimation.

4 Estimating a Mean and Estimator Properties

The most common estimation problem is finding an unknown mean.

• Let X1, . . . , Xn be i.i.d. observations.

• Let θ = E[Xi] be the unknown mean.

• Let σ2 = Var(Xi) be the variance (which may also be unknown).

A natural estimator for θ is the sample mean:

Θ̂n = Mn =
X1 + · · ·+Xn

n

We can evaluate this estimator based on several desirable properties:

• Bias: The bias of an estimator is the expected difference between the estimator and the true
parameter.

b(Θ̂n) = E[Θ̂n − θ] = E[Θ̂n]− θ

For the sample mean, we find E[Θ̂n]:

E[Θ̂n] = E

[
1

n

n∑
i=1

Xi

]
=

1

n

n∑
i=1

E[Xi] =
1

n
(nθ) = θ

Since E[Θ̂n] = θ (or b(Θ̂n) = 0) for all possible values of θ, the sample mean is an unbiased
estimator.

• Consistency: An estimator is consistent if it converges in probability to the true parameter
as n→∞.

Θ̂n
P−→ θ

By the Weak Law of Large Numbers (WLLN), we know that the sample mean Mn converges
in probability to the true mean µ (which is θ in our notation). Therefore, Θ̂n is a consistent
estimator.
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• Mean Squared Error (MSE): The MSE is the expected squared estimation error:

MSE = E[(Θ̂n − θ)2]

4.1 Mean Squared Error Decomposition

For any estimator Θ̂ of a constant parameter θ, we can decompose the MSE. Let Z = Θ̂− θ be the
error. We know E[Z2] = Var(Z) + (E[Z])2.

E[(Θ̂− θ)2] = Var(Θ̂− θ) + (E[Θ̂− θ])2

Since θ is a constant, Var(Θ̂ − θ) = Var(Θ̂). The second term is the bias squared, (b(Θ̂))2. This
gives the fundamental decomposition:

MSE = Var(Θ̂) + (bias)2

For an unbiased estimator (like the sample mean), the bias is zero, so its MSE is simply its variance:

MSE(Θ̂n) = Var(Θ̂n) + 0 = Var

(
1

n

n∑
i=1

Xi

)
=

1

n2

n∑
i=1

Var(Xi) =
nσ2

n2
=

σ2

n

The

√
Var(Θ̂) is often called the standard error of the estimator.

5 Confidence Intervals (CIs)

A point estimate θ̂ gives a single number, but no sense of our certainty. A confidence interval
provides a range of values that is likely to contain the true parameter θ.

Definition (Confidence Interval): A 1− α confidence interval for a parameter θ is an interval
[Θ̂−, Θ̂+] calculated from the data X1, . . . , Xn such that

P (Θ̂− ≤ θ ≤ Θ̂+) ≥ 1− α

for all possible values of θ. The value 1− α (e.g., 0.95) is the confidence level.

The interpretation is critical: θ is fixed, and the interval endpoints Θ̂− and Θ̂+ are random variables
(because they depend on the random data Xi). The property P (. . . ) ≥ 1 − α means that if we
repeated the entire experiment (sampling n observations) many times, and constructed an interval
each time, at least 100(1 − α)% of these random intervals would successfully “capture” the true,
fixed parameter θ.

5.1 CI for the Mean (Known Variance σ2)

We can use the CLT to construct an approximate CI for the mean θ using the sample mean estimator

Θ̂n = Mn. The CLT states that Zn = Θ̂n−θ
σ/

√
n
is approximately N(0, 1).

To construct a 95% CI (1−α = 0.95 =⇒ α = 0.05), we find the value zα/2 from the normal table
such that P (Z > zα/2) = α/2 = 0.025. This value is z0.025 = 1.96, because Φ(1.96) = 0.975. By
symmetry, P (−1.96 ≤ Z ≤ 1.96) = 0.95.

P

(
−1.96 ≤ Θ̂n − θ

σ/
√
n
≤ 1.96

)
≈ 0.95
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We now “invert” the inequality to solve for θ:

P

(
−1.96 σ√

n
≤ Θ̂n − θ ≤ 1.96

σ√
n

)
≈ 0.95

P

(
Θ̂n − 1.96

σ√
n
≤ θ ≤ Θ̂n + 1.96

σ√
n

)
≈ 0.95

Thus, our 95% confidence interval is:[
Θ̂n − 1.96

σ√
n
, Θ̂n + 1.96

σ√
n

]

5.2 CIs for the Mean (Unknown Variance σ2)

The previous formula requires σ, which is often unknown. We have three options:

1. Use an Upper Bound: If we know σ is bounded, we can use a worst-case value. For
Bernoulli(θ) variables, σ2 = θ(1 − θ) ≤ 1/4, so σ ≤ 1/2. Using this gives a conservative
(wider) interval.

2. Use a Plug-in Estimate: We can estimate σ2 from the data.

• For Bernoulli: σ̂2 = Θ̂n(1− Θ̂n).

• In general: Use the sample variance. The ML estimator for v = σ2 is v̂n =
1
n

∑n
i=1(Xi − Θ̂n)

2.

We then plug this σ̂ =
√
v̂n into the CI formula in place of σ.

3. Use the t-distribution: The plug-in method (Option 2) relies on two approximations: the
CLT, and σ̂ ≈ σ. For small n, this second approximation adds significant uncertainty. If the

Xi are exactly normal, the distribution of the statistic T = Θ̂n−θ
Ŝn/

√
n
(where Ŝ2

n = 1
n−1

∑
(Xi −

Θ̂n)
2 is the unbiased sample variance) is not normal. It follows a t-distribution with n− 1

degrees of freedom. This distribution is wider than the normal, accounting for the uncertainty
in our variance estimate. For small n, one should use the t-distribution tables instead of the
N(0, 1) tables to find the critical value (e.g., 1.96 is replaced by a larger value).

6 Method of Moments Estimators

The “plug-in” approach from Option 2 is a general technique called the Method of Moments.
The idea is to equate theoretical expectations (which are functions of θ) with their corresponding
sample averages and solve for θ.

• E[X]←→ 1
n

∑
Xi

• E[g(X)]←→ 1
n

∑
g(Xi)

• Var(X) = E[X2]− (E[X])2 ←→
(
1
n

∑
X2

i

)
−
(
1
n

∑
Xi

)2
This provides a natural estimator for almost any statistical quantity:

• Mean Estimator: Θ̂X = Mn = 1
n

∑
Xi

• Variance Estimator: v̂X = 1
n

∑
(Xi −Mn)

2
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• Covariance Estimator: Ĉov(X,Y ) = 1
n

∑
(Xi −Mn,X)(Yi −Mn,Y )

7 Maximum Likelihood (ML) Estimation

The Method of Moments is intuitive, but a more formal and powerful principle is Maximum
Likelihood (ML) estimation.

Idea: We have observed data x = (x1, . . . , xn). We ask: “What value of the parameter θ would
make observing this data most likely?”

Likelihood Function: This is the PMF or PDF pX(x; θ) or fX(x; θ), viewed as a function of θ
for the fixed data x.

ML Estimate: The ML estimate is the value θ̂ML that maximizes this function.

θ̂ML = argmax
θ

pX(x; θ) or θ̂ML = argmax
θ

fX(x; θ)

In practice, it is almost always easier to maximize the log-likelihood function, log pX(x; θ), since
the log function is monotonic and turns products (from i.i.d. data) into sums.

7.1 ML vs. MAP

• MAP: θ̂MAP = argmaxθ pX|θ(x|θ)pθ(θ) (likelihood × prior)

• ML: θ̂ML = argmaxθ pX(x; θ) (where pX(x; θ) = pX|θ(x|θ))

ML estimation is equivalent to Bayesian MAP estimation if we assume a uniform (flat) prior for
θ.

7.2 Properties of ML Estimators

For n i.i.d. observations, the ML estimator Θ̂n has excellent properties:

• It is consistent (Θ̂n
P−→ θ).

• It is asymptotically normal (its error distribution approaches a normal distribution, al-
lowing for CI construction).

• It is asymptotically efficient, meaning for large n, it has the smallest possible variance
among “good” estimators.

7.3 Example 1: Parameter of Binomial

We observe K = k heads in n trials. θ = p is the unknown parameter. Likelihood function:
pK(k; θ) =

(
n
k

)
θk(1−θ)n−k. Log-likelihood: L(θ) = log

(
n
k

)
+k log θ+(n−k) log(1−θ). Differentiate

w.r.t. θ and set to 0:
dL

dθ
=

k

θ
− n− k

1− θ
= 0 =⇒ k

θ
=

n− k

1− θ

k(1− θ) = (n− k)θ =⇒ k − kθ = nθ − kθ =⇒ k = nθ

θ̂ML =
k

n

The ML estimator is the sample mean Θ̂ML = K/n.



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

7.4 Example 2: Normal Mean and Variance

We observe X1, . . . , Xn from N(µ, v), where θ = (µ, v) is the 2D parameter vector. The log-
likelihood function is:

L(µ, v) =

n∑
i=1

(
−1

2
log(2π)− 1

2
log v − (xi − µ)2

2v

)

L(µ, v) = C − n

2
log v − 1

2v

n∑
i=1

(xi − µ)2

We must set the partial derivatives w.r.t. µ and v to zero.

1. ∂L
∂µ = 0− 0− 1

2v

∑n
i=1 2(xi − µ)(−1) = 1

v

∑n
i=1(xi − µ) = 0 This implies

∑
xi −

∑
µ = 0 =⇒∑

xi − nµ = 0 =⇒ µ̂ML = 1
n

∑
xi. The ML estimator for the mean is the sample mean.

2. ∂L
∂v = 0− n

2v − (− 1
2v2

)
∑n

i=1(xi − µ)2 = 0 Plug in µ̂ML for µ:

1

2v2

n∑
i=1

(xi − µ̂ML)
2 =

n

2v

v̂ML =
1

n

n∑
i=1

(xi − µ̂ML)
2

The ML estimator for the variance is the sample variance (the biased version).
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Lecture 23: Classical Statistics II

Instructor: Prof. Abolfazl Hashemi

1 Overview

This lecture continues our study of classical statistics, focusing on two central topics:

1. Linear Regression: We move from estimating a single parameter (like the mean) to esti-
mating the relationship between two variables. We will develop a method to fit a line to a
set of noisy data points.

2. Binary Hypothesis Testing: We will formalize the process of deciding between two com-
peting hypotheses, H0 and H1, based on observed data.

2 Linear Regression

A very common problem in science and engineering is to find a model that describes the relationship
between two (or more) variables. We are given n pairs of data points:

(x1, y1), (x2, y2), . . . , (xn, yn)

We hypothesize that there is an approximately linear relationship between the variable x (the
“explanatory” variable) and the variable y (the “dependent” variable). We model this relationship
as:

Y ≈ θ0 + θ1X

Here, θ0 (the intercept) and θ1 (the slope) are the unknown, deterministic parameters that we wish
to estimate from our data.

2.1 The Least Squares Approach

The goal of linear regression is to find the specific line y = θ̂0 + θ̂1x that provides the “best fit” to
the n data points.

