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Introduction to me @

e Abolfazl Hashemi, Ph.D. (email: abolfazl@purdue.edu)

e Assistant Professor at The Elmore Family School of Electrical and Computer Engineering at
Purdue University, Since Fall 2021

e Research Goal: advance the field of Large-Scale Optimization provides actionable insights from
the perspective of this foundational field to innovate multiple domains within ML/AlI

e Recent Applications: Federated Learning, Medical Image Analysis, NextG Manufacturing, and
Cyber-Physical Systems

e Consistently using probabilistic methods, theorems, and arguments in my research.
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Lecture 1: Probability Models
and Axioms



Sample Space

Two steps:

e Describe possible outcomes

e Describe beliefs about likelihood of outcomes
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Sample Space

o A list (set) of possible outcomes, denoted by Q
e The list must be:

e Mutually exclusive
e Collectively exhaustive

e It must be at the “right” granularity
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Sample Space: Discrete/Finite Example

Two rolls of a tetrahedral die

4
Y = Second
roll
2
1

1 2 3 4
X = First roll
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Sample Space: Discrete/Finite Example

sequential description
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Sample Space: Continuous Example

e An outcome is a pair (x,y) such that 0 < x,y < 1.

LY |
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Probability Axioms

e An event is a subset of the sample space.

Probability is assigned to events.

Axioms
e Nonnegativity: P(A) > 0 for any event A.
¢ Normalization: P(Q2) = 1.

(Finite) Additivity: If AN B =0, then P(AU B) = P(A) + P(B) (we can extend it by
induction as we shall see).
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Some Simple Consequences of the Axioms

Axioms Consequences
e P(A)>0 e P(A)L1
e P(Q)=1 e P(@)=0

o If A, B are disjoint, P(AU B) = P(A)+ P(B). e P(A)+ P(A°)=1
e If A, B, C are disjoint,
P(AUBU C) = P(A) + P(B) + P(C).
o P({s1,...,sx}) = P(s1) + -+ P(s)
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Some Simple Consequences of the Axioms

Axioms
o P(A)>0
e P(Q)=1
o If A, B are disjoint, P(AU B) = P(A) + P(B).
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Some Simple Consequences of the Axioms

If A, B, C are disjoint, P(AU BU C) = P(A)+ P(B) + P(C).

P({s1,...,s¢}) =
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More Consequences of the Axioms

e If AC B, then P(A) < P(B)

e P(AUB) = P(A)+ P(B) — P(AN B)

e P(AUB) < P(A) + P(B) (Union Bound)

e PLAUBUC)=P(A)+ P(A°NB)+ P(ANB°NC)
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Probability Calculation: Discrete Example

e Two rolls of a tetrahedral die
e Let every possible outcome have probability 1/16.
o P(X =1)=?
e Let Z=min(X,Y).
o P(Z=4)=?
e P(Z=2)=?

4

Y = Second 3
roll
2

1 2 3 4
X = First roll
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Discrete Uniform Law @

If Q consists of n equally likely elements and event A consists of k elements, then:

P(A) = Number of elements in A 5
" Total number of elements in Q ~ n
o ° o
°
° o
N
\V .
prob = —

n
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Probability Calculation: Continuous Example

The sample space is (x,y) such that 0 < x,y < 1.

e Uniform probability law on the unit square: Probability = Area

o P({(x,y)Ix +y <1/2}) =7
o P({(0.5,0.3)}) =7

L

1
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Probability Calculation Steps

1. Specify the sample space (Q).

2. Specify a probability law.

3. Identify an event of interest (A).

4. Calculate the probability of the event.
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Probability Calculation: Discrete Infinite Example

e Sample space: {1,2,3,...}
e We are given P(n) = 5 forn=1,2,...

e What is P(outcome is even)?

p A
1/2
Q
L 14
: C
E D 1/8
: @) 1416
1 3 4
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The Countable Additivity Axiom

This axiom strengthens the finite additivity axiom.

Countable Additivity Axiom
If A1, Az, As, ... is an infinite sequence of disjoint events, then:

P(A1UA2UA3U):P(A1)+P(A2)+P(A3)—|—

P (G A,~> — i P(A;)

ECE 302, A. Hashemi, Purdue ECE



Mathematical Subtleties

Countable Additivity Axiom
If A1, Az, As, ... is an infinite sequence of disjoint events, then:

P(A1UA2UA3U):P(A1)+P(A2)+P(A3)—|—

P (G A,~> Y P(A)

i=1

e The Countable Additivity Axiom holds only for countable sequences of events.

e The unit square (and the real line) is not countable, meaning its elements cannot be arranged
in a sequence.

e Area is a legitimate probability law on the unit square, but care must be taken as we cannot
assign probabilities/areas to very strange sets.
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Interpretations of Probability Theory

e A narrow view sees it as a branch of mathematics built on axioms.

From axioms we establish theorems

Are probabilities equivalent to frequencies?

e P(coin toss is heads) = 1/2 can be seen as a frequency.
e P(the president will be reelected) = 0.7 is not based on frequency.

Probabilities are often interpreted as:

e A description of beliefs
e Betting preferences
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The Role of Probability Theory

It is a framework for analyzing phenomena with uncertain outcomes.

It provides rules for consistent reasoning, used for making predictions and decisions.

Predictions [

Probability theory
Real world L

(Analysis)

Decisions

Data Models

Inference/Statistics
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Lecture 2: Conditioning and
Bayes’' Rule



The Idea of Conditioning @

Conditional probability allows us to use new information to revise a model.

Original Model
Assume 12 equally likely outcomes in €.

P(A) =5/12, P(B) = 6/12




The Idea of Conditioning @

Conditional probability allows us to use new information to revise a model.

We are told that event B occurred. The sample space effectively shrinks to B, where each of

the 6 outcomes is now equally likely with probability 1/6.

Q

A

P(A|B)=

P(B|B) =

Q

A

V

B

The new probability of A, given B, is: P(A|B) = 2 = . Also, P(B|B) = 1.
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Definition of Conditional Probability

e P(A|B) is the “probability of A, given that B occurred.”

2
ANB B
2] a4
12/

Definition: P(A|B) £ P%gf) This is defined only when P(B) > 0.

_2/12 2

From our previous example: P(A|B) = /35 = § = 1.



Example: Two Rolls of a 4-Sided Die @

The sample space consists of 16 equally likely outcomes, each with probability 1/16.

o Let B be the event: min(X, Y) = 2. This is the set {(2,2),(2,3),(2,4),(3,2),(4,2)}. So
P(B) = 5/16.

o Let M be: M = max(X,Y).

Y = Second 3
roll

o P(M=1|B) =

1 2 3 4
X =First roll

e P(M=3|B) =
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Properties of Conditional Probability @

Conditional probabilities satisfy the axioms of probability on the new universe B. (Assuming
P(B) > 0).

¢ Nonnegativity: P(A|B) > 0.
¢ Normalization: P(Q|B) = % = % = 1. Similarly, P(B|B) = 1.
e Additivity: If A and C are disjoint events (AN C = (), then P(AU C|B) = P(A|B) + P(C|B)

_ P((AuC)nB)  PH(AnB)uU(CNnB)) PANB)+P(CNB)
PAVCB =" = PE) P(B)

This property extends to countable additivity as well.

Q A
G
U B
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Models Based on Conditional Probabilities

e Event A: Airplane is flying above. P(A) = 0.05.
e Event B: Something registers on radar screen.

Model gives us: P(B|A) = 0.99 (probability of detection) and P(B|A) = 0.10 (probability of
false alarm)

P(B|A)
ANB

e P(ANB) 0.99
P(A) =0.05 AN BC
b P(B) P(AS) = 0.95 . A°NB
0.90 A°n B¢
° P(A‘B)
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The Multiplication Rule i

A rearrangement of the definition of conditional probability:

P(AN B) = P(B)P(A|B) = P(A)P(B|A)

This can be generalized for a sequence of events:

P(AiNAxN---NA,) = P(A1)P(A2]A1)P(A3|A1 N A2) - - - P(AplA1 N - - N A1)
Example with three events: P(A° N BN C¢) = P(A°)P(B|A°)P(C|A° N B).

ANnBNC

ANB
P(B | A)

P(A°) A°NBNnC*
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Total Probability Theorem

Let A1, A, ..., A, be a partition of the sample space Q.

The probability of an event B can be found by summing over the partition:

A1NB

P(B)=P(BNA))+P(BNA)+---+P(BNA,)

4 A2NB

Using the multiplication rule on each term: N 43nB

n

P(B) = P(A)P(B|A)

i=1

This is a weighted average of the conditional probabilities P(B|A;), with the weights being the
probabilities P(A;).
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Bayes' Rule

Bayes' rule allows us to update our beliefs about a hypothesis A;

after observing evidence B.

e We have initial beliefs (priors): P(A;). A2 I

e We have a model (likelihoods): P(B|A;). o

e We want to find the revised beliefs (posteriors): P(A;|B). 4 ’
p(ajs) = PA0B) _ PIAIP(BIA)

P(B) P(B)
Using the Total Probability Theorem for the denominator:

P(A;)P(B|A;)

B = S Pa)P(BIA)
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Bayes' Rule and Inference @

e Attributed to Thomas Bayes (c. 1701-1761), providing a systematic approach for incorporating
new evidence.

e At the core of Bayesian inference.

The Process of Inference
We start with a model of the world and use it to draw conclusions about the causes of an

observed event.

Model: P(B|A; .
Cause A; A Evidence B
. Inference: P(A;
Evidence B 18 Cause A;
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Lecture 3: Independence



A Model Based on Conditional Probabilities

3 tosses of a biased coin: P(H) =p, P(T)=1-p
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A Model Based on Conditional Probabilities @

e Multiplication rule: The probability of a sequence is the product of conditional probabilities
along the path. For example:

P(THT) = P(T on 1st) - P(H|T on 1st) - P(T|TH on 1st, 2nd)
this simplifies to:
P(THT) =

e Total probability: To find the probability of exactly one head, we sum the probabilities of all
such outcomes:

P(1 head) = P(HTT)+P(THT)+P(TTH)
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A Model Based on Conditional Probabilities

e Bayes’ rule:
P(first is H AND 1 head)

P(1 head)

P(first toss is H | 1 head) =

The event in the numerator is just the outcome HTT.

P(HTT)

~ P(1 head)
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Independence of Two Events @

Intuitive “Definition”
The occurrence of event A provides no new information about the probability of event B.

P(B|A) = P(B)
Events A and B are independent if:

P(AN B) = P(A)P(B)
This definition is symmetric and more general, as it applies even if P(A) or P(B) is zero.

N
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Independence of Event Complements @

If A and B are independent, then A and B¢ are also independent.

Intuitive Argument
If learning that A occurred does not change my belief in B, then it should also not change my

belief in B not occurring.
Formal Proof
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Independence of Event Complements @

If A and B are independent, then A and B¢ are also independent.

Formal Proof
We want to show that P(AN B€) = P(A)P(B¢). We know that the event A can be partitioned

into two disjoint parts: A= (AN B)U (AN B¢). By additivity:
P(A) = P(ANB) + P(AN B°)

Rearranging gives:
P(AN B°) = P(A) — P(ANB)

Since A and B are independent, we can substitute P(AN B) = P(A)P(B):
P(AN B°) = P(A) — P(A)P(B)
= P(A)1 ~ P(B)
= P(A)P(BF)
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Conditional Independence @

Definition

Events A and B are conditionally independent given C if they are independent under the
probability law P(:|C). That is: P(AN B|C) = P(A|C)P(B|C)

Important: Independence does not imply conditional independence, and conditional
independence does not imply independence.

Q Q

B
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Conditioning May Affect Independence @

We have two unfair coins, A and B, with P(H|coin A) = 0.9 and P(H|coin B) = 0.1. We
choose one of the coins with equal probability (0.5) and then toss it repeatedly.

0.9
0.9 0.1
Coin A
0.9
0.5 0.1

Are the outcomes of the coin tosses independent? Let's compare:
e P(toss 11 = H):
e P(toss 11 = H | first 10 tosses are heads):
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Independence of a Collection of Events @

Definition
Events Aj, Az, ..., A, are called independent if for any subset of indices {i,, ..., m}, the
following holds:

P(A,'ﬂAjﬂ ﬂAm) = P(A,)P(AJ)P(A,,-,)

This means the probability of the intersection of any sub-collection of events is the product of
their individual probabilities.

For n = 3, this requires checking 4 conditions:

P(A1 NAy) = P(A1)P(A2)  (Pairwise Independence)
e P(A1NA3)=P(A1)P(A3) (Pairwise Independence)
P(A2N A3) = P(A2)P(As)  (Pairwise Independence)
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Independence vs. Pairwise Independence @

Consider two independent fair coin tosses. The sample space is {HH, HT, TH, TT}, with each
outcome having probability 1/4. Let's define three events:

e Hy: First toss is H. P(H)
e Hy: Second toss is H. P(H>)
e C: The two tosses had the same result (HH or TT). P(C)
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Reliability @

Independence is a common assumption in reliability analysis of systems with multiple
components.

e A system is composed of multiple components (units).

e Let p; be the probability that unit i is “up” (working).

e Assume the units fail independently.

Series System Parallel System

The system is up only if all units are up.

5] [5] [5]

The system is up if at least one unit is up.
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Reliability

Series System

P P2 pP3

The system is up only if all units are up.

P(System Up) =
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Reliability

Y51

P2

p3

The system is up if at least one unit is up. It is easier to calculate the probability that the
system is down (all units fail).

P(System Up) =
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The King's Sibling Puzzle

The Puzzle
The king comes from a family of two children. What is the probability that his sibling is female?

(This is a classic conditional probability problem where defining the sample space correctly is
the key.)
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Lecture 4: Counting



Outline: Counting and the Discrete Uniform Law

Many problems in probability involve a finite sample space where all outcomes are equally
likely. In such cases, the probability of an event A is given by the discrete uniform law:

Number of elements in A k

P(A) -

" Total number of elements in Q ~ n

This reduces probability problems to counting problems.

Q ° °
o
(<)

(-]

\ (-]
\V .
prob = —

n
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Basic Counting Principle

This principle is the foundation for solving most counting problems.

The Principle
Consider a process that consists of r sequential stages. If there are:

ny choices for the first stage,

ny choices for the second stage (for each choice in the first),

n, choices for the r-th stage (for each combination of choices in previous stages),

then the total number of possible outcomes is the product ny - ny - - n,.
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Basic Counting Principle

Example
You have 4 shirts, 3 ties, and 2 jackets. How

many different attires can you form?
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Basic Counting Principle: Examples

e License Plates: How many license plates can be formed with 2 letters followed by 3 digits?

e |If repetition is allowed:
o |If repetition is prohibited:

e Permutations: How many ways are there to order n distinct elements?

e This is a sequential process of picking elements without replacement or with replacement?
e Number of orderings =

e Number of Subsets: How many subsets can be formed from a set of n elements, {1,...,n}?

e For each element, we make a choice:
e Since there are n elements, the total number of subsets is
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Example: Probability Calculation @

Problem
Find the probability that six rolls of a fair six-sided die all result in different numbers. (Assume

all outcomes are equally likely).

e Total number of outcomes:

e Number of favorable outcomes (A): For the outcomes to be different, we must choose
without repetition or with repetition?
[ ]
]
e ...

L]
So,
¢ Probability:
Al
P(A) = — =
(A) Ql
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Combinations @

Definition
A combination is a selection of items from a set where the order of selection does not matter.
The notation (Z) read “n choose k", represents the number of k-element subsets of a given

n-element set.

We can find the formula for (Z) by counting the number of ordered sequences of k distinct

items in two different ways.

Method 1: Choose one item at a time. The number of ways is
n(n—1)---(n—k+1)= (nzilk)l

Method 2: Choose the k items first, then order them. First, choose a k-element subset
(there are (]) ways). Then, order those k elements (there are k! ways). The total number of
ways is (7)) - kL.

Equating the two expressions: (}) - k! = #‘W which implies (7)) = k!(n”lk)[
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Properties of the Binomial Coefficient @

The binomial coefficient () = m has several important properties:

e The number of ways to choose all n items is 1:

e The number of ways to choose 0 items is 1 (the empty set):

e The total number of subsets of a set of size n is the sum of the number of subsets of each
possible size:
n
n
= 2"
> ()
k=0
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Binomial Probabilities @

The binomial coefficient is the key to calculating probabilities in experiments involving a fixed
number of independent trials.

Scenario
Consider n independent coin tosses, where the probability of heads is P(H) = p.

e The probability of any particular sequence of outcomes is found using independence. For
example:

P(HTTHHH) = P(H)P(T)P(T)P(H)P(H)P(H) = p(1 — p)(1 — p)ppp = p*(1 — p)°

e The probability of any particular sequence that contains exactly k heads and n — k tails is
pr(L—p) k.

e To find the total probability of getting exactly k heads, we multiply the probability of one such
sequence by the number of such sequences. The number of ways to arrange k heads in n
positions is (7).
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Binomial Probabilities @

e The probability of any particular sequence of outcomes is found using independence. For
example:

P(HTTHHH) = P(H)P(T)P(T)P(H)P(H)P(H) = p(1 — p)(1 - p)ppp = p*(1 — p)’
e The probability of any particular sequence that contains exactly k heads and n — k tails is
k o n—k
p (1 —p)"~.
e To find the total probability of getting exactly k heads, we multiply the probability of one such

sequence by the number of such sequences. The number of ways to arrange k heads in n
positions is (7).

The probability of getting exactly k heads in n independent tosses is:
ny « n—k
P(k heads) = (k>p (1-p)
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A Coin Tossing Problem @

Problem
Given that there were exactly 3 heads in 10 independent tosses of a coin with P(H) = p, what

is the probability that the first two tosses were heads?

Let A be the event that the first two tosses are heads. Let B be the event that there are exactly
3 heads in 10 tosses. We want to find P(A|B).

P(AN B)

P(AIB) = =55y
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A Coin Tossing Problem (Continued)

Problem
Given that there were exactly 3 heads in 10 independent tosses, what is the probability that the

first two tosses were heads?

The conditioning event B tells us we are in a world where exactly 3 heads occurred. All
sequences with 3 heads are equally likely, regardless of the value of p (since the term
p3(1 — p)” is common to all of them). So, we can use a new uniform probability law on the set

of outcomes in B.
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We now consider the problem of dividing a set of n distinct items among r different people,
giving n; items to person i, where ny +n +---+n, = n.

Derivation

Imagine ordering all n items in a line (n! ways).
e Give the first n; items to person 1.
e Give the next n, items to person 2.
e ... and so on.

This process overcounts the number of unique partitions. For person i, the n;! different
orderings of the items they receive all result in the same partition. To correct for this, we divide
by the number of permutations within each group.

The number of ways to partition n distinct items into r groups of specified sizes ny,...,n, is
given by the multinomial coefficient:

( n ) n!
ny,np,...,Nn, nl!nz!---nr!
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Example: Card Dealing @

Problem
A 52-card deck is dealt fairly to four players (13 cards each). Find the probability that each

player gets exactly one ace.

Total outcomes: The number of ways to partition 52 cards into four hands of 13 is the
multinomial coefficient:

Q| = 52 _ 52!
~\13,13,13,13/ ~ 13113113113!
Favorable outcomes (A): We construct a favorable outcome in stages.

Distribute the 4 aces: 4 choices for Player 1, 3 for P2, 2 for P3, 1 for P4. Total ways: 4!.
Distribute the remaining 48 non-ace cards: Each player needs 12 more cards. The number of ways

to partition the 48 cards into four hands of 12 is: (, 125, 1,) = rsesrsr-
A| — 4. 48!

By the counting principle, TSI 15151 -

Probability: a1
Ao 24481 (131 24 -13%

9] 52 T T 5pl.(121)*  52.51-50-49

4
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Example: Card Dealing (A Smarter Solution?) @

Problem
Find the probability that each of four players gets an ace.

Focus only on the locations of the four aces within the 52 slots of the deck. By symmetry, any

set of four positions for the aces is equally likely.

Let's consider the second ace. Where can it go?

There are 51 available slots for the second ace.

For it to go to a different player than the first ace, it must land in one of the 39 slots belonging

to the other three players (13 slots per player).

The probability that the second ace goes to a different player is %.
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Example: Card Dealing (A Smarter Solution?) @

Now consider the third ace.

e There are 50 available slots.

e For it to go to a different player than the first two, it must land in one of the 26 slots belonging
to the remaining two players.

e The probability is 22.

Finally, the fourth ace.

e There are 49 available slots.
e It must go to the one remaining player, who has 13 slots.
e The probability is %.

The total probability is the product:

26 1
39 26 —3z0.1055

P(each player gets an ace) = 51 50 19
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Partitions: The Multinomial Distribution

The binomial distribution describes the probability of k successes in n trials. The multinomial
distribution generalizes this to scenarios with more than two possible outcomes.

Example: Building a Circuit
A large bin contains thousands of circuit components. The proportions are:

e 50% Resistors (R), so pg = 0.5
e 30% Capacitors (C), so pc = 0.3
e 20% Inductors (L), so pp = 0.2

We draw n = 10 components independently. What is the probability of drawing exactly 5
Resistors, 3 Capacitors, and 2 Inductors?
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Partitions: The Multinomial Distribution

The probability of any one specific sequence,
e.g., RRRRRCCCLL, is found by multiplying
the probabilities due to independence:

P(RRRRRCCCLL) = pppip?
= (0.5)%(0.3)3(0.2)?