To do this, we must define what “best fit” means. For each data point i, the residual is the vertical
error between the observed value yi and the value predicted by the line, θ̂0 + θ̂1xi.

Residuali = yi − (θ̂0 + θ̂1xi)

The method of least squares defines the best line as the one that minimizes the sum of the
squares of these residuals. We seek the parameters (θ̂0, θ̂1) that solve this optimization problem:

(θ̂0, θ̂1) = argmin
θ0,θ1

n∑
i=1

(yi − θ0 − θ1xi)
2

We define the cost function J(θ0, θ1) as this sum of squared errors.

The figure shows a scatter plot of data points. The line represents a candidate model y = θ0+ θ1x.
The vertical lines represent the residuals, and the least squares method finds the line that minimizes
the sum of the squares of the lengths of these vertical lines.
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2.2 Solution to the Least Squares Problem

The cost function J(θ0, θ1) =
∑n

i=1(yi − θ0 − θ1xi)
2 is a quadratic function of the two parameters

θ0 and θ1. To find the minimum, we can set the partial derivatives with respect to each parameter
equal to zero.

∂J

∂θ0
= 0 and

∂J

∂θ1
= 0

1. ∂J
∂θ0

=
∑n

i=1 2(yi − θ0 − θ1xi)(−1) = 0 =⇒
∑n

i=1(yi − θ0 − θ1xi) = 0

n∑
i=1

yi − nθ0 − θ1

n∑
i=1

xi = 0

Dividing by n, and letting ȳ = 1
n

∑
yi and x̄ = 1

n

∑
xi be the sample means:

ȳ − θ0 − θ1x̄ = 0 =⇒ θ̂0 = ȳ − θ̂1x̄

This first result shows that the optimal line must pass through the “center of mass” (x̄, ȳ) of
the data.

2. ∂J
∂θ1

=
∑n

i=1 2(yi − θ0 − θ1xi)(−xi) = 0 =⇒
∑n

i=1(yixi − θ0xi − θ1x
2
i ) = 0 Substitute

θ0 = ȳ − θ1x̄ into this second equation:

n∑
i=1

(yixi − (ȳ − θ1x̄)xi − θ1x
2
i ) = 0

n∑
i=1

yixi − ȳ

n∑
i=1

xi + θ1x̄

n∑
i=1

xi − θ1

n∑
i=1

x2i = 0

∑
yixi − ȳ(nx̄) + θ1x̄(nx̄)− θ1

∑
x2i = 0

θ1

(
nx̄2 −

∑
x2i

)
= nx̄ȳ −

∑
yixi

θ̂1 =

∑
yixi − nx̄ȳ∑
x2i − nx̄2

=

∑
(xi − x̄)(yi − ȳ)∑

(xi − x̄)2
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The final expressions are the sample covariance (numerator) divided by the sample variance (de-
nominator).

Linear Regression Estimates:

θ̂1 =

∑n
i=1(xi − x̄)(yi − ȳ)∑n

i=1(xi − x̄)2
and θ̂0 = ȳ − θ̂1x̄

2.3 Probabilistic Justifications for Least Squares

The choice to minimize the square of the errors (as opposed to absolute values or something else)
seems arbitrary, but it has deep probabilistic justifications.

1. Maximum Likelihood (ML) Estimation Assume the data is generated by a probabilistic
model:

Yi = θ0 + θ1xi +Wi

where θ0 and θ1 are unknown constants, and Wi represents noise. If we assume the noise terms Wi

are i.i.d. N(0, σ2), then:
Yi ∼ N(θ0 + θ1xi, σ

2)

The likelihood function (viewed as a function of θ0, θ1) is:

fY |Θ(y|θ0, θ1) =
n∏

i=1

fYi|Θ(yi|θ0, θ1) =
n∏

i=1

1√
2πσ2

exp

{
−(yi − θ0 − θ1xi)

2

2σ2

}
To find the ML estimate, we maximize this, or equivalently, maximize its logarithm:

log fY |Θ(y|θ0, θ1) = C − 1

2σ2

n∑
i=1

(yi − θ0 − θ1xi)
2

Maximizing this expression is equivalent to minimizing the sum of squared residuals:

min
θ0,θ1

n∑
i=1

(yi − θ0 − θ1xi)
2

Thus, the least squares method is identical to the Maximum Likelihood estimator under the as-
sumption of i.i.d. Gaussian noise.

2. Bayesian Linear Regression We can also view this in a Bayesian framework by placing
priors on θ0 and θ1. Assume θ0 ∼ N(0, σ2

0), θ1 ∼ N(0, σ2
1), and Wi ∼ N(0, σ2), all independent.

The model is Yi = θ0 + θ1xi + Wi. The MAP estimate is found by maximizing the posterior,
fΘ|Y (θ|y) ∝ fY |Θ(y|θ)fΘ(θ):

θ̂MAP = argmax
θ0,θ1

(
n∏

i=1

fYi|Θ(yi|θ)

)
fΘ0(θ0)fΘ1(θ1)

Taking the log and minimizing its negative, this is equivalent to solving:

min
θ0,θ1

(
n∑

i=1

(yi − θ0 − θ1xi)
2

2σ2
+

θ20
2σ2

0

+
θ21
2σ2

1

)
This is a “regularized” least squares problem. The prior terms act as penalties that pull the
estimates toward their prior means (0), which prevents “overfitting” if the data is very noisy. If we
let the prior variances σ2

0, σ
2
1 → ∞ (a “flat” or “uninformative” prior), the penalty terms vanish,

and the MAP estimate becomes identical to the ML / least squares estimate.
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2.4 Multiple and Nonlinear Regression

The same framework can be extended.

• Multiple Linear Regression: The model is linear in multiple variables: Y ≈ θ0 + θ1X1 +
θ2X2. We have n data points (xi,1, xi,2, yi). We minimize J =

∑
(yi − θ0 − θ1xi,1 − θ2xi,2)

2.
This is solved by setting 3 partial derivatives to 0, resulting in a 3 × 3 system of linear
equations.

• Polynomial Regression: The model is Y ≈ θ0 + θ1X + θ2X
2. This is a nonlinear model in

X, but it is linear in the parameters θ0, θ1, θ2. We can treat it as a multiple linear regression
problem by defining new features: X1 = X and X2 = X2. We then minimize J =

∑
(yi −

θ0 − θ1xi − θ2x
2
i )

2. The solution is found in the same way.

3 Binary Hypothesis Testing

We now switch to a different problem: deciding between two competing hypotheses, H0 and H1.
This is a decision problem, not an estimation problem.

3.1 Setup

In the classical framework, θ is a fixed, unknown constant. Our two hypotheses correspond to two
different possible values (or sets of values) for θ.

• Null Hypothesis (H0): θ = θ0. This is the “default” or “no-change” hypothesis. Under
H0, the data X is drawn from the distribution fX(x; θ0).

• Alternative Hypothesis (H1): θ = θ1. This is the “effect” or “change” hypothesis. Under
H1, the data X is drawn from fX(x; θ1).

Our goal is to design a decision rule based on the observation X = x to choose either H0 or H1.

3.2 Decision Rules and Types of Error

A decision rule partitions the entire observation space into two regions:

• Rejection Region (R): The set of all x for which we decide to reject H0 (and accept H1).

• Acceptance Region (Rc): The set of all x for which we decide to accept H0.

When we make a decision, we can be correct or we can make one of two types of errors:
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• Type I Error (False Rejection): We reject H0 (i.e., X ∈ R) when H0 is actually true.

α(R) = P (Reject H0 | H0 is true) = P (X ∈ R;H0)

This probability is called the significance level of the test.

• Type II Error (False Acceptance): We accept H0 (i.e., X ∈ Rc) when H1 is actually
true.

β(R) = P (Accept H0 | H1 is true) = P (X ∈ Rc;H1)

The value 1− β = P (X ∈ R;H1) is called the power of the test (the probability of correctly
detecting H1).

3.3 The Likelihood Ratio Test (LRT)

How do we choose the “best” rejection region R? In the Bayesian framework (Lecture 16), we
chose the hypothesis that maximized the posterior probability. This MAP rule was: Decide H1 if
P (H1|x) > P (H0|x). This is equivalent to pX(x|H1)P (H1) > pX(x|H0)P (H0), which rearranges
to:

pX(x|H1)

pX(x|H0)
>

P (H0)

P (H1)
= threshold

The classical framework adopts this same structure, but without the Bayesian interpretation.

• Define the Likelihood Ratio L(x):

L(x) =
fX(x; θ1)

fX(x; θ0)
(or

pX(x; θ1)

pX(x; θ0)
)

This ratio measures how much more likely the observation x is under H1 than under H0.

• A Likelihood Ratio Test (LRT) is a decision rule of the form: Reject H0 if L(x) > ξ.

• The rejection region is R = {x | L(x) > ξ}, where ξ is the critical value (or threshold) of
the test.

3.4 Choosing the Threshold ξ

There is a fundamental tradeoff between α and β.

• If we make ξ very large, R becomes smaller. This decreases α (fewer false rejections) but
increases β (more false acceptances).

• If we make ξ very small, R becomes larger. This increases α (more false rejections) but
decreases β (more false acceptances, higher power).

The Neyman-Pearson framework is the standard method for choosing ξ:

1. Fix a maximum tolerable Type I error, α. This is the significance level (e.g., α = 0.05).

2. Find the critical value ξ that results in this exact probability:

P (L(X) > ξ;H0) = α

This defines the test.

3. Then, calculate the resulting Type II error:

β = P (L(X) ≤ ξ;H1)
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3.5 Neyman-Pearson Lemma

This framework is not arbitrary. The LRT is proven to be the most powerful test.

Neyman-Pearson Lemma: Among all possible decision rules (rejection regions R) that have a
Type I error probability α(R) ≤ α, the Likelihood Ratio Test (LRT) defined by P (L(X) >
ξ;H0) = α achieves the smallest possible Type II error probability β.

In other words, for a given “budget” of Type I error α, the LRT maximizes the power (1 − β) of
the test. It is the optimal decision rule in the classical framework.

3.6 Example: Testing Normal Means

Let X ∼ N(θ, σ2) with σ2 known. Test H0 : θ = θ0 versus H1 : θ = θ1. (Assume θ1 > θ0).

1. Find the LRT structure.

L(x) =
fX(x; θ1)

fX(x; θ0)
=

1√
2πσ

exp
{
− (x−θ1)2

2σ2

}
1√
2πσ

exp
{
− (x−θ0)2

2σ2

} = exp

{
(x− θ0)

2 − (x− θ1)
2

2σ2

}

The test L(x) > ξ is equivalent to logL(x) > log ξ:

(x2 − 2xθ0 + θ20)− (x2 − 2xθ1 + θ21)

2σ2
> log ξ

2x(θ1 − θ0) + θ20 − θ21
2σ2

> log ξ

Since θ1 − θ0 > 0 and 2σ2 > 0, we can rearrange this inequality to isolate x. The right side is just
a new constant threshold γ.

2x(θ1 − θ0) > 2σ2 log ξ − θ20 + θ21 =⇒ x > γ

The LRT is a simple threshold test: Reject H0 if x > γ.