The Multinomial Distribution

We need to count how many distinct sequences
contain 5 R’s, 3 C’s,and 2 L’s. This is a
partition problem, solved with the multinomial
coefficient:

10 10!
= =252
(5,3,2) 53l 2020

The probability of getting ny of type 1, ny of type 2, ..., ni of type k in n trials is:

P(lenl,...,Nk:nk):

ECE 302, A. Hashemi, Purdue ECE
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Random variables: the idea
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Random Variables: The Formalism

Definition
A random variable (r.v.) is a function that associates a numerical value to every possible

outcome in the sample space Q.
X: Q=R

A random variable can take on discrete or continuous values.

e We use uppercase letters (e.g., X) to denote a random variable, and lowercase letters (e.g., x)
to denote a specific numerical value it can take.

We can define multiple random variables on the same sample space.

A function of one or several random variables is also a random variable. For example, if X and
Y are random variables, then Z = X + Y is a new random variable where for any outcome
w € Q, its value is Z(w) = X(w) + Y(w).
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Probability Mass Function (PMF) @

The PMF describes the probability distribution of a discrete random variable.

Definition

The probability mass function (PMF) of a discrete random variable X is a function px(x)
that gives the probability that X is equal to a specific value x.

Ipx(x) =P(X =x) = P({w € Qs.t. X(w) = x})

1
rob =
g 4

px(x) > 0 for all x.

>, Px(x) =1, where the sum is over all possible values x that X can take.
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Two Rolls of a Tetrahedral Die @

The sample space has 16 equally likely outcomes, each with probability 1/16. Let the random
variable be the sum of the two rolls, Z = X + Y.

To find the PMF of Z, pz(z), we:

1. ldentify all possible values z for the sum (from 2 to 8).
2. For each value z, find all outcomes (X, Y) such that X + Y = z.
3. Add the probabilities of these outcomes.

Y = Second 2
roll

1 2 3 4
X = First roll

ECE 302, A. Hashemi, Purdue ECE
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Common Discrete Random Variables: Bernoulli

Bernoulli Random Variable
Models a single trial with two outcomes: success or failure.

X — 1 with probability p
0 with probability 1 — p

An important special case is the indicator random variable for an event A, denoted /4, which
is 1 if A occurs and 0 otherwise. P(I4 = 1) = P(A).
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Common Discrete Random Variables: Discrete Uniform @

Discrete Uniform Random Variable
Models a situation where one of a set of integers {a,a+ 1,..., b} is chosen, with all choices
being equally likely.

1

(k) =y —ar

fork=aa+1,...,b

If a = b, this becomes a deterministic (constant) random variable.

px(z) px(z)
T L1
b—a+1
a+1 b x a x
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Binomial Random Variable

e Parameters: a positive integer n and a probability p € [0, 1].
e Experiment: n independent tosses of a coin with P(Heads) = p.
e Random Variable X: The number of Heads observed.

The PMF is given by the binomial probability formula:

= (Z)pk(l —p)" kK fork=0,1,...,n

The binomial distribution models # successes in a fixed number of independent trials.
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Binomial Random Variable
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Geometric Random Variable @

e Parameter: a probability p with 0 < p < 1.
e Experiment: A sequence of independent tosses of a coin with P(Heads) = p.
e Random Variable X: The number of tosses until the first Head is observed.

The event {X = k} corresponds to the sequence of k — 1 tails followed by one head:
TT...TH. The PMF is:

PX(k) = (1 - p)k_1p7 for k = 172a37~ .

The geometric distribution is a model for waiting times or the number of trials until the first

success.

px (k) p=1/3

ECE 302, A. Hashemi, Purdue ECE



Poisson Random Variable

e Parameter: A > 0, which is the average number of events in a given interval of time or space.
e Random Variable X: The number of events that occur in the interval.

The Probability Mass Function (PMF) is given by:

—)\)\k
px(k):ek! C fork=0,1,2,...

Poisson distribution models the number of occurrences of a rare event within a fixed period.

It's often used as an approximation for the Binomial distribution when n is large and p is small.
).40 Cw) yo . T
® \=1

.35 1

o A=10

(

(
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Expectation (Mean) of a Random Variable @

The expectation is a weighted average of the possible values of a random variable, where the
weights are the probabilities.

Definition
The expected value (or expectation, or mean) of a discrete random variable X is:

EIX] = 3 x- px(x)

The sum is taken over all possible values x of X.

e Interpretation: The expectation is the long-run average value of the random variable over
many independent repetitions of the experiment.

e Caution: For the expectation to be well-defined, the sum must converge absolutely:
> IXIpx(x) < oo.
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Calculating Expectations

e Bernoulli(p):
E[X] =

If X is an indicator variable for event A, X = I, then E[la] = P(A).
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Calculating Expectations

Discrete Uniform on {0,1,...,n}:

E[X] =

px(z)

n+1

0 1 n T
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Elementary properties of Expectation
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The Expected Value Rule @

How do we calculate the expectation of a function of a random variable, say Y = g(X)?

Method 1: Using the PMF of Y
Find the PMF py(y) and then use the definition: E[Y] = 3_ y - py(y). This can be tedious.

It is much easier to average over the values of X:

E[Y] = Elg(X)] = Y _ g(x)px(x)

Caution: In general, E[g(X)] # g(E[X]).

Example
Let X have PMF px(2) = 0.1, px(3) = 0.2, px(4) = 0.3, px(5) = 0.4. Find E[X?].
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Linearity of Expectation

A fundamental property of expectation is linearity.

Property
For any random variable X and any constants a and b:

E[aX + b] = aE[X] + b

We use the expected value rule with g(X) = aX + b.
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Variance @

While the expectation summarizes the center of a PMF, the variance measures its spread or
dispersion.

Definition
For a random variable X with mean p = E[X], the variance is the expected value of the
squared distance from the mean:

var(X) = E[(X — p1)?]

e Using the expected value rule, we can write this as:

var(X) = > (x — p)’px(x)

X

e The standard deviation, o, is the square root of the variance. It has the same units as X.

ox = +/var(X)
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Properties of Variance

)

e Shifting: Adding a constant b to X shifts its mean but does not change its spread.
var(X + b) = E[((X + b) — (s + b))?] = EI(X — u)?] = var(X)
e Scaling: Multiplying by a constant a scales the variance by a°.
var(aX) = E[(aX — ap)?] = E[a*(X — p)?] = a®E[(X — p)?] = aPvar(X)

General Property
var(aX + b) = avar(X)

A more convenient way to calculate variance is var(X) = E[X?] — (E[X])2.
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Variance of a Bernoulli Random Variable

Let X be a Bernoulli random variable with parameter p.

X — 1 with probability p
0 with probability 1 — p

We know E[X] = p. To find the variance, we first find E[X?].

E[X?] =

Now, using the computational formula:

var(X) =
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Variance of a Uniform Random Variable

px(x)

1
n+1

o
L
3
8

px(z)

1 I ‘ ‘ |
a
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Conditioning a Random Variable on an Event

Just as we can have conditional probabilities, we can also define a conditional PMF and

conditional expectation for a random variable, given that an event A has occurred.

Unconditional
PMF: px(x) = P(X = x)

dpx(x) =1
Expectation: E[X] =) xpx(x)

Elg(X)] = >_, g(x)px(x)

ECE 302, A. Hashemi, Purdue ECE

Conditional on A
PMF: px|a(x) = P(X = x|A)

2 Pxia(x) =1
Expectation: E[X|A] = > xpx|a(x)
Elg(X)IA] = 22 8(x)pxja(x)



Example of Conditioning @

Let X be a discrete uniform random variable on {1,2,3,4}. So, px(x) = 1/4 for
x € {1,2,3,4}. Let the conditioning event be A= {X > 2}.

Unconditional PMF Conditional PMF given A

px(z) PX|A($)

= —
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The Total Expectation Theorem

Similar to the total probability theorem, this theorem provides a way to find the overall
expectation by averaging conditional expectations over a partition of the sample space.

Let Aq,..., A, be a partition of Q.

A X =1
A 1N{ r}

Ay N{X =g}

AznN{X =z}

P(A1)

E[X | A4]

P(Ap)

P(A3) E[X | A3]

ECE 302, A. Hashemi, Purdue ECE



The Total Expectation Theorem

%

Similar to the total probability theorem, this theorem provides a way to find the overall

expectation by averaging conditional expectations over a partition of the sample space.

Let Aq,..., A, be a partition of Q.
Derivations

e Total Probability for a PMF:

e Total Expectation Theorem:

n

EIX) = 3 rx() = S xS PUA () — 3 P(A) (z XPX|A,.<x>>

X i=1 i=1

E[X] = P(A1)E[X|A1] + - + P(A,)E[X|A,]

ECE 302, A. Hashemi, Purdue ECE

n

= P(A)E[X|A]

i=1



The Total Expectation Example

px(z) 2/9 2/9 2/9

19 1/9 1/9
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The Geometric PMF: Memorylessness @

Let X be a geometric random variable with parameter p. It represents the number of

independent trials until the first success.
px(k)=(1—-p)fp, k=1,2,...
Memorylessness Property
Given that the first trial was a failure (event A = {X > 1}), the number of additional trials

needed, X — 1, follows the same geometric distribution as X.
P(X—-1=klX>1)=P(X=k) fork=12,...

This means the process “forgets” the past failures and resets. In general, for any n:
P(X —n=k|X>n)=P(X =k)

px (k)

||IIIII
1 2 3 4 5 6 7
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8 9 &



The Mean of the Geometric PMF @

We can find the mean of the geometric distribution, E[X], using the total expectation theorem
and memorylessness.

Let’s partition the sample space by the outcome of the first toss: A; = {First toss is H},
Az = {First toss is T}. P(A1) = p, P(A2) =1—p.
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Multiple Random Variables and Joint PMFs @

The joint PMF of two discrete random variables X and Y describes the probability of them
taking on specific values simultaneously.

px.y(x,y)=PX=x,Y =y)

From the joint PMF, we can recover the individual PMFs, called marginal PMFs, by summing
over the other variable.

px(x) = Z px.y(x,y) (Summing down columns)
y

4 1 1/20 | 2120 |2/20

py(y) = Z px.y(x,y) (Summing across rows)
3 |2/20 |4/20 (1/20 |2/20 x

2 1/20 | 3/20 [1/20
1 1/20
1 2 3 4 X

ECE 302, A. Hashemi, Purdue ECE



Functions of Multiple Random Variables @

Let Z = g(X, Y) be a function of two random variables.

Expected Value Rule for Multiple Variables
The expectation of Z can be computed using the joint PMF of X and Y, without needing to

find the PMF of Z first.

E[Z] = Elg(X, )] =Y > g(x.y)px.v(x.y)

The most important consequence is the linearity of expectations, which holds for any random
variables X and Y, regardless of whether they are independent.

E[X + Y] = E[X] + E[Y]

This generalizes to any number of random variables and any linear combination:
Elar Xy + -+ anXy] = a1 E[Xa] + - - - + an E[ )]
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The Mean of the Binomial Distribution

Finding the mean of a binomial r.v. X ~ Binomial(n, p) using the definition is algebraically

intensive:
n

Ex =% k(Z) pH(1— )k

k=0

A binomial r.v. X can be seen as the sum of n independent Bernoulli random variables, where
X; is an indicator for success on the i-th trial.