2. Find the threshold γ for a given α. We set the Type I error probability to α:

P (Reject H0;H0) = P (X > γ;H0) = α

Under H0, X ∼ N(θ0, σ
2). We standardize this probability:

P

(
X − θ0

σ
>

γ − θ0
σ

;H0

)
= P

(
Z >

γ − θ0
σ

)
= α
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Let zα be the critical value from the N(0, 1) table such that P (Z > zα) = α (or Φ(zα) = 1− α).

γ − θ0
σ

= zα =⇒ γ = θ0 + zασ

3. Find the resulting Type II Error β.

β = P (Accept H0;H1) = P (X ≤ γ;H1)

Under H1, X ∼ N(θ1, σ
2). We standardize this probability:

β = P

(
X − θ1

σ
≤ γ − θ1

σ
;H1

)
= Φ

(
γ − θ1

σ

)
Substitute the expression for γ:

β = Φ

(
(θ0 + zασ)− θ1

σ

)
= Φ

(
zα −

θ1 − θ0
σ

)
This final expression relates α (via zα) and β to the “separation” of the means (θ1− θ0) relative to
the noise σ.
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Lecture 24: The Bernoulli Process

Instructor: Prof. Abolfazl Hashemi

1 Introduction and Definition

This lecture introduces the Bernoulli process, a fundamental concept in the study of stochastic
processes that provides a model for a sequence of independent events occurring over time. We
will define the process, explore its basic properties, particularly memorylessness, and apply these
concepts to analyze the timing of successes and the merging and splitting of such processes. Finally,
we will examine the Poisson approximation, which connects the Bernoulli process to the continuous-
time Poisson process.

1.1 Definition of the Bernoulli Process

A Bernoulli process is formally defined as an infinite sequence of independent and identically dis-
tributed (i.i.d.) Bernoulli trials, denoted by X1, X2, . . .. At each time step i (or trial i), the outcome
Xi is a binary random variable such that:

P (Xi = 1) = p (Success or Arrival at the i-th trial)

P (Xi = 0) = 1− p (Failure at the i-th trial)

The probability p is assumed to be constant across all trials.

The two key assumptions underpinning the Bernoulli process are:

1. Independence: The outcome of any trial Xi is probabilistically independent of the outcomes
of all other trials Xj , where i ̸= j.

2. Time-Homogeneity: The probability of success p is constant for all trials.

The Bernoulli process serves as a simple yet powerful model for various real-world phenomena
involving discrete events over time, such as:

• The sequence of wins or losses in a repetitive game or lottery.

• The sequence of whether a bank receives a customer arrival during each one-second interval.

• The sequence of successful or failed transmissions at discrete time slots to a communication
server.

The foundation of the Bernoulli process originates from the work of Jacob Bernoulli (1654-1705),
who formalized the analysis of sequences of independent trials.

2 Stochastic Processes and Views

A stochastic process is a collection of random variables indexed by time, typically denoted as
{Xt, t ∈ T}. For the Bernoulli process, the index T is the set of positive integers, T = {1, 2, 3, . . .},
making it a discrete-time stochastic process.
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2.1 First View: Sequence of Random Variables

In the first view, the Bernoulli process is treated as a collection of random variables X1, X2, . . ..
Key probabilistic characteristics of individual trials include:

• Expected Value: E[Xi] = 1 · p+ 0 · (1− p) = p.

• Variance: var(Xi) = E[X2
i ]− (E[Xi])

2 = p− p2 = p(1− p).

• Probability Mass Function (PMF): pXi(x) =

{
p if x = 1

1− p if x = 0
.

• Joint PMF: Due to independence, the joint distribution of any finite subset of n trials is the
product of their marginal PMFs:

pX1,...,Xn(x1, . . . , xn) =

n∏
i=1

pXi(xi) = p
∑

xi(1− p)n−
∑

xi

2.2 Second View: Sample Space

The second view considers the entire sample space Ω associated with the process. For an infinite
sequence of Bernoulli trials, Ω is the set of all possible infinite sequences of zeros and ones:

Ω = {(x1, x2, x3, . . .) | xi ∈ {0, 1}}

Any event is a subset of this space. For example, the probability of observing an endless sequence
of successes is:

P (Xi = 1 for all i) = lim
n→∞

P (X1 = 1, . . . , Xn = 1) = lim
n→∞

pn = 0 (assuming p < 1)

3 Random Variables Associated with the Bernoulli Process

From the underlying Bernoulli process, several important related random variables can be derived.

3.1 Number of Successes/Arrivals (S) in n Time Slots

Let S be the total number of successes (ones) in the first n trials:

S = X1 +X2 + · · ·+Xn

Since S is the sum of n independent Bernoulli(p) random variables, S follows the Binomial dis-
tribution with parameters n and p.
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• Probability Mass Function:

P (S = k) =

(
n

k

)
pk(1− p)n−k, for k = 0, 1, . . . , n

• Expected Value:

E[S] = E[
n∑

i=1

Xi] =
n∑

i=1

E[Xi] = np

• Variance: Due to independence of Xi:

var(S) = var(

n∑
i=1

Xi) =

n∑
i=1

var(Xi) = np(1− p)

3.2 Time Until the First Success/Arrival (T1)

Let T1 be the time of the first success, defined as the trial number where the first 1 occurs.

T1 = min{i ≥ 1 | Xi = 1}

T1 follows the Geometric distribution with parameter p.

• Probability Mass Function: The first success occurs at time k if the first k − 1 trials were
failures, and the k-th trial was a success.

P (T1 = k) = P (X1 = 0, . . . , Xk−1 = 0, Xk = 1) = (1− p)k−1p, for k = 1, 2, . . .

• Expected Value:

E[T1] =
1

p

• Variance:

var(T1) =
1− p

p2

4 Memorylessness and Fresh-Start Properties

The Bernoulli process exhibits a strong memoryless property, which is crucial for its analysis.

4.1 Memorylessness and Fresh-Start

The fundamental property of a Bernoulli process is that, at any point in time n, the future sequence
of outcomes Xn+1, Xn+2, . . . is independent of the past sequence X1, . . . , Xn and is statistically
identical to the original process starting at time 1. This is the fresh-start property.

• Fresh-start after time n (deterministic): If we stop observing the process at a fixed time
n, the process starting at Xn+1 is independent of X1, . . . , Xn and is a Bernoulli process with
parameter p.

• Fresh-start after time T1 (random): Since the inter-arrival times are independent of the
past, the process “forgets” the past upon the occurrence of a success. The process immediately
following the first success at time T1 is a new Bernoulli process starting at T1 + 1. This
reinforces the i.i.d. nature of the inter-arrival times.
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4.2 Fresh-Start After a General Random Time N

The fresh-start property extends even to random times N , provided N is determined causally or
“non-anticipatorily”. A random time N is causal if the decision to stop or the value of N depends
only on the history of the process up to time N .

Examples of causal random times (N):

• N = time of the 3rd success.

• N = first time that 3 successes in a row have been observed.

• N = the time just before the first occurrence of 1, 1, 1.

For any such causal time N , the sequence of outcomes starting after N , defined by the sequence of
random variables XN+1, XN+2, . . ., maintains the fresh-start properties:

• The future sequence XN+1, XN+2, . . . is a Bernoulli process with parameter p.

• The future sequence is independent of the past events N,X1, . . . , XN .

4.3 The Distribution of Busy Periods

Consider a server that is busy (B) if Xi = 1 and idle (I) if Xi = 0. The sequence of outcomes forms
a Bernoulli process.

The first busy period starts with the first busy slot and ends just before the first subsequent idle
slot. Similarly, an idle period is a block of consecutive failures.

• The length of a busy period is the number of consecutive successes (1s) followed by a
failure (0). This length follows a Geometric distribution on {1, 2, . . .} with parameter 1− p.

• The length of an idle period is the number of consecutive failures (0s) followed by a success
(1). This length follows a Geometric distribution on {1, 2, . . .} with parameter p.

In the example sequence B B B I I B B B B I I I I B, the lengths of the periods are: 3 (B), 2
(I), 4 (B), 4 (I), 1 (B), and so forth.
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5 Inter-Arrival Times and the Negative Binomial Distribution

5.1 Time of the k-th Success (Yk)

Let Yk denote the time (trial number) of the k-th success or arrival.

Yk = min{t ≥ k |
t∑

i=1

Xi = k}

We can express Yk as the sum of k inter-arrival times:

Yk = T1 + T2 + · · ·+ Tk

where T1 is the time to the first success, and for k ≥ 2, Tk is the k-th inter-arrival time, defined
as the number of trials between the (k − 1)-th success and the k-th success, Tk = Yk − Yk−1.

Due to the fresh-start property after every success, the sequence of inter-arrival times T1, T2, . . .
are i.i.d., Geometric(p) random variables. Thus, T2 is independent of T1 and has the same
Geometric(p) distribution.

5.2 Properties of Yk

Yk, the sum of k i.i.d. Geometric random variables, follows the Negative Binomial distribution
(sometimes called the Pascal distribution).

• Expected Value: By linearity of expectation:

E[Yk] =

k∑
i=1

E[Ti] = kE[T1] = k · 1
p
=

k

p

• Variance: Due to the independence of the Ti:

var(Yk) =

k∑
i=1

var(Ti) = k var(T1) = k · 1− p

p2
=

k(1− p)

p2

• Probability Mass Function (pYk
(t)): The k-th success occurs exactly at time t if there were

precisely k− 1 successes in the first t− 1 trials, and the t-th trial was a success. The number
of ways to arrange k − 1 successes in t− 1 trials is

(
t−1
k−1

)
.

pYk
(t) = P (Yk = t) =

(
t− 1

k − 1

)
pk−1(1−p)(t−1)−(k−1)·p =

(
t− 1

k − 1

)
pk(1−p)t−k, t = k, k+1, . . .

6 Operations on Bernoulli Processes

The Bernoulli process exhibits structural stability under certain operations, specifically merging
and splitting.
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6.1 Merging of Independent Bernoulli Processes

Consider two independent Bernoulli processes, Process 1 with success probability p and Process
2 with success probability q. We form a merged process where an arrival occurs if there is an
arrival in either Process 1 OR Process 2 (a collision is counted as one arrival).

Let Xi ∼ Bernoulli(p) and Zi ∼ Bernoulli(q) be the outcomes of the two processes at time i. The
outcome of the merged process, Mi, is 1 if Xi = 1 or Zi = 1.

P (Mi = 1) = P (Xi = 1 ∪ Zi = 1)

Using the addition rule for probability and the independence of Xi and Zi:

P (Mi = 1) = P (Xi = 1) + P (Zi = 1)− P (Xi = 1 ∩ Zi = 1) = p+ q − pq

The merged process is also a Bernoulli process with parameter pmerged = p+ q − pq.

If an arrival occurs in the merged process (Mi = 1), we can calculate the probability that it came
from Process 1 using Bayes’ rule:

P (arrival in Process 1 | arrival in merged process) = P (Xi = 1 |Mi = 1)

Since Xi = 1 implies Mi = 1:

P (Xi = 1 |Mi = 1) =
P (Xi = 1 ∩Mi = 1)

P (Mi = 1)
=

P (Xi = 1)

P (Mi = 1)
=

p

p+ q − pq

6.2 Splitting of a Bernoulli Process

Consider a primary Bernoulli process Xi ∼ Bernoulli(p). We split the successes into two output
streams using a secondary independent Bernoulli trial (an auxiliary coin flip) with success proba-
bility q for each success.

• Stream 1 receives the arrival if Xi = 1 AND the auxiliary flip is a success (probability q).

• Stream 2 receives the arrival if Xi = 1 AND the auxiliary flip is a failure (probability 1− q).

The coin flips used for splitting are assumed to be independent of the primary Bernoulli process
Xi.

Let Yi be the outcome of Stream 1 at time i.

P (Yi = 1) = P (Xi = 1) · P (assigned to Stream 1) = pq

Let Zi be the outcome of Stream 2 at time i.

P (Zi = 1) = P (Xi = 1) · P (assigned to Stream 2) = p(1− q)



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

The key result is that the two resulting streams, Stream 1 (Bernoulli(pq)) and Stream 2 (Bernoulli(p(1−
q)), are Bernoulli processes but they are not independent of each other. This is because, at any
time i, the condition Yi = 1 depends on the outcome Xi = 1 and the auxiliary flip being q, while
Zi = 1 depends on Xi = 1 and the auxiliary flip being 1− q. Thus, clearly Zi = 1 and Yi = 1 both
depend s on the outcome Xi = 1. In other words, if Yi = 1 we immediately know Zi = 1 cannot
happen.

7 Poisson Approximation to Binomial

The Poisson distribution arises as the limiting distribution of the Binomial distribution un-
der specific conditions. This is important because the Poisson distribution is the basis for the
continuous-time Poisson process, which is the continuous-time analog of the discrete-time Bernoulli
process.

The approximation is accurate when the number of trials n is large, the probability of success p is
small, but their product λ = np is a moderate, fixed value. This corresponds to the rare events
regime.

Let S ∼ Binomial(n, p) be the number of arrivals in n slots, with PMF:

pS(k) =
n!

k!(n− k)!
pk(1− p)n−k, k = 0, . . . , n

Fact: Fix k ≥ 0 and let n→∞ such that p = λ/n.

pS(k)→
λk

k!
e−λ, for k = 0, 1, . . .

This is the PMF of a Poisson(λ) random variable.

The derivation involves separating the terms of pS(k):

pS(k) =
n(n− 1) · · · (n− k + 1)

k!
·
(
λ

n

)k

·
(
1− λ

n

)n−k

As n→∞:

• The first term n(n−1)···(n−k+1)
nk → 1.

• The term
(
λ
n

)k
contributes λk

nk .

• The term
(
1− λ

n

)n−k → e−λ.

Combining these, we get the Poisson PMF. The result formalizes the notion that when the expected
number of events λ is fixed, the actual distribution of the number of events is well approximated
by the Poisson distribution, regardless of the large n and small p.
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Lecture 25: The Poisson Process Part I

Instructor: Prof. Abolfazl Hashemi

1 Definition of the Poisson Process

The Poisson process is the fundamental continuous-time model for describing events that occur
randomly over time, such as arrivals, emissions, or occurrences of rare phenomena. It can be viewed
as the continuous-time limit of the Bernoulli process. The process is characterized by an arrival
rate, λ, and two core properties: independent increments and time homogeneity.

1.1 Key Properties and Small Interval Probabilities

The properties of a Poisson process with rate λ are formalized by considering a very small time
interval of duration δ:

1. Independent Increments: The number of arrivals in disjoint time intervals are independent
random variables.

2. Time Homogeneity: The arrival rate λ is constant over time.

For an infinitesimally small δ, the probability of k arrivals, denoted P (k, δ), is approximated as
follows:

• The probability of no arrivals (k = 0) is P (0, δ) ≈ 1− λδ].

• The probability of exactly one arrival (k = 1) is P (1, δ) ≈ λδ.

• The probability of more than one arrival (k > 1) is P (k, δ) ≈ 0.

A more rigorous expression incorporates terms of order δ2 (O(δ2)):

P (k, δ) =


1− λδ +O(δ2) if k = 0

λδ +O(δ2) if k = 1

0 +O(δ2) if k > 1

The parameter λ is the constant arrival rate per unit time.
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1.2 Applications

The Poisson process, named after Siméon Denis Poisson (1781-1840), is widely used across various
domains to model rare and independent events.

Applications include:

• Modeling deaths from external, random causes, such as the historical data on deaths from
horse kicks in the Prussian army (1898).

• Describing physical phenomena, such as particle emissions and radioactive decay.

• Modeling communication and networking events, such as photon arrivals from a weak source
or phone calls and service requests.

• Modeling rare occurrences in finance, such as financial market shocks.

2 Distribution of the Number of Arrivals

2.1 Poisson PMF for Nτ

Let Nτ be the number of arrivals in a fixed time interval of duration τ . To find the probability
P (k, τ) = P (Nτ = k), we use the Poisson approximation to the Binomial distribution. We divide
the interval τ into n = τ/δ small slots. The probability of success in each slot is p = λδ + O(δ2).
In the limit as δ → 0 (and thus n→∞) while maintaining the average number of arrivals λτ :
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The number of arrivals Nτ follows the Poisson distribution with parameter λτ :

P (k, τ) = P (Nτ = k) =
(λτ)ke−λτ

k!
, k = 0, 1, . . .

2.2 Mean and Variance

Since Nτ is a Poisson random variable with parameter λτ , its mean and variance are equal.

• Expected Value:
E[Nτ ] = λτ

• Variance:
var(Nτ ) = λτ

The expected value can be derived directly from the PMF:

E[Nτ ] =
∞∑
k=0

k
(λτ)ke−λτ

k!

2.3 Example: Email Arrivals

Suppose emails arrive according to a Poisson process at a rate of λ = 5 messages per hour.

• Mean and variance of mails received during a day: For a day, the time duration is
τ = 24 hours.

λτ = 5× 24 = 120

E[N24] = 120

var(N24) = 120

• Probability of one new message in the next hour: Here, τ = 1 hour and k = 1.

P (N1 = 1) =
(5 · 1)1e−(5·1)

1!
= 5e−5

• Probability of exactly two messages during each of the next three hours: This
involves three independent intervals of duration τ = 1 hour. The probability of 2 messages
in a single hour is P (N1 = 2) = 52e−5

2! = 25
2 e

−5. The overall probability is the product:

P (NH1 = 2, NH2 = 2, NH3 = 2) = P (N1 = 2)3 =

(
25

2
e−5

)3
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3 Timing of Arrivals

3.1 Time until the First Arrival (T1)

The time T1 until the first arrival is a continuous random variable. We find its cumulative distri-
bution function (CDF) by relating the event {T1 > t} to the number of arrivals in [0, t]:

P (T1 ≤ t) = 1− P (T1 > t) = 1− P (Nt = 0)

P (T1 ≤ t) = 1− (λt)0e−λt

0!
= 1− e−λt, t ≥ 0

T1 follows the Exponential distribution with rate λ. The probability density function (PDF) is
found by differentiating the CDF:

fT1(t) = λe−λt, t ≥ 0

3.2 Time of the k-th Arrival (Yk)

The time Yk of the k-th arrival is a continuous random variable. Its probability density function is
derived by noting that the k-th arrival occurs in the infinitesimal interval [y, y + δ] if and only if
exactly k− 1 arrivals occurred in [0, y] and one arrival occurred in [y, y+ δ]. Yk follows the Erlang
distribution:

fYk
(y) =

λkyk−1e−λy

(k − 1)!
, y ≥ 0

The Erlang distribution is also known as the distribution of the sum of k independent, identically
distributed Exponential random variables.

4 Memorylessness and Interarrival Times

4.1 Memorylessness and Fresh-Start Property

The Poisson process exhibits amemorylessness and a fresh-start property which are analogous
to those of the Bernoulli process. Given the relationship between the two processes, this is a
plausible structural property.

• Fresh-start at fixed time t: If observation begins at time t, the process observed from that
point forward is a Poisson process with rate λ, independent of the history until time t.

• Interarrival Times: Due to the memoryless nature of the Exponential distribution and the
independent increments property, the time until the next arrival after any point t (or after
any previous arrival Yk−1) is still Exponential(λ).



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

• Thus, the interarrival times Tk = Yk − Yk−1 for k ≥ 1 are i.i.d. Exponential(λ).

Since Yk is the sum of k i.i.d. Exponential(λ) random variables:

E[Yk] = k/λ

var(Yk) = k/λ2

The property of having i.i.d. Exponential interarrival times can serve as an equivalent definition
of the Poisson process.

5 Example: Poisson Fishing

Consider the example of fishing, where fish are caught as a Poisson process with rate λ = 0.6 fish
per hour. The stopping rule is: fish for two hours; if at least one fish is caught (N2 ≥ 1), stop;
otherwise (N2 = 0), continue until the first fish is caught (T1). The parameter for the initial two
hours is λτ = 0.6× 2 = 1.2.

5.1 Probabilities of Total Time

• P(fish for more than two hours): This occurs if and only if no fish are caught in the first
two hours, N2 = 0.

P (Time > 2) = P (N2 = 0) = e−1.2

• P(fish for more than two and less than five hours): This event is equivalent to the
first fish arriving between 2 and 5 hours, 2 < T1 < 5.

P (2 < T1 < 5) = P (T1 > 2)− P (T1 > 5) = e−2λ − e−5λ = e−1.2 − e−3.0

5.2 Expected Values

• E[future fishing time | already fished for three hours]: Due to memorylessness, the
elapsed time of 3 hours is irrelevant, and the expected remaining time until the next fish is
simply the mean interarrival time, E[T1] = 1/λ.

E[future time] = 1/0.6 = 5/3 hours

• E[total fishing time Ttotal]: Using the Law of Total Expectation:

E[Ttotal] = E[Ttotal | N2 ≥ 1]P (N2 ≥ 1) + E[Ttotal | N2 = 0]P (N2 = 0)

E[Ttotal] = 2 · (1− e−1.2) + E[T1 | T1 > 2] · e−1.2

By memorylessness, E[T1 | T1 > 2] = 2 + E[T1] = 2 + 1/λ = 2 + 5/3 = 11/3.

E[Ttotal] = 2(1− e−1.2) + (11/3)e−1.2 = 2 +
5

3
e−1.2
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• E[total number of fish Ntotal]: The total number of fish is Ntotal = N2 + I{N2=0}, where
I{N2=0} is the indicator that the fishing continued (i.e., exactly one fish was caught during
the continuation period).

E[Ntotal] = E[N2] + P (N2 = 0) = λτ + e−λτ

E[Ntotal] = 1.2 + e−1.2
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Lecture 26: The Poisson Process Part II

Instructor: Prof. Abolfazl Hashemi

1 The Sum of Independent Poisson Random Variables

This section explores a fundamental property regarding the closure of the Poisson distribution under
summation. The analysis begins by considering the number of arrivals in consecutive, disjoint time
intervals within a single Poisson process.

Consider a Poisson process with a rate of λ (for simplicity, we initially set λ = 1).

• Let M be the number of arrivals in an initial interval of length τ . M follows a Poisson
distribution with parameter E[M ] = λτ .