X=X+ X+ +X,

Using the linearity of expectations:
E[X] = E[Xy + Xo + - - + Xo] = E[Xa] + E[Xa] + - - - + E[X,]

Since each X; is a Bernoulli trial with parameter p, we know E[X;] = p.
EX]=p+p+---+p (ntimes)=np
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Conditional PMFs @

The conditional PMF of X given Y =y is:

pxiy(xly) = P(X =x|Y =y) = P(XP(:yXLYy): y) _ PXI;\;((T/,)y)

This is defined for all y such that py(y) > 0. For a fixed y, the conditional PMF is a valid PMF
for X, meaning }_ px|v(x|y) = 1. This leads to a version of the multiplication rule for PMFs:

v px,y(x,y) = PY(Y)PX|Y(X|Y) = PX(X)PYIX(Y|X)

4 11720 220 (2120

3 1220 (4720 [1/20 |2/20

2 1/20 | 3/20 (1/20
1 1/20
1 2 3 4 X
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Conditional PMFs with Multiple Variables @

The notation and concepts extend naturally to more than two random variables.

o pxy.z(Xly,z) = P(X =x|Y =y,Z = 2)
* Pxyiz(oylz) = P(X =xY =y|Z =2)

Multiplication Rule for Random Variables
Similar to the rule for events, we can chain conditional PMFs to find a joint PMF:

px,v,z(x,y,z) = PX(X)pY\X(Y|X)pZ\X,Y(Z|XvY)

ECE 302, A. Hashemi, Purdue ECE



Conditional Expectation @

The concept of expectation can also be conditioned on an event or on the value of another
random variable.

Definition
The conditional expectation of X given Y = y is the expectation computed using the

conditional PMF:
EIX|Y =y] = ZX : pX\Y(Xb/)

The expected value rule also has a conditional version:

Elg(X)|Y =y] = Zg pX|Y ly)
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Total Probability and Expectation Theorems @

The total probability and total expectation theorems can be stated in terms of random
variables.

Let the values y of a random variable Y form a partition of the sample space.
Total Probability Theorem for PMFs
:ZP(Y:)/)P(X:XW:)/ ZPY )pxv (xly)
y

The unconditional expectation is the weighted average of the conditional expectations.
X1 = S pr()EX Y =)
This is also written as E[X] = E[E[X]|Y]].
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Independence of Random Variables @

Definition
Two random variables X and Y are independent if their joint PMF is the product of their
marginal PMFs for all pairs of values (x, y).

px.v(x,y) = px(xX)py(y), forall x,y

This is equivalent to the condition P(X = x,Y =y) = P(X = x)P(Y =y) for all x,y.

For a collection of random variables X, Y, Z, ... to be independent, their joint PMF must
factor into the product of all their marginal PMFs.

px.,v,z(x,y,2) = px(x)py(y)pz(z), forall x,y,z
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Example: Independence

4 1 1/20 | 2120 |2/20

3 |2/20 (4120 |1/20 |2/20

2 1/20 | 3/20 (1/20
1 1/20
1 2 3 4 2

Are X and Y independent? how about conditioned on X <2 and Y > 37
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Independence and Expectations @

While E[X + Y] = E[X] + E[Y] is always true, the expectation of a product is not always the

product of expectations.
If X and Y are independent random variables, then:
E[XY] = E[X]E[Y]

More generally, for any functions g and h, if X and Y are independent, then g(X) and h(Y)

are also independent, and:
Elg(X)h(Y)] = E[g(X)]E[h(Y)]

ECE 302, A. Hashemi, Purdue ECE



Independence and Variances @

ECE 302,

The variance of a sum is not always the sum of the variances.
In general:
var(X +Y) = E[(X + Y)?] — (E[X + Y])?
= E[X? +2XY + Y?] — (E[X] + E[Y])?
= E[X?] 4 2E[XY] + E[Y?] — (E[X]? + 2E[X]E[Y] + E[Y]?)
= (var(X) + E[X]?) + 2E[XY] + (var(Y) + E[Y]?) — (E[X]* + 2E[X]E[Y] + E[Y]?)
= var(X) 4 var(Y) + 2(E[XY] — E[X]E[Y])

The term E[XY] — E[X]E[Y] is the covariance, which is zero for independent variables.

A. Hashemi, Purdue ECE



Variance of a Sum

If X and Y are independent random variables, then:
var(X + Y) = var(X) + var(Y)

If X and Y are independent, then
var(X — Y) = var(X) + var(—Y) = var(X) + (—1)?var(Y) = var(X) + var(Y).
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Variance of the Binomial @

Let X ~ Binomial(n, p). We can find its variance using a simple trick.

We represent X as a sum of n independent Bernoulli indicator variables:
X=X1+Xo+ -+ X,

where X; = 1 if the j-th trial is a success.
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The Hat Problem: Mean and Variance @

n people throw their hats in a box and pick one at random. Let X be the number of people
who get their own hat back. Find E[X] and var(X).

Let X; be an indicator variable for the /-th person getting their own hat back.
X=X1+Xo+--+ X,
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Probability Density Functions (PDFs) @

Discrete (PMF) Continuous (PDF)
px(z) 3 PDF fy(z) —~
1 N
[ ] px(X) Z 0 [ ] fx(X) Z 0
° > px(x)=1 o [7o fx(x)dx =1
° P(BSXS b):ZX:aSXprX(X) [ ] P(agXSb):Jab fX(X)dX
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Interpreting the PDF @

Unlike a PMF, the value of a PDF at x, fx(x), is not a probability. It is a probability density.

e The probability of a continuous random variable falling within a very small interval [a,a + §] is
approximately the area of a rectangle with height fx(a) and width 6.

Pla< X <a+d)=fx(a) -0
e The probability of a continuous random variable taking on a single specific value is zero.
P(X=a)= / fx(x)dx =0

This implies that for continuous random variables,
Pa<X<b)=Pla<X<by=Plas<X<by=Pla<X<b).

§ POF fxlz) N

P(a< X <b) rl/\'

!
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Example: Continuous Uniform PDF

The continuous uniform random variable models a situation where a number is chosen from an
interval [a, b], and any sub-interval of a given length has the same probability.

Uniform PDF
1 .
—, fa<x<b
fx(x) =4 27 o
0, otherwise
fx(z)
px(z)
1 |
o | | | | |
a a+1 b T a b T

A generalization is a piecewise constant PDF, where the density is constant over different
intervals.
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Expectation of a Continuous Random Variable @

The definition of expectation is analogous to the discrete case, with the sum replaced by an
integral.

Discrete (PMF) Continuous (PDF)
EX] =3 xpx(x) EIX] = / " e (x)dx

— 00

The properties of expectations carry over from the discrete world:

e Expected Value Rule: E[g(X)] = [7_ g(x)fx(x)dx
e Linearity: E[aX + b] = aE[X] + b
o If a< X < b, then a < E[X] < b.
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Variance of a Continuous Random Variable @

The definition and properties of variance are also analogous to the discrete case.

Definition
Let u = E[X]. The variance of X is:

o0

var(X) = E(X = ) = [ (x = )

— 0o

e Computational Formula: var(X) = E[X?] — (E[X])?

e Linear Transformation: var(aX + b) = a?var(X)
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Mean and Variance of the Continuous Uniform

Let X be uniform on [a, b].

e Mean:

b1 1 [x21" -2 (b-a)(b+a) a+b
E[X]_/aXb—adx_b—a[2L_2(b—a)_ 20b—a) 2

e Variance: First, find E[X?].

b 37b 3 3 2 2
1 1 X b>—a a+ab+b
E[X?] = 2 = 2| = -
X7] /axb—adx b—a[3] 3(b—a) 3

var(X) = E[X?] - (E[X])

, @+ab+b  (at+b\® (b—a)?
B 3 2 12

ECE 302, A. Hashemi, Purdue ECE
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The Exponential Random Variable

)

The exponential random variable is a continuous model often used for waiting times. It is the

continuous analogue of the geometric distribution.

The exponential PDF with parameter A > 0 is:

e~
fx(X) = {)\ ,

0,

A small A

.

0l T

Using integration by parts, one can show E[X] = %

ECE 302, A. Hashemi, Purdue ECE

x>0
x<0

large A

H‘v

ol

and var(X) = %



Cumulative Distribution Function (CDF)

The CDF can describe any random variable, discrete or continuous.

Definition
The Cumulative Distribution Function (CDF) of a random variable X is the function Fx(x)
defined as:
Fx(x) = P(X <x)
For discrete random variables: For continuous random variables:
Fx(x) = 3 px(k) Fx(x) :/ fe(t)dt
k<x — 00

The PDF is the derivative of the CDF:

filx) = 58
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CDF Examples

For discrete random variables: For continuous random variables:
X
Fx(x) = 3 px(k) Fx(x) :/ fe(t)dt
k<x — 00
fx(x) px (k) 12
1 1/4 1/4
b—al — |
a b = 1 2 3 4 k
Fx(z)
Fx(z)
a b =z 1 2 3 4 T
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General CDF Properties

Any valid CDF, Fx(x), must have the following properties:

e It is a non-decreasing function of x.
o Fx(x) —0asx — —o0.

o Fx(x) —1asx— o0.
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Normal (Gaussian) Random Variables @

The normal distribution is arguably the most important in probability and statistics, due to its
convenient analytical properties and its appearance in the Central Limit Theorem.

Standard Normal: N(0,1)
The PDF of a standard normal random variable is: fz(2)

1
fx(x) = Wor eX/2

For the standard normal, E[X] = 0 and var(X) = 1.

General Normal: N(p,0?)
A general normal random variable has two parameters: mean 1 and variance o2.

1 2 2
fx(x) = = = (x=m)?/(20%)

oV2rw
For this distribution, E[X] = p and var(X) = o2.
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Properties of Normal Random Variables @

A key property of normal random variables is that they are “closed under linear
transformations.”

If X ~ N(u,0°) and we define a new random variable Y = aX + b, then Y is also a normal
random variable. We can find its mean and variance:

var(Y) = var(aX + b) = a?var(X) = a%02.

Therefore, Y ~ N(ap + b, a%02).

Standardizing a Random Variable: A common transformation is to standardize a random
variable X (with mean p and variance 02) to create a new variable Y with mean 0 and

i 1:
variance X —n

g

Y

If X is normal, then Y is a standard normal random variable, Y ~ N(0,1).
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Calculating Normal Probabilities @

The CDF of a normal random variable does not have a closed-form expression. We rely on
pre-computed tables for the standard normal CDF, usually denoted by ®(y).

o(y)=P(Y <y), whereY ~ N(0,1)

To calculate a probability for a general normal X ~ N(u,0?), we first standardize it:

- (558 2552) o (1 522) o (59

g g g

The table gives values of ®(y) for y > 0. For negative values, we use the symmetry of the PDF:

O(—y)=P(Y<—y)=P(Y>y)=1-P(Y <y)=1-d(y)
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Lecture 9: Continuous Random
Variables Part 11

Conditioning on an Event;
Multiple Continuous r.v.’s



Conditional PDF, Given an Event

)

Discrete Continuous
e pxja(x) = P(X = x|A) o fxja(x) -0~ P(x < X < x+4|A)
e > pPxialx) =1 o [T fxalx)dx =1
o P(X € BJA) =} cp Pxja(x) o P(X € B|A) = [ fxja(x)dx

ECE 302, A. Hashemi, Purdue ECE



Conditional PDF of X, given that X € A @

The conditional PDF, fx|xca(x), must be zero outside of A. Inside A, the original PDF fx(x) is
rescaled so that the new total area is 1.

Formula
Let A be an event with P(A) > 0. The conditional PDF of X given that X € A is:

g(x), ifxeA

f, X) =
xixea() 0, ifx¢A

where P(A) = [, fx(t)dt.
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Conditional Expectation of X, Given an Event

Discrete Continuous
o E[X|A] =, xpx|a(x) o E[X|A] = [ xfx|a(x)dx
o E[g(X)IA] = 3, &(x)pxja(x) o E[g(X)IA] = [ g(x)fx|a(x)dx
Example: Let A be the event that %b <X<b
Fx(z)
a b c d T
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Memorylessness of the Exponential PDF @

Let T be an exponential random variable with parameter )\, representing the lifetime of a light
bulb.
fr(t) = Xe ™, fort>0

The probability that the bulb lasts longer than time x is P(T > x) = fxoo e Mdt = e= M,

Memorylessness Property
Suppose we know the bulb is still working at time t (event A= {T > t}). Let X =T — t be

the remaining lifetime.

PX>x|T>t)=P(T—t>x|T>t)=P(T>t+x|T >t)
_P(T>t+xand T>1t) P(T>t+x)
P(T > t)  P(T>1t)
ef/\(ter)

= = e =P(T > x)

The remaining lifetime has the same exponential distribution as a brand new bulb.
Probabilistically, a used exponential bulb is as good as new!
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Total Probability and Expectation Theorems @

These theorems extend to continuous random variables. Let Ag,..., A, be a partition of the
sample space.

" Ayn{x ==z} Total Probability Theorem for PDFs
1
_ fx(x) = P(A1)fxa, (x) + -+ - + P(An)fx|a,(x)
An AN {X =z}
Total Expectation Theorem
A3N{X =z}
B E[X] = P(AD)EIX|AL] + - + P(A,)E[X|A,]
P(41) E[X | Ay]
PiAg) E[X | Ao]
P(43) g[x | 44
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Example @

Bill goes to the supermarket shortly, with probability 1/3, at a time uniformly distributed

between 0 and 2 hours from now; or with probability 2/3, later in the day at a time uniformly
distributed between 6 and 8 hours from now
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Mixed Distributions @

A random variable is called mixed if it is neither purely discrete nor purely continuous. This
often happens when combining different scenarios.

Scenario
Let event A; be “the value is drawn from a uniform distribution on [0,2]", with P(A;) = 1/2.

Let event A, be “the value is fixed at 1", with P(Az) = 1/2. Let X be the resulting random
variable.

The expectation can be found using the total expectation theorem:
E[X] = 3E[X|A1] + 3E[X|As] = 3(1) + 3(1) = 1.
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Mixed Distributions

The CDF can be found using the law of total probability:

Fx(x) = P(A1)Fx|a, (x) + P(A2)Fx|a,(x)

ECE 302, A. Hashemi, Purdue ECE
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Jointly Continuous Random Variables

The concept of a joint PMF extends to a joint PDF for continuous random variables.
Discrete Continuous
e pxy(x,y)=P(X=x,Y =y) o fx.y(x,y) is the probability density.
e P((X,Y)eB) = ij fx v(x,y)dxdy

i P((Xv Y) € B) = Z(x,y)eB pX,Y(XaY)
For a valid joint PDF, we must have fx y(x,y) >0 and [~ [* fx y(x,y)dxdy = 1.

—— Marginal A
—— Marginal B

Probability Density

A. Hashemi, Purdue ECE
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From Joint to Marginal PDFs @

We can obtain the marginal PDF of one variable by “integrating out” the other variable from
the joint PDF.

Discrete Continuous

px(x) = ZPX,Y(XJ’) fx(x) = /OO fxy(x,y)dy
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Example: Uniform Joint PDF on a Set S

Let (X, Y) be chosen uniformly from a set S.

=, if(x,y)€S
‘ fX7Y(X,)/): {Area of S ( )

0, otherwise



Multiple Continuous Variables @

Discrete Continuous
e pxvz(x,y,z2)=P(X=x,Y=y,Z=2) o fx.v.z(x,y,z) is the probability density.
o P((X,Y,2) € B) =3\, ep Px.v.z(x,y,2) o P((X,Y,Z) € B) = [[fx,v z(x,y,z)dxdydz
* px,y(x)=>,pxvz(xy,2) o fxy(x,y)= " fxv.z(x,y,z)dz

Expected Value Rule
For a function Z = g(X,Y):

Elg(X, Y]—/ / g0, ¥y (. )dxdy

This property is universal and holds for continuous variables just as it does for discrete variables.
E[X + Y] = E[X]+ E[Y], E[aX + bY + c] = aE[X] + bE[Y] + ¢

E[Xy + -+ Xo] = E[Xu] + - + E[X,)]

ECE 302, A. Hashemi, Purdue ECE



The Joint CDF

Definition
The joint CDF of random variables X and Y is:

Fxy(xy)=P(X <x,Y <y)
For jointly continuous variables, the CDF is the integral of the PDF:

y X
FXA,Y(X:}/):/ / fx,y(u., V)dudv

Conversely, the joint PDF can be recovered from the joint CDF using partial derivatives:

82Fx,y (X )
Oxdy Y

fX,Y(va) =

ECE 302, A. Hashemi, Purdue ECE



Lecture 10: Continuous
Random Variables Part Il
Conditioning on a Random
Variable; Independence; Bayes’
Rule



Conditional PDFs, Given Another Random Variable

The concept of a conditional PMF extends directly to a conditional PDF.
Definition
The conditional PDF of X given Y = y is defined as:

fxy (xly) = ffy(y)

This is defined for any y such that the marginal PDF fy(y) is positive.

The probability of X being in a set A, given Y = y, is found by integrating the conditional
PDF:

P(X € AlY =y) = /A fxv (x|y)dx
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Comments on Conditional PDFs

Let's interpret the conditional PDF, fx y(x|y) = %

e For a fixed value of y, fx|y(x|y) is a valid PDF for X.
o fxy(xly) > 0.
2% By (o) gy

o J7 fav(Xly)ax = == ")
e The shape of the conditional PDF fx|y(:|y) can be visualized as a “slice” of the joint PDF

surface at that particular y, rescaled to have a total area of 1.

—— Marginal A
—— Marginal B

Multiplication Rule
fx.y(x,y) = fr(y) fxv (x]y) = fx (x)fyx(v[x)

Probability Density

ECE 302, A. Hashemi, Purdue ECE



Total Probability and Expectation Theorems

Discrete Case Continuous Case
e px(x) =2, py(¥)pxv(xly) o fx(x) = [ f(¥)fxv(x]y)dy
o E[X]=3, py(V)E[X]Y =] . E[X] =2 v( JEIX|Y = y]dy
The conditional expectation is defined as:
EXIY =11 = [ xfav(xly)ae

ECE 302, A. Hashemi, Purdue ECE
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Independence @

Definition
Random variables X and Y are independent if their joint PDF is the product of their marginal

PDFs for all x and y.
fx,v (x,y) = tx(x)fv(y)

This is equivalent to the condition that the conditional PDF equals the marginal PDF:

fxiv(xly) = fx(x), forally with fy(y) >0

If X and Y are independent:

E[XY] = E[X]E[Y]
var(X + Y) = var(X) + var(Y)
g(X) and h(Y) are also independent.

ECE 302, A. Hashemi, Purdue ECE



Stick-Breaking Example

Problem Setup
We break a stick of length £ twice.

e The first break is at position X, which is uniform in [0, ¢].

e The second break is at position Y, which is uniform in [0, X].
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Stick-Breaking Example: Calculations

The joint PDF is fx,y(x,y) = £ for 0 <y < x < L.
e Marginal PDF of Y:

1(InE —Iny)

forO<y </
e Expectation of Y: We can use the total expectation theorem, which is often simpler.

E[Y|IX=x] = (mean of a uniform on [0,x])

2
E[Y] = E[E[Y|X]] = /01Z E[Y|X = x]fx(x)dx = /(f % : %dx
1 {XZ]‘{ e :g

2|2 2072
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Independent Normal Random Variables

Let X ~ N(px,02) and Y ~ N(uy,07) be independent. Their joint PDF is the product of their

marginals.
1 (x—m)? (v — )
Py Ooy) = () (y) = 5 —exp { 22 a0
xYy X y
Standard Normals (07 = 07 = 1) Different Variances (0% = 1,07 = 4)

Probability Density
Probability Density

(i
i (i

’ll’ I !
AN
.‘n\»\ i
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The Bayes’ Rule Theme with Variations

)

Bayes' rule is a general inference framework for updating beliefs about an unobserved variable

X after observing a related variable Y.

The core relationship is:
Prior x Likelihood

Posterior = -
Evidence

Discrete Case Continuous Case

PX(X)PY\X(}/\X)

pX|Y(X|y): py(y)

= [ fx(x'

where py(y) = > px(X)pyx(y|x'). where fy(y

ECE 302, A. Hashemi, Purdue ECE

fxy (xly) =

fX(X)fY|X(Y|X)

fy(y)

fY\X (y|x")dx



Bayes' Rule: Mixed Cases @

Bayes' rule also applies when one variable is discrete and the other is continuous.
Case 1: Discrete Unknown (K), Continuous Measurement (Y)

puy (kly) = 2L

where fy(y) = > P (k") fy ik (y[K').

Case 2: Continuous Unknown (Y), Discrete Measurement (K)
fr(v)pv(kly)
f k)= ——7—+——"=
Y\K(y| ) pK(k)

where pic(K) = [ fy(y')P(K = k|Y = y')dy'.

Example: Send a signal K, which is —1 or +1 with equal probability. Receive Y = K + W,
where W ~ N(0,1). Given Y =y, whatis P(K = 1|Y = y)7
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Example Solution

e P(K=1)=1)2.
e The model is fy|k(y|1) ~ N(1,1) and fyx(y| —1) ~ N(—-1,1).
e The evidence term is fy(y) = 3 fyk(y|1) + 3 fyi(y| — 1).