• Let N be the number of arrivals in a subsequent, consecutive interval of length ν. N follows
a Poisson distribution with parameter E[N ] = λν.

Due to the property of independent increments inherent in the Poisson process, M and N are
independent random variables.

The sum M +N represents the total number of arrivals in the entire combined interval of length
τ + ν. This total count must also follow a Poisson distribution, as the combined interval itself is
subject to the original process over a duration τ + ν. Thus, E[M +N ] = λ(τ + ν) = λτ + λν.

General Theorem The sum of independent Poisson random variables with means (or
parameters) µ and ν is a Poisson random variable with mean (or parameter) µ + ν. This result
holds for any number of independent Poisson random variables.

M ∼ Poisson(µ), N ∼ Poisson(ν), M,N independent =⇒ M +N ∼ Poisson(µ+ ν)

2 Merging of Independent Poisson Processes

The stability of the Poisson process is evident when multiple independent processes are combined
or merged.

Consider two independent Poisson processes, Process 1 (Red bulb flashes) with rate λ1 and Process
2 (Green bulb flashes) with rate λ2. The merged process counts any arrival from either source.

Derivation via Small Intervals In a very small time interval δ:

• P (Red arrival) ≈ λ1δ.

• P (Green arrival) ≈ λ2δ.

• P (Simultaneous arrival) ≈ (λ1δ)(λ2δ) = O(δ2).
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The probability of at least one arrival in the merged process is the sum of the individual probabil-
ities, neglecting the vanishing probability of collision:

P (Merged arrival) ≈ P (Red) + P (Green) ≈ (λ1 + λ2)δ

Since the probability of a merged arrival in δ is proportional to the time duration δ, and successive
intervals are independent, the merged process is a Poisson process with rate λmerged = λ1 + λ2.

2.1 Source of the Arrival

When an arrival is observed in the merged process, it is important to determine its source. The
probability that an arbitrary arrival comes from Process 1 (Red) is independent of the arrival time
t and is given by the ratio of the rates:

P (Red | arrival) =
Rate of Red arrivals

Rate of All arrivals
=

λ1

λ1 + λ2

This result holds for any specific arrival, irrespective of its position in the sequence. Consequently,
the classification of whether an arrival is Red or Green is independent for different arrivals.

If one observes n arrivals in the merged process, the number of those arrivals that originated from
the Red process follows a Binomial distribution with parameters n and p = λ1

λ1+λ2
.

Numerical Example Suppose λ1 is the rate of Red flashes and λ2 is the rate of Green flashes.
The probability that the k-th arrival is Red is p = λ1

λ1+λ2
. The probability that exactly 4 out of the

first 10 arrivals are Red is given by the Binomial PMF for n = 10, k = 4:

P (4 Red arrivals) =

(
10

4

)
p4(1− p)6
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3 Applications of Merging: Reliability

3.1 Time until the First Burnout

Consider three lightbulbs with independent lifetimes X,Y, Z, where X ∼ Exponential(λX), Y ∼
Exponential(λY ), and Z ∼ Exponential(λZ). The exponential distribution characterizes the time
until the first event (or arrival) in a Poisson process.

The time until the first burnout is M = min{X,Y, Z}. Since the merged process is Poisson(λX +
λY + λZ), the time to the first event in the merged process, min{X,Y, Z}, is Exponential(λX +
λY + λZ).

The expected time until the first burnout is the mean of this Exponential distribution:

E[min{X,Y, Z}] = 1

λX + λY + λZ

3.2 Time until the Last Burnout

Finding the expected time until all bulbs burn out, E[max{X,Y, Z}], is a more complex calculation.

For the symmetric case where λX = λY = λZ = λ, the expected time until the last burnout is
found by relating the maximum to sums of independent Exponential random variables:

E[max{X,Y, Z}] = 1

λ
+

1

2λ
+

1

3λ
=

6 + 3 + 2

6λ
=

11

6λ

4 Splitting of a Poisson Process

A reverse operation to merging is splitting, where the arrivals of a single Poisson process are
partitioned into multiple streams.
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Consider a Poisson process with rate λ. Each arrival is classified into Stream 1 with an independent
probability q, and into Stream 2 with probability 1− q.

The resulting streams possess remarkable properties:

1. Resulting Processes are Poisson: Stream 1 is a Poisson process with rate λ1 = λq.
Stream 2 is a Poisson process with rate λ2 = λ(1− q).

2. Independence: The two resulting streams are independent of each other.

This surprising independence simplifies the analysis of complex systems where external events are
processed into different service queues.

5 Random Incidence and the Inspection Paradox

5.1 The Paradox Defined

Consider a Poisson process that has been running indefinitely, with interarrival times Tk that are
i.i.d. Exponential(λ). The expected length of a typical interarrival interval is E[Tk] = 1/λ.

The random incidence problem (or the inspection paradox) arises when one attempts to measure
the length of these intervals by arriving at an arbitrary random time t∗ and measuring the length
of the interval V − U during which t∗ falls.

Numerical Example If the interarrival times Tk have a mean of 1/λ = 15 minutes (λ = 4/hour).
When an observer shows up at a random time and measures the interval V −U , the average result
is found to be 2/λ = 30 minutes, which is twice the expected length of a typical interval.

5.2 Analysis of Random Incidence

Let U be the time of the last arrival before the random arrival time t∗, and V be the time of the
next arrival after t∗. V − U is the observed interarrival interval.

• Observed Length: The interarrival interval V − U seen by the random observer is not
Exponential(λ).

• Distribution of Observed Length: For a Poisson process, the length of the interval con-
taining the random time t∗ follows an Erlang(2, λ) distribution.

• Expected Observed Length: The expected length is E[V − U ] = 2/λ.
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5.3 The Source of the Bias

The paradox is a manifestation of sampling bias: when sampling at a random time, there is a
proportional bias towards longer intervals. The observer is more likely to arrive during a longer
interval than a shorter one.

General Renewal Process Example Consider a general renewal process where interarrival
times T are i.i.d., equally likely to be 5 or 10 minutes.

• The expected value of a typical interarrival time is E[T ] = 0.5(5) + 0.5(10) = 7.5 minutes.

• The probability of arriving during a 5-minute interval is proportional to its length: P (arrive during 5-minute interval) =
5

5+10 = 1
3 .

• The probability of arriving during a 10-minute interval is P (arrive during 10-minute interval) =
10

5+10 = 2
3 .

• The expected length of the interarrival interval during which you arrive is the length weighted
by the probability of sampling it:

E[Observed Length] = 5 · 1
3
+ 10 · 2

3
=

25

3
≈ 8.33 minutes

The observed length (8.33 min) is greater than the true average length (7.5 min). This generalizes
to all renewal processes (processes with i.i.d. interarrival times).

5.4 Implications for Sampling

The random incidence phenomenon illustrates that the sampling method matters.

• Average family size: Sampling a random family (uniformly) gives the true average. Sam-
pling a random person’s family is biased towards larger families.

• Average bus occupancy: Sampling a random bus (uniformly) gives the true average.
Sampling a random passenger’s bus is biased towards buses with higher occupancy.

In each case, sampling based on the element (person, passenger) introduces a bias proportional to
the size of the set (family size, bus occupancy).



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

Lecture 27: Markov Chains I

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Markov Processes

This lecture introduces the concept of a Markov process, a specialized type of stochastic process
characterized by the property of being memoryless. Specifically, we focus on Discrete-Time
Markov Chains (DTMCs) with finite state spaces.

1.1 The Markov Property

A stochastic process {Xt, t ∈ T} has the Markov property if the future state of the process,
given the present state, is conditionally independent of the sequence of states that preceded it (the
past). This is often summarized by the phrase: “Given the current state, the past doesn’t matter.”

Mathematically, for a discrete-time process Xn:

P (Xn+1 = j | Xn = i,Xn−1 = in−1, . . . , X0 = i0) = P (Xn+1 = j | Xn = i)

The state transition only depends on the value of the state at the current time n. The state at
time t+ 1 is typically a function of the state at time t and some random noise:

state(t+ 1) = f(state(t),noise)

2 Discrete-Time Finite State Markov Chains

2.1 Model Specification

A discrete-time Markov chain is specified by identifying:

1. The set of states {1, 2, . . . ,m}, which is finite.

2. The initial stateX0, which may be given deterministically or defined by an initial probability
distribution.

3. The transition probabilities.

The core probabilistic rule is the one-step transition probability, denoted pij :

pij = P (Xn+1 = j | Xn = i)

If the chain is time-homogeneous, pij does not depend on the time step n.
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2.2 Checkout Counter Example

The queue at a single checkout counter is a classic example of a DTMC.

• Time: Discrete time n = 0, 1, 2, . . . (e.g., minutes or service completions).

• State Xn: The number of customers in the system (waiting or being served) at time n. The
state space is S = {0, 1, 2, . . . ,M}, where M is the maximum capacity (often large or infinite,
but we consider a finite space for a finite state Markov chain).

• Assumptions:

– Customer arrivals are a Bernoulli(p) process (one arrival with probability p, zero arrivals
with probability 1− p).

– Customer service times are Geometric(q) (one service completion with probability q, no
completion with probability 1− q).

• One-Step Transitions Xn+1 | Xn = i:

– Xn+1 = i+ 1: Arrival and no service completion. Occurs with probability p(1− q).

– Xn+1 = i− 1: Service completion and no arrival. Occurs with probability (1 − p)q.
(Requires i ≥ 1).

– Xn+1 = i: Either both an arrival and a service completion, OR neither event occurs.
Occurs with probability pq + (1− p)(1− q).

(A similar but simpler analysis applies when the transitions are only ±1 or 0).

3 n-Step Transition Probabilities

3.1 Definition and Recursion

The n-step transition probability, rij(n), is the probability of moving from state i to state j in
exactly n steps.

rij(n) = P (Xn = j|X0 = i) = P (Xn+s = j|Xs = i)

The calculation of rij(n) for n > 1 is achieved through the Chapman-Kolmogorov equation (a
key recursion relation). To go from state i to state j in n steps, the chain must pass through some
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intermediate state k after n− 1 steps, followed by a single transition from k to j.

The recursive formula is:

rij(n) =
m∑
k=1

rik(n− 1)pkj

3.2 Unconditional State Probabilities

If the initial state X0 is random with a known probability distribution P (X0 = i), the unconditional
probability of the chain being in state j at time n is:

P (Xn = j) =
m∑
i=1

P (X0 = i)rij(n)

3.3 Example: Two-State Markov Chain Calculation

Consider a two-state Markov chain with the following transition probabilities:

P =

(
p11 p12
p21 p22

)
=

(
0.5 0.5
0.8 0.2

)

We calculate the n-step transition probabilities rij(n) for small n:

• n = 0 (Initial State): r11(0) = 1, r12(0) = 0, r21(0) = 0, r22(0) = 1.

• n = 1 (One Step): rij(1) = pij . Thus r11(1) = 0.5, r12(1) = 0.5, r21(1) = 0.8, r22(1) = 0.2.

• n = 2 (Two Steps): Using the recursion rij(2) =
∑2

k=1 rik(1)pkj :

– r11(2) = r11(1)p11 + r12(1)p21 = (0.5)(0.5) + (0.5)(0.8) = 0.25 + 0.40 = 0.65.
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– r12(2) = r11(1)p12 + r12(1)p22 = (0.5)(0.5) + (0.5)(0.2) = 0.25 + 0.10 = 0.35.

– r21(2) = r21(1)p11 + r22(1)p21 = (0.8)(0.5) + (0.2)(0.8) = 0.40 + 0.16 = 0.56.

– r22(2) = r21(1)p12 + r22(1)p22 = (0.8)(0.5) + (0.2)(0.2) = 0.40 + 0.04 = 0.44.

This calculation can be easily represented using matrix multiplication: R(n) = Pn.

4 Long-Term Behavior and Classification of States

4.1 Generic Convergence Questions

As the number of steps n approaches infinity, we analyze the long-term behavior of the chain.

• Convergence: Does rij(n) converge to a limit as n→∞?

• Stationarity: Does the limit depend on the initial state i?

• Example 1 (Non-convergence due to Periodicity): Consider a two-state chain where
p11 = 0, p12 = 1, p21 = 1, p22 = 0. The chain oscillates between states 1 and 2, and r11(n)
does not converge. For n odd, r11(n) = 0; for n even, r11(n) = 1.

• Example 2 (Dependence on Initial State): Consider a chain with states {1, 2} forming
one isolated set and {3, 4} forming another. If the chain starts in 1, it will never reach 3 or 4.
The long-term distribution depends entirely on which set of states the chain begins in. For
instance, limn→∞ r13(n) = 0, but limn→∞ r33(n) > 0.

4.2 Recurrent and Transient States

The long-term behavior of a Markov chain is determined by the classification of its states.

• Recurrent State i: A state i is recurrent if, once the process enters i, the probability of
returning to i at some future time is 1. This means the process will return to i infinitely
often.

• Transient State i: A state i is transient if there is a non-zero probability that the process,
once having left i, will never return.
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• Recurrent Class: A collection of recurrent states that communicate only among themselves.
Once the process enters a recurrent class, it remains within that class forever.

• Communication: State i communicates with state j if rij(n) > 0 for some n ≥ 1.

In the provided diagram:

• Recurrent States/Classes: State {5} is a recurrent (absorbing) class. States {3, 4} form
a recurrent class. States {6, 7, 8} form a recurrent class.

• Transient States: States 1 and 2 are transient. A process starting in state 1 or 2 will
eventually transition to one of the recurrent classes and never return to 1 or 2.
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Lecture 28: Markov Chains II

Instructor: Prof. Abolfazl Hashemi

1 Review and Warm-up

This lecture continues the study of Discrete-Time Markov Chains (DTMCs), focusing on long-term
behavior, specifically the existence and calculation of steady-state probabilities.

1.1 Review of DTMC Fundamentals

A DTMC is defined by a discrete time index (n = 0, 1, . . .), a discrete state space, and the time-
homogeneous assumption, meaning the transition probabilities do not depend on the current time
step n.

• Transition Probabilities: pij = P (Xn+1 = j | Xn = i).

• Markov Property: The future state Xn+1 depends only on the current state Xn.

• n-Step Transition Probability: rij(n) = P (Xn = j | X0 = i).

• Key Recursion (Chapman-Kolmogorov Equation): Calculates the n-step probability
based on the (n− 1)-step probability and the one-step transitions.

rij(n) =

m∑
k=1

rik(n− 1)pkj

1.2 Warm-up: Calculating Probabilities of Trajectories

Consider the Markov chain represented by the state diagram below. We assume the one-step
transition probabilities pij are known.

Probability of a Specific Trajectory The probability of a specific sequence of states over N
steps, X0, X1, . . . , XN , is found by multiplying the probabilities of successive one-step transitions,
utilizing the Markov property.

P (X1 = 2, X2 = 6, X3 = 7 | X0 = 1) = P (X1 = 2 | X0 = 1)P (X2 = 6 | X1 = 2)P (X3 = 7 | X2 = 6)

P (X1 = 2, X2 = 6, X3 = 7 | X0 = 1) = p12p26p67

n-Step Probability The probability of reaching state j = 7 after n = 4 steps, starting from
i = 2, is the n-step transition probability r27(4):

P (X4 = 7 | X0 = 2) = r27(4)
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2 Classification of States: Recurrent, Transient, and Periodic

The classification of states is crucial for understanding the long-term behavior and for determining
if a steady-state distribution exists.

2.1 Recurrent and Transient States

• Recurrent State i: A state i is recurrent if, starting from i, the probability of returning to
i at some future time is one. In other words, the process will return to i infinitely often.

• Transient State i: A state i is transient if it is not recurrent. The process, once having left
i, may never return.

• Recurrent Class: A collection of recurrent states that only communicate with each other.
Communication means that a state i is reachable from state j, and vice versa. Once the
process enters a recurrent class, it cannot leave.

2.2 Periodic States

A further classification of recurrent states involves periodicity, which impacts convergence to steady-
state.

• Periodic States: The states in a recurrent class are periodic with period d > 1 if they can
be partitioned into d groups, such that all transitions from one group lead deterministically
to the next group, forming a cycle of length d.

• Aperiodic State: A state is aperiodic if the greatest common divisor of all possible return
times to that state is 1. If a recurrent class contains a self-loop (a transition pii > 0), then
the class is aperiodic.

• Example 1 (Period d = 2): The top and bottom groups form a chain-link structure. The
process must transition from the top group to the bottom group, and then back, meaning it
returns to a state in the top group only in even numbers of steps.

• Example 2 (Cycle): The sequence of states 1→ 2→ 3→ · · · → 9→ 1 forms a cycle. If no
self-loops exist, the period is d = 9.
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3 Steady-State Behavior and Balance Equations

3.1 Convergence Theorem

The existence and uniqueness of a steady-state distribution, πj , depends critically on the structural
properties reviewed above.

• Steady-State Probability πj : This is the long-run probability of finding the system in
state j, regardless of the starting state i.

πj = lim
n→∞

rij(n)

• Theorem for Convergence: The n-step transition probability rij(n) converges to a unique
limit πj (i.e., a steady-state distribution exists and is independent of the initial state i) if the
Markov chain satisfies two conditions:

1. The recurrent states are all contained within a single class (i.e., the chain is irreducible
and has no transient states).

2. The single recurrent class is not periodic (i.e., the chain is aperiodic).

3.2 Balance Equations

Assuming the chain converges to a steady-state distribution {πj}, this distribution must satisfy the
balance equations and the normalization condition.

Derivation from the Chapman-Kolmogorov Equation The key recursion equation, rij(n) =∑
k rik(n− 1)pkj , holds for all n. By taking the limit as n→∞ on both sides:

lim
n→∞

rij(n) =
∑
k

(
lim
n→∞

rik(n− 1)
)
pkj

Substituting πj = limn→∞ rij(n):

πj =
∑
k

πkpkj

Interpretation of Balance Equations The balance equation πj =
∑

k πkpkj has a powerful
physical interpretation based on frequency.
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• πj : The long-run frequency (or probability) of being in state j.

•
∑

k πkpkj : The long-run frequency of transitions into state j.

• πj · 1: The long-run frequency of transitions out of state j. (Since
∑

k pjk = 1).

The equation states that in steady-state, the long-run frequency of entering state j must precisely
equal the long-run frequency of leaving state j.

The Normalization Condition The set of balance equations provides m linear equations, but
only m − 1 of them are linearly independent. The final necessary equation is the normalization
condition:

m∑
j=1

πj = 1

3.3 Example: Steady-State Calculation for Two-State Chain

Consider the two-state chain with transition matrix P =

(
0.5 0.5
0.2 0.8

)
.

The chain is irreducible and aperiodic (since p11 = 0.5 > 0 and p22 = 0.8 > 0), so a steady-state
distribution {π1, π2} exists.

1. Balance Equations πj =
∑

k πkpkj :

π1 = π1p11 + π2p21 =⇒ π1 = 0.5π1 + 0.2π2

π2 = π1p12 + π2p22 =⇒ π2 = 0.5π1 + 0.8π2

2. Normalization Condition:
π1 + π2 = 1

3. Solving the System: From the first balance equation:

0.5π1 = 0.2π2 =⇒ π2 =
0.5

0.2
π1 = 2.5π1

Substitute π2 = 2.5π1 into the normalization equation:

π1 + 2.5π1 = 1 =⇒ 3.5π1 = 1

π1 =
1

3.5
=

2

7

π2 = 1− π1 = 1− 2

7
=

5

7

The steady-state distribution is {π1 = 2/7, π2 = 5/7}.
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4 Birth-Death Processes

4.1 Definition and Local Balance

A birth-death process is a special case of a Markov chain where transitions are only allowed
between adjacent states. In the context of queues, a “birth” is an arrival (transition i → i + 1),
and a “death” is a service completion (transition i→ i− 1).

The process is defined by state-dependent birth probabilities pi (from i→ i+ 1) and death proba-
bilities qi (from i→ i−1). The total transition probability out of state i is pi+qi+P (stay in i) = 1.

For birth-death processes, the global balance equations πj =
∑

k πkpkj simplify to a system of local
balance equations between adjacent states i and i+ 1:

πipi = πi+1qi+1 for i = 0, 1, . . . ,m− 1

This means the long-run frequency of transitions from state i to i+1 (πipi) must equal the long-run
frequency of transitions from state i+ 1 to i (πi+1qi+1).

4.2 Solving the Steady-State Distribution

The local balance equations allow for a recursive solution for all πi in terms of π0.

πi+1 = πi
pi
qi+1

Special Case: Constant Rates pi = p, qi = q If the birth and death rates are constant (e.g., in
a simple queue), let ρ = p/q. The relationship becomes πi+1 = πi

p
q = πiρ. This yields a geometric

distribution for the steady-state probabilities:

πi = π0ρ
i for i = 0, 1, . . . ,m

For the case where the state space is infinite (m ≈ ∞), a steady-state distribution only exists if the
death rate exceeds the birth rate, p < q (or ρ < 1).

• The initial probability π0 is found by normalizing the infinite geometric series
∑∞

i=0 πi = 1:

π0 = 1− ρ

• The expected number of customers in the system in steady-state is calculated as the mean of
the geometric distribution:

E[Xn] =
∞∑
i=0

iπi =
ρ

1− ρ
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Lecture 29: Markov Chains III

Instructor: Prof. Abolfazl Hashemi

1 Review of Steady-State Behavior

This lecture begins with a review of the conditions under which a Markov chain reaches a stationary,
or steady-state, distribution, followed by an exploration of absorption probabilities and expected
passage times, concepts critical for analyzing transient behavior.

1.1 Steady-State Convergence

A time-homogeneous, discrete-time Markov chain converges to a unique steady-state distribution
{πj} if two conditions are met:

1. The recurrent states must form a single class (i.e., the chain must be irreducible among its
recurrent states).

2. The single recurrent class must be aperiodic (i.e., the greatest common divisor of all possible
return times to any state must be one).