N

11,
I e 0-122¢

/2
er

e—0112/2  elte V"

Ni=

1)2
1
rd

e pxiy(lly) =

NiR
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Lecture 11: Derived
Distributions



Derived Distributions: The Discrete Case

If X is a discrete random variable and Y = g(X), we can find the PMF of Y by summing the

probabilities of all the x values that map to a given y value.
Formula

py(Y) =P(Y =y)=PEX)=y)= > px(x)

g9
/ ; 5
0.3
prob=— 4 4

For linear transformation

PV(Y)—P(aX+b§y)_p<X§y—b)_px<y_b>

a

ECE 302, A. Hashemi, Purdue ECE



The Linear Case: Y = aX + b: Discrete

Find the PMF of Z=2X and Y =2X +3

px(z)
3/6
2/6
1/6
|
-1 1 2 T
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The Linear Case: Y = aX + b: Continuous

Find the PDF of Z=2X and Y =2X +3

fx ()
2/3

1/3
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Derived Distributions: The Continuous Case

For a continuous random variable X and a function Y = g(X), finding the PDF of Y is more
involved.

First, find the Cumulative Distribution Function (CDF) of Y.
Fy(y)=P(Y <y)=P(g(X) <y)

To calculate this, we must find the set of x values for which g(x) < y and integrate the PDF
of X over that set.

Then, differentiate the CDF to find the PDF of .

fr(y) = %(y)

ECE 302, A. Hashemi, Purdue ECE



The Linear Case: Y =aX + b

Let X be a continuous random variable and Y = aX + b with a # 0. We can find a direct
formula for the PDF of Y.

Using the CDF method, assuming a > 0:

Fy(y)—P(aX+bgy)_p(X§Yab)_Fx(y3b>

Differentiating with respect to y using the chain rule:

= 2200 = 5 (257) 5

a

General Formula for Linear Transformation (a # 0)

fr(y) = ifx <y b>

El a

This shows that the PDF of Y is a scaled and shifted version of the PDF of X.
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Linear Function of a Normal RV is Normal @

We can use the linear transformation rule to prove that a linear function of a normal random
variable is also normal.

Let X ~ N (u,02) and Y = aX + b with a # 0.

fx(X) =

Using the formula fy(y) = ﬁfx (y*b):

a

2
11 (%?—M)

= ————ex
la| o/ 27 P

fy(y)

(y@u+MF}

202 - |a‘o‘ 2 exp{ 23202

This is the PDF of a normal random variable with mean ay + b and variance a%c2.
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Example: Y = X3 when X uniform on
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Example @

You go to the gym and set the speed X of the treadmill to a number between 5 and 10 km/hr
Unifromly. Find the PDF of the time it takes to run 10km.
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General Formula for Monotonic Functions @

When g(X) is a strictly monotonic and differentiable function, we can derive a direct formula
for the PDF of Y = g(X).
Let h be the inverse function of g, so that if y = g(x), then x = h(y).
PDF Formula for Monotonic g
dh
f = fx(h —
/) = (b)) | S0

y =g(z)

© h(y) r
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Example @

Example: Let X ~ U[0,1] and Y = X2. Here, g(x) = x? is increasing on [0, 1]. The inverse is
h(y) =./y. Z—’; = ﬁ fx(x) =1 for x € [0,1].

) = (V) ] for y € [0.1]

1 1
=1
2\0’ 2y
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Intuition for Monotone Functions

[y, y+8,]




When g(x) is not monotonic, we must return to the CDF method.
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Functions of Multiple Random Variables: Z = g(X, Y) @

The same two-step CDF methodology applies when finding the distribution of a function of
multiple random variables.

Find the CDF of Z: Fz(z) = P(Z < z) = P(g(X,Y) < z). This involves integrating the joint
PDF fx,y(x,y) over the 2D region where g(x, y) < z.

Differentiate the CDF to find the PDF: fz(z) = %2(z).
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Functions of Multiple Random Variables: Z = g(X, Y) @

Example: Let X, Y be independent and uniform on [0,1]. Find the PDF of Z = Y/X. For
z>0, Fz(z) = P(Y/X < z)= P(Y < zX). We must integrate the joint PDF
(fx,v(x,y) = 1) over the region {0 < x < 1,0<y <1y < zx}.

Y Y

1 1

ECE 302, A. Hashemi, Purdue ECE



Lecture 12: Sums of
Independent Random Variables;
Covariance and Correlation



The Distribution of Z = X + Y: The Discrete Case

Let X and Y be independent discrete random variables with known PMFs. We want to find the
PMF of their sum, Z =X +Y.

To find pz(z), we sum the probabilities of all pairs (x, y) such that x +y = z.

Y pz(z):P(X+Y:z):ZP(X:x,Y:zfx)
" j03)
(1.2) = Z P(X =x)P(Y =z —x) (by independence)
2D = Z px(x)py(z — x) Discrete Convolution

L(3,0)
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Discrete Convolution Mechanics @

pz(z) =Y, px(x)py(z — x) can be visualized as a “flip, shift, multiply, and sum” operation.

1. Take the PMF of Y, py(k), and flip it horizontally around the vertical axis to get py(—k).
2. Shift the flipped PMF to the right by z to get py(z — k).
3. Place this shifted, flipped PMF under the PMF of X.
4. Multiply the overlapping values point-by-point and sum the results.
PX 2/3 Py 3/6
1/3 2/6
| [ L]
I
1 4 -1 n 2
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The Distribution of Z = X 4+ Y: The Continuous Case @

ECE 302,

The logic for continuous random variables is analogous.

We start with the CDF of Z= X+ Y-

Fz(z) = P(X +Y < z)= //WQ (v) dx dy
_/: fx (x) (/_m fy(y )dy> dx—/: fx(x)Fy(z — x)dx

Differentiating with respect to z gives the PDF of Z:

F oo
fz(z) = ddzz( )= / fx(x)fy(z — x)dx Continuous Convolution Formula

— 00

The mechanics are the same as in the discrete case, but with integration instead of summation.
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The Sum of Independent Normal RVs is Normal @

A key result in probability theory is that the sum of independent normal random variables is
also a normal random variable.

Theorem
If X ~ N(px,02) and Y ~ N(uy,07) are independent, then their sum Z = X + Y is a normal

random variable.

We already know the mean and variance of the sum:

o E[Z] = E[X] + E[Y] = s + 11,
e var(Z) = var(X) +var(Y) =02 + o7

Therefore, if X and Y are independent normal random variables:

X+ Y ~ N(px + py, 0% + 07)

This can be proven by carrying out the convolution integral of the two normal PDFs
(“completing the square” inside an exponential).
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Covariance @

Definition
The covariance of two random variables X and Y is:

cov(X, Y) = E[(X — E[X])(Y — E[Y])]

If the variables tend to be on the same side of their respective means (e.g., X high when Y is

high), the covariance is positive.
If they tend to be on opposite sides, the covariance is negative.
If X and Y are independent, then cov(X, Y) = E[X — E[X]]E[Y — E[Y]]=0-0=0.

The converse is not true: zero covariance does not imply independence.
y

0 (0.1)

0 =z

® (0-1)

E[XY]
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Covariance Properties

o cov(X, X) = E[(X — E[X])?] = var(X)

e A more convenient computational formula:
cov(X, Y) = E[XY — XE[Y] — YE[X] + E[X]E[Y]]

= E[XY] — E[X]E[Y] — E[Y]E[X] + E[X]E[Y] = E[XY] — E[X]E[Y]
Thus

cov(X,Y) = E[XY]-E[X]E[Y] = E[(X—E[X])(Y—E[Y])]
e Covariance is bilinear:
cov(aX+b,Y) = acov(X,Y)

cov(X, Y+Z) = cov(X, Y)+cov(X, 2)
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The Variance of a Sum @

Using the properties of covariance, we can find a general formula for the variance of a sum of
random variables.

var(X1 + X2) = COV(X1 + X5, X1 + Xg)
= cov(X1, X1) + cov(Xq, Xz) + cov(Xa, X1) + cov(Xz, X2)
= var(X1) + var(Xz) + 2cov(X1, X2)

General Formula for Variance of a Sum
n n
var (Z X,-) = Z var(X;) + Z cov(Xi, Xj)
i=1 i=1 i
This shows that the variance of the sum is the sum of the variances only if the random

variables are pairwise uncorrelated (cov(X;, Xj) = 0 for all i # j).
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The Correlation Coefficient @

Covariance depends on the units of the random variables. The correlation coefficient is a
normalized, dimensionless version.

Definition
The correlation coefficient p(X, Y) is:
cov(X,Y
p(X,Y) = couX, ¥)
Ox0y
e It is a measure of the linear relationship between X and Y.

It is always between -1 and 1: —1 < p(X,Y) < 1.

e If X, Y are independent, they are uncorrelated and p = 0.
|o| = 1if and only if Y — E[Y] is a linear function of X — E[X].
o p(aX +b,Y) =sgn(a)p(X,Y), where sgn(a) is the sign of a.
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Proof of Correlation Properties @

To show that —1 < p < 1, we can assume without loss of generality that E[X] = E[Y] =0
and var(X) = var(Y) = 1. In this case, p = E[XY].

Consider the non-negative quantity E[(X — pY)?]:

0 < E[(X —pY)?] = E[X? = 2pXY + p?Y?]
= E[X?] — 2pE[XY] + p*E[Y?]
=var(X) —2p- p + p*var(Y)
=1-2p2+p2=1—p?

So, 1 — p? > 0, which implies p> <1, 0or -1 < p < 1.

If [p| = 1, then p? = 1, which means E[(X — pY)?] = 0. Since (X — pY)? is a non-negative
random variable, its expectation is zero if and only if the random variable is always zero. Thus,
X — pY = 0 with probability 1, meaning X and Y are linearly related.
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Interpreting Correlation @

Correlation does not imply causation!

A strong correlation between two variables (e.g., math aptitude and musical ability) may not
mean that one influences the other. Instead, it often reflects an underlying common, or
“hidden,” factor (e.g., general intelligence, dedication).

Example

Let Z, V, W be independent random variables with zero mean and unit variance. Let
X=Z+VadY=Z+W.

E[X] = E[Z] + E[V] =0. E[Y] = E[Z] + E[W] = 0. var(X) = var(Z) + var(V) = 2.
var(Y) = var(Z) + var(W) = 2.

cov(X,Y)=cov(Z+ V,Z+ W) =cov(Z,Z) + cov(Z, W) + cov(V, Z) + cov(V, W) Since
they are independent, all cross-covariances are zero. cov(X, Y) =var(Z) = 1.

cov(X,Y) o
p(X,Y) = Uf(Uv)_ \/51\5_%

X and Y are correlated because they share the common underlying factor Z.
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Correlations Matter @

Ignoring correlation can lead to a massive underestimation of risk.

Example

A company invests $10M in 10 states. The return in each state, X;, has mean $1M and
standard deviation $1.3M. Total returnis S = X; + - - - + Xqo.

10
var(S) = Z var(X;) + Z cov(Xi, X;)
i=1 i
e Case 1: Uncorrelated returns (p = 0) All covariances are 0.
var(S) = 10 - var(X;) = 10 - (1.3)> = 16.9. The standard deviation of the total return is
os =V16.9 ~ $4.11M.
e Case 2: Highly correlated returns (p = 0.9) cov(X;, X;) = pojo; =0.9-1.3-1.3 = 1.521.
There are 10 x 9 = 90 such covariance terms.
var(§) =16.9+ 90 - (1.521) = 16.9 + 136.89 = 153.79. The standard deviation is

o5 = /153.79 ~ $12.4M.