When these conditions are satisfied, the n-step transition probability rij(n) converges to the steady-
state probability πj , regardless of the initial state i:

lim
n→∞

rij(n) = πj , ∀i

The steady-state probabilities {πj} are found as the unique solution to the system of linear equations
consisting of the balance equations and the normalization condition:

• Balance Equations: πj =
∑

k πkpkj , j = 1, . . . ,m.

• Normalization:
∑

j πj = 1.

1.2 Use of Steady-State Probabilities in Long-Term Analysis

Once the steady-state probabilities {πj} are known, they allow for the calculation of long-term
and conditional probabilities involving transitions far into the future. Consider the two-state chain
example with steady-state probabilities π1 = 2/7 and π2 = 5/7 and one-step transition probabilities
p11 = 0.5 and p12 = 0.5.

The analysis utilizes the Markov property and the convergence property:

• P (X1 = 1 and X100 = 1 | X0 = 1): The process starts at state 1, goes to 1 in the first step,
and returns to 1 at time 100.

P (X1 = 1 | X0 = 1) · P (X100 = 1 | X1 = 1) = p11 · r11(99) ≈ p11π1

P (X1 = 1 and X100 = 1 | X0 = 1) ≈ 0.5 · 2
7
=

1

7
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• P (X100 = 1 and X101 = 2 | X0 = 1): The chain is in state 1 at time 100, and transitions to
state 2 at time 101.

P (X100 = 1 | X0 = 1) · P (X101 = 2 | X100 = 1) ≈ π1 · p12

P (X100 = 1 and X101 = 2 | X0 = 1) ≈ 2

7
· 0.5 =

1

7

• P (X100 = 1 and X200 = 1 | X0 = 1): The chain is in state 1 at time 100, and returns to 1 at
time 200 (100 steps later).

P (X100 = 1 | X0 = 1) · P (X200 = 1 | X100 = 1) ≈ π1 · π1

P (X100 = 1 and X200 = 1 | X0 = 1) ≈ 2

7
· 2
7
=

4

49

2 Application: Design of a Phone System (Erlang B)

A practical application of Markov chains is modeling the capacity of a phone system, often referred
to as the Erlang B model, which is used to determine the probability of a call being blocked.

2.1 Model and Discrete-Time Approximation

The system is modeled as a Birth-Death process, where the state i is the number of active calls,
and the total capacity is B.



ECE 302: Probabilistic Methods in ECE Fall 2025 – Purdue University

• Call Arrivals: Modeled as a Poisson process with rate λ.

• Call Durations: Modeled as independent Exponential random variables with parameter µ.

Using a discrete-time approximation with small time slots δ:

• The probability of a new call arriving is approximated as λδ.

• If there are i active calls, the probability of a call ending (a departure) is the superposition
of i independent Exponential distributions, approximated as iµδ.

The resulting DTMC has states i ∈ {0, 1, . . . , B}, where state B is the maximum capacity.

2.2 Steady-State and Blocking Probability

The steady-state distribution {πi} satisfies the local balance equations, equating the flow of tran-
sitions between adjacent states i− 1↔ i:

πi · (iµ) = πi−1 · λ for i = 1, . . . , B

This leads to the following expression for πi in terms of π0:

πi = π0
λ

µ

λ

(2µ)
· · · λ

(iµ)
= π0

(λ/µ)i

i!
= π0

ρi

i!

where ρ = λ/µ is the traffic intensity (measured in Erlangs).

The normalization constant π0 is found by summing all πi to 1:

π0 =

(
B∑
i=0

ρi

i!

)−1

The key design parameter is the probability that an arriving customer finds the system busy, which
occurs when all B lines are occupied (state B):

P (arriving customer finds busy system) = πB =
ρB

B!∑B
i=0

ρi

i!

This formula is known as the Erlang B formula and is used to determine the necessary capacity
B for a target blocking probability.

3 Calculating Absorption Probabilities

Absorption probabilities are calculated for Markov chains with one or more absorbing states. An
absorbing state k is a recurrent state where pkk = 1, meaning once the process enters k, it never
leaves.
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3.1 Absorption Probability ai

Let ai be the probability that the chain eventually reaches a specific absorbing state k, given it
started in transient state i.

• Boundary Conditions: For any absorbing state k′:

ak = 1 (Target state)

ak′ = 0 (Other absorbing states)

• Governing Equation (for transient states i): For any transient state i, the chain must
transition to some state j in the next step, and from there, the probability of reaching k is
aj . The ai values form a system of linear equations:

ai =
∑
j

pijaj

3.2 Example Application of Absorption Probability

Consider a chain with absorbing states 4 and 5 (i.e., p44 = 1 and p55 = 1), and let ai be the
probability of absorption into state 4.

• a4 = 1.

• a5 = 0.

The equations for any transient states (which would be the remaining states, say 1, 2, 3, etc., if
pii < 1 for those) are set up and solved simultaneously with the boundary conditions to find the
unique solution.

4 Expected Time to Absorption and Passage Times

4.1 Expected Time to Absorption (µi)

Let µi be the expected number of transitions until the chain reaches an absorbing state k, given
the chain started in state i.

• Boundary Conditions: µk = 0 (expected time is zero if already in the absorbing state).

• Governing Equation (for transient states i): The time is 1 (for the first step) plus the
expected future time, which depends on the state j entered after the first step:

µi = 1 +
∑
j

pijµj
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4.2 Mean First Passage and Recurrence Times

The concepts extend to recurrent chains that do not have explicit absorbing states.

• Mean First Passage Time (ti from i to s): The expected number of steps until the
process reaches state s for the first time, given X0 = i. This calculation treats the target
state s as an absorbing state for the purpose of setting up the boundary condition (ts = 0).

– ts = 0.

– ti = 1 +
∑

j pijtj , for all i ̸= s.

• Mean Recurrence Time (t∗s of s): The expected number of steps until the process returns
to state s, given X0 = s. This is the mean first passage time from s back to s.

t∗s = E[min{n ≥ 1 such that Xn = s}|X0 = s]

t∗s = 1 +
∑
j

psjtj

For an irreducible and aperiodic Markov chain, the mean recurrence time t∗s is the reciprocal of the
steady-state probability πs:

πs =
1

t∗s

5 The Gambler’s Ruin Example

The classic Gambler’s Ruin problem provides an excellent context for applying both absorption
probability and expected time to absorption calculations.

A gambler starts with i dollars and bets $1 in a fair game (win or lose with probability 0.5) until
she reaches 0 dollars (ruin/loss) or n dollars (win).

• States: {0, 1, . . . , n}.

• Absorbing States: 0 (loss) and n (win).

• Transition Probabilities (Fair Game): pi,i+1 = 0.5 and pi,i−1 = 0.5 for 0 < i < n.

5.1 Absorption Probability (ai: Win)

Let ai be the probability that the gambler ends up with n dollars (wins the game), starting from i
dollars.

• Boundary Conditions: a0 = 0 and an = 1.

• Governing Equation: ai = 0.5ai−1 + 0.5ai+1 for 0 < i < n.

• Solution (Fair Game): The probability of winning is simply proportional to the initial
stake relative to the target:

ai =
i

n

The expected wealth at the end of the game is 0 · (1−ai)+n ·ai = n · (i/n) = i. This demonstrates
the principle that in a fair game, the expected final wealth equals the initial wealth.
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5.2 Expected Time in the Game (µi)

Let µi be the expected number of plays until the game ends (absorption into state 0 or n), starting
from i dollars.

• Boundary Conditions: µ0 = 0 and µn = 0.

• Governing Equation: µi = 1 + 0.5µi−1 + 0.5µi+1 for 0 < i < n.

• Solution (Fair Game): The expected number of plays is:

µi = i(n− i)
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Lecture 30: Stationarity and Ergodicity

Instructor: Prof. Abolfazl Hashemi

1 Introduction to Random Processes

A Random Process (or stochastic process), denoted X(t), is a family or collection of random
variables indexed by time t. Unlike a single random variable, a random process is defined across
an entire domain of time.

• For a fixed time t0, X(t0) is a single random variable.

• A specific realization of the process, x(t), is called a sample function or a time series.

The complete probabilistic description of a random process is given by its set of all finite-dimensional
joint distributions for any set of time instants t1, t2, . . . , tn:

FX(t1),...,X(tn)(x1, . . . , xn) = P (X(t1) ≤ x1, . . . , X(tn) ≤ xn)

2 Stationarity: Time Invariance of Statistics

Stationarity refers to the property that the statistical characteristics of a random process do not
change over time. Different degrees of time invariance lead to different definitions of stationarity.

2.1 Strict-Sense Stationarity (SSS)

A random process X(t) is Strict-Sense Stationary (SSS) if its finite-dimensional joint distribu-
tions are invariant to any shift in time.

2.1.1 Definition

For any number of observations n, any set of time instants t1, . . . , tn, and any arbitrary time shift
τ :

FX(t1),...,X(tn)(x1, . . . , xn) = FX(t1+τ),...,X(tn+τ)(x1, . . . , xn)

This is the strongest form of stationarity, implying that all statistical moments (mean, variance,
skewness, etc.) are time-invariant.

2.1.2 Necessary Conditions Implied by SSS

By setting specific values for n and τ , SSS implies necessary conditions on the moments:

1. First-order moment (n = 1): The mean of the process must be a constant, independent of
time t.

E[X(t)] = E[X(t+ τ)] = µX (constant)

2. Second-order moment (n = 2): The autocorrelation function depends only on the time
difference τ = t2 − t1.

RX(t1, t2) = E[X(t1)X(t2)] = E[X(t1 + τ)X(t2 + τ)] = RX(t2 − t1) = RX(τ)
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2.1.3 Numerical Example: Process that is NOT SSS

Consider the process X(t) = A sin(ω0t), where A is a random variable A ∼ U [0, 1]. We examine
the mean E[X(t)]:

E[X(t)] = E[A sin(ω0t)] = E[A]E[sin(ω0t)]

The expected value of A is E[A] =
∫ 1
0 a · 1da = 1/2. Substituting this back yields:

E[X(t)] = (1/2) sin(ω0t)

Since the mean E[X(t)] is a sinusoidal function of time t, it is not constant. Because a constant
mean is a necessary condition for SSS, the processX(t) is not SSS. This example demonstrates that
any time-dependent structure in the deterministic components of the process violates stationarity.

2.2 Wide-Sense Stationarity (WSS)

Wide-Sense Stationarity (WSS) is a weaker and more commonly used form of stationarity that
only restricts the first two statistical moments.

2.2.1 Definition

A random process X(t) is WSS if and only if:

1. The mean is constant and independent of time:

E[X(t)] = µX (constant)

2. The autocorrelation function depends only on the time difference (lag) τ = t2 − t1:

RX(t1, t2) = RX(t2 − t1) = RX(τ)

2.2.2 Relationship between SSS and WSS

• SSS =⇒ WSS, provided the first two moments exist.

• WSS ̸ =⇒ SSS, as WSS does not impose constraints on higher-order moments (e.g., the
process could have a time-varying third moment).
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2.2.3 WSS and Gaussian Processes

There is one critical exception to the WSS ̸ =⇒ SSS rule: a Gaussian Process. A Gaussian pro-
cess is entirely defined by its first two moments (mean and covariance/autocorrelation). Therefore,
for a Gaussian process, the WSS condition is sufficient to guarantee SSS:

WSS
Gaussian⇐⇒ SSS

2.2.4 Numerical Example: WSS Check

Consider the process X(t) = A cos(ω0t) + B sin(ω0t), where A and B are independent random
variables distributed as N(0, σ2).

1. Check Mean (E[X(t)]):

E[X(t)] = E[A] cos(ω0t) + E[B] sin(ω0t)

Since A and B are zero-mean (E[A] = E[B] = 0):

E[X(t)] = 0 · cos(ω0t) + 0 · sin(ω0t) = 0

The mean is constant. Condition 1 satisfied.

2. Check Autocorrelation (RX(t1, t2)):

RX(t1, t2) = E[X(t1)X(t2)]

RX(t1, t2) = E[(A cos(ω0t1) +B sin(ω0t1))(A cos(ω0t2) +B sin(ω0t2))]

Since A and B are independent and uncorrelated (E[AB] = E[A]E[B] = 0):

RX(t1, t2) = E[A2] cos(ω0t1) cos(ω0t2) + E[B2] sin(ω0t1) sin(ω0t2)

Since E[A2] = E[B2] = var(A) = σ2:

RX(t1, t2) = σ2[cos(ω0t1) cos(ω0t2) + sin(ω0t1) sin(ω0t2)]

Using the trigonometric identity cos(a− b) = cos a cos b+ sin a sin b:

RX(t1, t2) = σ2 cos(ω0(t2 − t1))

Letting τ = t2 − t1, the autocorrelation depends only on the lag τ : RX(τ) = σ2 cos(ω0τ).
Condition 2 satisfied.

Conclusion: The process X(t) is WSS. Because A and B are Gaussian, X(t) is also a
Gaussian process, and thus it is also SSS.

3 Ergodicity: Time Averages vs. Ensemble Averages

Ergodicity addresses the relationship between averaging across multiple realizations of the process
at a fixed time (the ensemble average) and averaging over a long time for a single realization
(the time average).
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3.1 Definition of Ergodicity in the Mean

A random processX(t) is Ergodic in the Mean if the time average of a single realization converges
to the ensemble mean (expected value) of the process.

lim
T→∞

1

T

∫ T

0
X(t)dt = E[X(t)] (in probability or a.s.)

If a process is ergodic, measuring a single, sufficiently long sample function can yield all the required
statistical properties of the entire process.

3.1.1 Necessary Conditions for Ergodicity

Ergodicity is a much stronger requirement than stationarity.

• A process must be WSS to be ergodic.

• The process must be sufficiently “mixing,” meaning the dependence between samples sepa-
rated by a large time lag must vanish. A common sufficient condition is that the autocorre-
lation function must decay fast enough, specifically:

lim
T→∞

1

T

∫ T

0
|RX(τ)− µ2

X |dτ = 0

3.1.2 Numerical Example: Process that is NOT Ergodic

Consider the process X(t) = A, where A is a random variable A ∼ U [0, 1].

1. WSS Check:

• Mean: E[X(t)] = E[A] = 1/2 (Constant).

• Autocorrelation: RX(t1, t2) = E[A2] = var(A)+ (E[A])2 = 1/12+ 1/4 = 1/3 (Constant,
depends only on τ = 0, so RX(τ) = 1/3). The process is WSS.

2. Ergodicity Check: The time average for a specific realization is:

Time Average = lim
T→∞

1

T

∫ T

0
Adt = A

Since A is a random variable, the time average A is not necessarily equal to the ensemble mean
E[X(t)] = 1/2. The time average depends on the specific outcome of the initial randomization
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(A). Conclusion: Since the time average is a random variable and not equal to the constant
ensemble mean, the process is NOT Ergodic. The process is not sufficiently mixing because
its memory is infinite (RX(τ) does not decay to µ2

X).

4 Applications of Stationarity and Ergodicity

4.1 Application in Signal Processing and Spectral Analysis

4.1.1 WSS Assumption

The assumption that a random signal is WSS is foundational in nearly all classical signal processing
techniques, including filtering, estimation, and spectral analysis. This assumption greatly simplifies
the mathematical models.

4.1.2 Power Spectral Density (PSD)

The concept of the Power Spectral Density (PSD), SX(ω), is exclusively defined for WSS processes.
The PSD describes how the power of a signal is distributed over frequency. The crucial link
between the time domain and frequency domain for WSS processes is given by the Wiener-Khinchin
Theorem:

SX(ω) = F{RX(τ)} =
∫ ∞

−∞
RX(τ)e−jωτdτ

Where RX(τ) is the autocorrelation function. This theorem allows engineers to analyze the fre-
quency content of stochastic signals purely from their autocorrelation structure.

4.2 Application in Financial Engineering

4.2.1 The Challenge of Non-Stationarity

Financial time series, such as stock returns R(t) or volatility, pose a significant challenge because
they exhibit high degrees of non-stationarity in the real world.
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• The mean return (low SSS) may drift over long periods.

• The variance (volatility) of returns changes dramatically during periods of crisis or high
market activity (low WSS).

Models that assume strict SSS (like the simplistic original random walk models) often fail to capture
real market behavior.

4.2.2 Modeling Non-Stationary Volatility

Sophisticated models are required to handle this non-stationary structure. GARCH (Generalized
Autoregressive Conditional Heteroskedasticity) models, popular in financial engineering, are de-
signed to capture the clustering of volatility, where large changes in price tend to be followed by
large changes, regardless of the sign. These models effectively assume that, while the process itself is
non-stationary, the time-series of its innovations (shocks) might satisfy certain weaker stationarity
conditions, often WSS, allowing for reliable forecasting of variance.

4.3 Application in Machine Learning (MCMC)

4.3.1 Ergodicity in Sampling

In Machine Learning and Computational Statistics, Markov Chain Monte Carlo (MCMC) meth-
ods are widely used to sample from complex, high-dimensional probability distributions (e.g., in
Bayesian inference). These algorithms construct a Markov chain whose stationary distribution is
the target distribution π.

4.3.2 Requirements for MCMC

For MCMC simulations to produce accurate results, the underlying Markov chain must be ergodic.
An ergodic Markov chain ensures two critical properties:

1. Convergence: The chain must be irreducible (able to reach any state from any other) and
aperiodic (not stuck in cycles) to guarantee convergence to the unique stationary distribution
πj .

2. Averaging: Ergodicity ensures that the time average computed from a single long run of the
simulation (the sample mean of the simulated values) provides a reliable, consistent estimate
of the true ensemble expected value under the target distribution πj .

Without ergodicity, the simulation results would be dominated by the initial state or exhibit long-
term biases, rendering them useless for estimating population characteristics.


	Introduction to Probabilistic Modeling
	The Sample Space
	Example: Discrete Sample Space
	Example: Continuous Sample Space
	Probability Laws and Axioms
	The Axioms of Probability
	Some Consequences of the Axioms
	Calculating Probabilities
	Discrete Uniform Law
	Continuous Uniform Law
	The Countable Additivity Axiom
	Conclusion: The Role of Probability Theory
	The Concept of Conditional Probability
	An Intuitive Example
	Formal Definition of Conditional Probability
	Example: Two Rolls of a 4-Sided Die
	Properties of Conditional Probability and Key Tools
	The Multiplication Rule
	The Total Probability Theorem
	Bayes' Rule

	Example: Radar Detection
	The Multiplication Rule
	Derivation and Formula
	Generalization to Multiple Events
	The Total Probability Theorem
	The Concept of a Partition
	Derivation and Formula
	Bayes' Rule and Statistical Inference
	Derivation and Formula
	The Process of Bayesian Inference
	Introduction
	Defining Independence
	Intuitive Definition
	Formal Definition
	Independence of Complements
	Conditional Independence
	Independence of a Collection of Events
	Application: System Reliability
	The King's Sibling Puzzle
	Introduction to Counting in Probability
	The Basic Counting Principle
	Permutations and Combinations
	Permutations
	Combinations
	Binomial Probabilities
	Example: A Coin Tossing Problem
	Partitions (Multinomial Coefficients)
	Example: Card Dealing
	Introduction: Beyond the Binomial
	The Multinomial Experiment
	Example: Building a Circuit
	Deriving the Multinomial PMF
	Step 1: Probability of a Single Sequence
	Step 2: Count the Number of Possible Sequences
	The Multinomial PMF

	Solving the Circuit Example
	Introduction to Random Variables
	Formal Definition
	The Probability Mass Function (PMF)
	Common Discrete Random Variables
	Bernoulli
	Discrete Uniform
	Binomial

	Geometric
	The Poisson Random Variable
	Expectation
	Expectations of Common Random Variables
	The Expected Value Rule
	Linearity of Expectation
	Variance
	Definition
	Properties of Variance
	Variance of Common Random Variables
	Conditioning a Random Variable on an Event
	The Total Expectation Theorem
	The Geometric Random Variable Revisited
	Memorylessness
	Mean of the Geometric
	The Poisson Random Variable
	Multiple Random Variables
	Joint and Marginal PMFs
	Linearity of Expectation
	Mean of the Binomial
	Conditioning a Random Variable on Another
	Conditional PMF
	Conditional Expectation
	The Total Expectation Theorem
	Independence of Random Variables
	Properties of Independent Random Variables
	Application: Variance of the Binomial
	Application: The Hat Problem
	Introduction to Continuous Random Variables
	The Probability Density Function (PDF)
	Interpretation of the PDF
	Expectation and Variance
	Common Continuous Distributions
	The Continuous Uniform Distribution
	The Exponential Distribution
	The Cumulative Distribution Function (CDF)
	The Normal (Gaussian) Distribution
	Properties of Normal Random Variables
	Calculating Normal Probabilities
	Conditioning a Continuous Random Variable on an Event
	Conditional PDF
	Conditional Expectation
	Memorylessness of the Exponential PDF
	Total Probability and Total Expectation Theorems
	Multiple Continuous Random Variables
	Joint PDF
	From Joint to Marginal PDFs
	Expectations and Joint CDFs

	Conditioning a Continuous RV on Another Continuous RV
	Conditional PDF
	Total Probability and Expectation Theorems
	Independence of Continuous Random Variables
	A Comprehensive Example: Stick-Breaking
	Bayes' Rule: A Theme with Variations
	Case 1: Discrete Unknown, Continuous Measurement
	Case 2: Continuous Unknown, Discrete Measurement
	Introduction
	Functions of a Single Discrete Random Variable
	Functions of a Single Continuous Random Variable
	Functions of Multiple Random Variables
	Introduction
	The Distribution of a Sum of Independent Random Variables
	The Discrete Case: Convolution
	The Continuous Case: Convolution
	Covariance and Correlation
	Covariance
	Properties of Covariance
	Variance of a Sum

	The Correlation Coefficient
	Introduction
	Conditional Expectation as a Random Variable
	The Law of Iterated Expectations
	Example: Stick-Breaking
	Conditional Variance and the Law of Total Variance
	The Law of Total Variance
	Application: Sum of a Random Number of Random Variables
	Mean of the Sum
	Variance of the Sum
	The Bivariate Normal Distribution
	Definition of Jointly Normal Random Variables
	Key Property: Zero C