High correlation dramatically increases the overall risk (variance).

ECE 302, A. Hashemi, Purdue ECE



Lecture 13: Conditional
expectation and variance
revisited; Sum of a random
number of independent r.v.’s



Conditional Expectation as a Random Variable

We have previously defined the conditional expectation E[X|Y = y] as a number that depends
on the specific value y.

Let’s define a function g(y) = E[X|Y = y].

Now, consider the quantity g(Y). This is a function of the random variable Y, which makes it
a random variable itself.

Definition: E[X|Y]
We define the conditional expectation E[X]|Y] as the random variable g(Y). It is the random
variable whose value is E[X|Y = y] when the outcome of the experiment is such that Y = y.
e E[X|Y] is a function of the random variable Y.
e E[X|Y] is itself a random variable.

e As a random variable, it has a distribution, a mean, a variance, etc.
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The Mean of E[X|Y]: Law of Iterated Expectations

What is the expected value of the random variable E[X|Y]?

Let g(Y) = E[X]|Y]. By the expected value rule:

Elg(Y)] =D &y)pv(y) =Y EX|Y =ylpy(y)

y

This is precisely the formula for the total expectation theorem.

The expectation of the conditional expectation of X given Y is simply the expectation of X.
E[E[X]Y]] = E[X]

This is a more abstract, and often more powerful, way of stating the total expectation theorem.
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Stick-Breaking Example Revisited @

Problem
A stick of length ¢ is broken at a uniformly chosen point Y. The left part, of length Y/, is then

broken again at a uniformly chosen point X.

o Y ~ U[0,4], so fy(y) =1/¢ for y € [0, ].
e Given Y =y, X is uniform on [0, y], so fx|y(x|y) = 1/y for x € [0, y].

The conditional expectation of X given Y = y is the mean of a U[0, y] distribution:
y
EX|Y =y =2

The conditional expectation as a random variable, E[X]|Y], is therefore the random variable
whose value is y/2 when Y = y. We can write this simply as:

Y
E[X|Y] = 0
Using the law of iterated expectations to find the overall mean of X:
Y 1 1 ¢ ¢
E[X]=E[E[X|Y]]=E {2] = EE[Y] =5'5=73
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Forecast Revisions @

The law of iterated expectations has a nice interpretation in the context of forecasting.

Let X be an unknown quantity we want to predict (e.g., February sales).

Our initial forecast, with no extra information, is the unconditional mean E[X].

e Suppose at the end of January, we observe some related data Y (e.g., January sales).

Our new, revised forecast for X is the conditional expectation E[X]|Y].

The law of iterated expectations, E[E[X]|Y]] = E[X], means that the average of all possible
revised forecasts, weighted by the likelihood of observing the information that leads to them, is
equal to our original, uninformed forecast. Your forecast might go up or down depending on the
new information, but on average, it stays the same.
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The Conditional Variance as a Random Variable @

We can define the conditional variance in a similar way.

Definition
The conditional variance of X given Y = y is the variance of X under the conditional
distribution:

var(X|Y = y) = E[(X — E[X|Y = y])?|Y = y]

We then define var(X|Y) as the random variable that takes the value var(X|Y = y) when
Y =y.

Example: If X is uniform on [0, Y], then var(X|Y = y) = % = g The random variable is

therefore var(X|Y) = \1/—22

var(X) = E[var(X|Y)] + var(E[X|Y])
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Derivation of the Law of Total Variance @

The formula is var(X) = E[var(X|Y)] + var(E[X|Y]).

e The term E[var(X|Y)] is the “expected value of the conditional variance’. It represents the
average variability of X around its conditional mean, E[X|Y].

Elvar(X|Y)] = E[E[X|Y] - (E[X| Y])?] = E[X?] — E[(E[X|Y])?]

e The term var(E[X|Y]) is the "variance of the conditional expectation”. It represents the
variability in the conditional mean itself as Y changes.

var(E[X|Y]) = E[(E[X|Y])*] - (E[EIXIYI)? = EI(EIX|Y])*] - (E[X])®
Adding the two terms together:

Elvar(X|Y)] + var(E[X| Y]) = (E[X?] — E(EIX| Y1) + (EIEIX| Y]] - (EX])?)
— E[X?] - (E[X])? = var(X)
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A Simple Example

The formula is var(X) = E[var(X|Y)] + var(E[X|Y]).

Frlz)d
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Another Example




Another Example (Cont’d)
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Sum of a Random Number of Independent RVs: Mean

Consider a sum Y = X; + --- + Xy, where N is a random variable representing the number of
terms in the sum. Assume the X; are i.i.d. and are independent of N. Let E[X;] = E[X] and
var(X;) = var(X).

We use the law of iterated expectations, conditioning on N.
E[Y] = E[E[Y|N]]

First, we find the inner conditional expectation, E[Y|N = n] = E[X; + - - - + X,|N = n].

Since the X; are independent of N, this is simply
E[X1 + - +Xn] = E[Xl] + -+ E[Xn] = nE[X].

So, the random variable E[Y|N] is equal to the random variable N - E[X].
Now, we take the outer expectation:

E[Y] = E[N - E[X]] = E[X]E[N] (Since E[X] is a constant)
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Sum of a Random Number of Independent RVs: Variance @

We find the variance of Y = X; + - -- + Xy using the law of total variance:

var(Y) = E[var(Y|N)] + var(E[Y|N])

o First term: E[var(Y|N)]. We first find var(Y|N = n). Since the X; are independent, the
variance of their sum is the sum of their variances:

var(Y|N = n) = var(Xy + - -- + X,;) = n-var(X)
This means the random variable var(Y|N) is equal to N - var(X). Taking the expectation:
Elvar(Y|N)] = E[N - var(X)] = E[N]var(X)
e Second term: var(E[Y|N]). Recall, we know the random variable E[Y|N] is N - E[X].

var(E[Y|N]) = var(N - E[X]) = (E[X])?var(N) (Since E[X] is a constant)
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Lecture 14: Bi-variate and
Multivariate Normal



Definition of Jointly Normal Random Variables

The bivariate normal distribution is a fundamental model for the joint behavior of two
continuous random variables.

Definition
Two random variables X and Y are said to be “jointly normal” if they can be expressed as
linear combinations of two independent normal random variables, U and V.

X =alU+ bV

Y=cU+dV

where a, b, ¢, d are scalars.

e Both X and Y are individually normal.

e Any linear combination Z = 51X + s, Y is also normal.
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Zero Correlation Implies Independence

For general random variables, zero correlation does not imply independence. However, for
jointly normal random variables, it does.

If two random variables X and Y are jointly normal and are uncorrelated (i.e., cov(X, Y) = 0),
then they are independent.

This property is a cornerstone of the theory and simplifies many analyses involving normal
random variables.
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The Conditional Distribution of X Given Y

We can decompose X into two parts: one that is perfectly predictable from Y, and an error
term that is independent of Y.

Let’s define the linear least squares estimator of X given Y (something we will learn more
about later):

o o
X = EX]+ pZX (Y — E[V))
Oy
And the estimation error (something we will learn more about later):

X=X-X

It can be shown that X and Y are jointly normal and uncorrelated, and therefore independent.
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The Conditional Distribution of X Given Y
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Conditional Expectation of X Given Y @

Using the decomposition X = X + X, we can find the conditional expectation.

E[X|Y] = E[X + X|Y]
= E[X|Y] + E[X|Y]
Since X is a function of Y, E[)A(|Y] = X. Since X is independent of Y/, E[)?\Y] = E[)N(] =0.
Result

The conditional expectation of X given Y is a linear function of Y:

E[X|Y] =X = E[X] + pj—j(v — E[Y))
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Conditional Variance of X Given Y @

The conditional distribution of X given Y = y is the distribution of X shifted by the constant
X(y)-

Therefore, the conditional variance of X given Y is simply the variance of the error term X.

The variance of the error term can be calculated as:

0% = E[(X - X)) = (1 - p*)%

If X and Y are jointly normal, the conditional distribution of X given Y =y is normal with:

Mean: E[X|Y = y] = E[X] + p2%(y — E[Y])
Variance: var(X|Y = y) = (1 — p?)o%
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Conditional Variance of X Given Y
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The Form of the Bivariate Normal PDF @

Using the multiplication rule fx y(x,y) = fy(y)fx|y(x|y) and the results for the conditional
distribution, we can derive the full joint PDF. For simplicity, assume zero means
(E[X] = E[Y]=0).

The joint PDF is of the form fx y(x,y) = c - e=9%¥), where c is a normalizing constant and
g(x,y) is a quadratic exponent term.

Bivariate Normal PDF (Zero Mean)

fev(x.y) 1 { 1 (x2 2pxy+y2>}
XY X, = ex _ R A
Y 2roxoyy/1 — p? P 2(1—p?) \o% oxoy o2

The PDF is completely determined by the two means, two variances, and the correlation
coefficient.
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The Form of the Bivariate Normal PDF
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Contours of the Bivariate Normal PDF @

The sets of points where the PDF is constant, called contours or level sets, are described by

the equation g(x, y) = constant.

2 2
X 2px
2200 2

2 2
Ox Ox0y Oy

= constant

This is the equation of an ellipse centered at the mean (ux, wy).

e If p =0, the axes of the ellipse are horizontal and vertical.

e If p #£ 0, the axes are tilted. The tilt direction depends on the sign of p.
y y

) \Q

<<\?
&
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Example: Part 1 @

Problem
Let X and Z be zero-mean jointly normal random variables with 0% =4, 02 = 17/9, and

E[XZ] = 2. Define Y = 2X — 3Z. Find the PDF of V.
Solution: Since Y is a linear combination of jointly normal variables, Y is normal.
e Mean: E[Y] = E[2X —3Z] = 2E[X] — 3E[Z] = 0.
e Variance:
2 _ 2] _ 21 _ 2 2
oy = E[Y?] = E[(2X —32)°] = E[4X*° — 12XZ + 9Z7]
= 4E[X?] — 12E[XZ] + 9E[Z?]
= 4o% — 12E[XZ] + 902
= 4(4) — 12(2) + 9(17/9) = 16 — 24 + 17 = 0.

So, Y ~ N(0,9), and its PDF is fy(y) = wlge—yz/ls_
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Example: Part 2 @

Problem
Continuing with the previous example, find the conditional PDF of X given Y.

Solution: We need the parameters for the conditional normal distribution.

We know 0% =4 and 0%, =9, so ox =2 and oy = 3.

We need the correlation coefficient p. First, find the covariance:

cov(X, Y) = E[XY] = E[X(2X — 3Z)] = 2E[X?] — 3E[XZ]
=2(4)-3(2)=8-6=2.

cov(X,Y) _i_l
oxoy _2~3—3

e The conditional mean is E[X|Y = y] = pg—’;y = %%y =2y.
e The conditional variance is 03 = (1 — p*)ok = (1

The conditional distribution of X given Y =y is N (%, 32).
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A Cautionary Note

e If X and Y are jointly normal, then X is normal and Y is normal.

e The converse is not true.

Counterexample
Let X ~ N(0,1). Let Z be an independent random variable with

P(Z =1)=P(Z = —1) = 1/2. Define Y = ZX.

e The marginal PDF of Y is normal N(0,1).
e X and Y are uncorrelated: E[XY] = E[X(ZX)] = E[ZE[X?]] = E[Z]E[X?]=0-1=0.
e However, X and Y are clearly dependent. If we know X =2, then Y must be either 2 or -2.

e Since they are dependent but uncorrelated, they cannot be jointly normal.
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The Multivariate Normal PDF @

The concepts generalize to more than two random variables.

Definition
Random variables Xi, ..., X, are “jointly normal” if they are all linear functions of a set of
independent normal random variables Uy, ..., U,.

e Zero correlation still implies independence.
e Conditional expectations are linear functions of the conditioning variables.

e The joint PDF has the form f(x) = ¢ - e=9%), where g(x) is a quadratic function of the

variables x1, ..., x,.
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Lecture 15: Transforms and

Moment Generating Functions
(MGFs)



What is a Transform? @

The transform provides an alternative representation of a probability law. It is not always
intuitive, but it is a powerful mathematical tool.

Definition
The transform associated with a random variable X, also known as the “moment generating
function” (MGF), is a function Mx(s) of a scalar parameter s, defined by:

Mx(s) = E[e%X]

e Discrete Case:

Mx(s) = 3 e px(x)

e Continuous Case: -
Mx(s) :/ esxfx(X)dX

— 00
The transform is only defined for values of s for which the expectation is finite.
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Example: Transform of a Poisson RV @

Let X be a Poisson random variable with parameter . Its PMF is px(k) = e"\i—t for
k=0,1,2,....

The corresponding transform is:

% k
Mx(s) = E[e¥] = ZeSk . e_A/\—

k!
k=0

o0 k

— ey (e*A)
k!

k=0
= e e (using the series expansion for e)
_ Me-)

Result
The transform for a Poisson()\) random variable is Mx(s) = e 1),
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Example: Transform of an Exponential RV

Recall PDF is fx(x) = Ae™™ for x > 0.

o0
Mx(s) = E[e%X] :/ e e Mdx
0

= )\/OC els=Nxdx
0
_ |:e(s—)\)x:| o0
s—X |,
This integral converges only if s — A < 0, i.e., s < A. In that case:

MX(S)_)\<OSE)\> :)\is

Result
The transform for an Exponential()) is Mx(s) = 52, defined for s < A.
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Example: Transform of a Geometric RV

Recall PMF is px(k) = p(1 — p)<~ ! for k > 1.

Mx(s) = E[e¥] =
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From Transforms to Moments @

The name “moment generating function” comes from the fact that the moments of X can be
easily derived from its transform.

By differentiating the transform definition with respect to s:

d _ d sX1 _ d sX | sX
dsMX(s)— dsE[e ]—E{dse = E[Xe*™"]
Evaluating at s = 0:
IMx(S)| _ ixed] = E[x]
ds s=0

Moment Generating Property
The n-th moment of X is the n-th derivative of the transform, evaluated at s = 0.

anx(S)

E[X" = o

s=0
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Example: Moments of the Exponential

For X ~ Exponential()\), we have Mx(s) = A\(A —s)~ 1.

e First Moment (Mean):

dMx (s A
—;;( ) A1) -8 (1) = T
A A 1
E[X] = ool =% " a

e Second Moment:

T = & () = A0 -9 = 2

E[X?] =

()‘ - 5)3 s=0 a
The variance is var(X) = E[X?] — (E[X])? = & — (%)2 = -
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Example: MGF and Moments of the Bernoulli
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Inversion of Transforms @

A crucial property of transforms is that they uniquely determine the distribution.

The transform Mx(s) associated with a random variable X uniquely determines the CDF of X
(assuming Mx(s) is finite in an interval around s = 0).

This means if two random variables have the same transform, they must have the same
distribution.

In practice, we don't use complex inversion formulas. We find a transform and then look it up
in a table of known transform-distribution pairs to identify the distribution. This is a “pattern
matching” approach.
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Example: Inversion by Pattern Matching @

The transform of a random variable Y is My(s) = 3 -z + . -2 What is the PDF of Y?

Solution: We recognize the terms in the sum.

e The term % is the transform of an exponential random variable with parameter A\; = 6.

e The term i is the transform of an exponential random variable with parameter A\, = 4.

The overall transform is a weighted sum (a “mixture”) of these two transforms. This implies
that the PDF of Y is a mixture of the corresponding PDFs.

Y is generated as follows: with probability 2/3, its value is drawn from an Exponential(6)
distribution, and with probability 1/3, its value is drawn from an Exponential(4) distribution.

The PDF is: )

1 4
fr(y) = §(6ef6y) + §(4674y) =4e % + ge"‘y, fory >0
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Sums of Independent Random Variables @

One of the most powerful applications of transforms is in analyzing sums of independent

random variables.

Let X and Y be independent, and let Z =X+ Y.
Mz(s) = E[e¥] = E[e*XFY)] = E[e™e*]
= E[e*]E[e*Y] (since X, Y are independent)
= Mx(S)My(S)

The transform of a sum of independent random variables is the product of their individual

transforms.
Mx, +..4+x,(5) = Mx, (s) - - - Mx,(s)
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Example: Sum of Independent Poissons @

Let X ~ Poisson(\) and Y ~ Poisson(u) be independent. Let Z = X + Y. What is the
distribution of Z?

We use transforms:
Mx(s) = XD and My (s) = et&V

The transform of the sum is the product:

Mz (s) = Mx(s)My (s) = M€’ =1) . gnle’=1) — cmle’=)

We recognize this as the transform of a Poisson random variable with parameter A + u. By the
uniqueness of transforms, we conclude that Z must be a Poisson random variable.

Result
The sum of independent Poisson random variables is a Poisson random variable whose

parameter is the sum of the individual parameters.
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Sum of a Random Number of Independent RVs @

Transforms are also useful for sums where the number of terms is itself a random variable. Let
Y = X; + -+ - + Xy, where the X; are i.i.d. and N is a random variable independent of the X;.

Using the law of iterated expectations:
My (s) = E[e*] = E[E[e*Y|N]]

Given N=n, Y = X1 + -+ X,, so E[esY|N = n] = (Mx(s))". The random variable
E[eY|N] is therefore (Mx(s))".

So, My(s) = E[(Mx(s))"] = 3=720(Mx(s))"pn(n).
This is the PMF of N, but with e° replaced by Mx(s).

My (s) = Mn(log(Mx(s)))
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Example: Sum of Geometric Number of Exponentials @

Let N ~ Geometric(p), and let each X; ~ Exponential()\). PDF of Y = vazl X7
Solution: We have the individual transforms:

pe® A

Mn(s) = T—1-pe and Mx(s) = s

We find the transform of Y by starting with My(s) and replacing e* with Mx(s):

A

P MX(S) P 3=
My(S) = =
1-(1-p)Mx(s) 1—-(1—-p)5>;
Multiplying numerator and denominator by (A — s):
pA pA o pA

S A=s5)—(1-pA A—s—A+p\ pA—s

Transform of an exponential R.V with parameter pA.
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Multivariate Transforms

The concept of a transform can be extended to multiple random variables to capture their joint
distribution.

Definition
The multivariate transform of random variables Xy, ..., X, is a function of n parameters
S1,...,5n:
 prasiXitetsaX,
Mx, .. x,(s1,...,s,) = E[e®*"™ )

e The multivariate transform uniquely determines the joint distribution.

e It can be used to find moments and cross-moments (like E[X1X2]) through partial
differentiation.

e It is a key tool for proving properties of jointly normal random variables.
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Lecture 16: Introduction to
Bayesian Inference



Inference: The Big Picture @

Inference is the process of building probabilistic models from real-world data. These models are
then used within the framework of probability theory to make predictions and decisions about
the real world.

Predictions [ Probability theory
Decisions L (Analysis)

Real world

Data Models

Inference/Statistics
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Inference Then and Now

Then
Small data sets led to simple conclusions. For example:

e "10 patients were treated: 3 died”
e "10 patients were not treated: 5 died”

o “Therefore...”

Now
The modern era of inference is characterized by:

e Big data
e Big models

e Big computers

This allows for much more sophisticated and powerful analysis.
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A Sample of Application Domains @

Inference is used in a vast range of fields to design and interpret experiments. One prominent
example is political polling and election forecasting.

a A
g T

=
¥
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oy
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A Sample of Application Domains

Bayesian inference methods are at the core of many modern technologies, including:

e Marketing and advertising

e Recommendation systems (e.g., the Netflix competition)

Item
w X Y z W X Y z
A 45 20 Ali20s8 15 12 1.0 08
EBB 4.0 3.5 _ B 1409 X 1.7, 0.6 | 1.1, 0.4
@ =
5C 5.0 2.0 Clisio
D 35 4.0 1.0 D|1208
. } User Item
Rating Matrix Matrix Matrix
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A Sample of Application Domains

Inference is critical in finance for modeling asset prices, volatility, and risk.
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A Sample of Application Domains

The life sciences heavily rely on statistical inference for areas such as:

e Genomics
e Systems biology

e Neuroscience
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A Sample of Application Domains @

Inference is fundamental to a wide range of scientific and engineering disciplines:

e Modeling and monitoring the oceans

e Modeling and monitoring global climate

e Modeling and monitoring pollution

e Interpreting data from physics experiments

e Interpreting astronomy data
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A Sample of Application Domains

Signal processing is a field built on the principles of inference.

e Communication systems (dealing with noise)
e Speech processing and understanding

e Image processing and understanding

e Tracking of objects

e Positioning systems (e.g., GPS)

e Detection of abnormal events
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Model Building vs. Inferring Unobserved Variables

Inference problems can often be categorized into two types, using a simple signal model
X = aS + W (Observation = scaling factor x Signal + Noise).

e Model Building: We know the transmitted signal S and observe the received signal X. The
goal is to infer the properties of the channel, represented by the unknown parameter a.

e Variable Estimation: We know the channel parameter a and observe the received signal X.
The goal is to infer the value of the original, unobserved signal S.

Feal world Predictions (Probability theory
Ak Wk L (Analysis)

Decisions

Data Models

Inference/Statistics
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Hypothesis Testing vs. Estimation

Hypothesis Testing
e The unknown quantity takes one of a few possible values.
e Example: Is an object in a radar image an airplane or a bird?

e The goal is to make a decision that minimizes the probability of being incorrect.

Estimation
e The unknown is a numerical parameter or set of parameters.
e Example: What is the exact location of the airplane?

e The goal is to produce an estimate that is “close” to the true but unknown value.
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The Bayesian Inference Framework @

The Bayesian approach treats the unknown quantity © as a random variable.

e We start with a prior distribution, pg(f) or fo(6), which represents our belief about © before
seeing any data.

e We have an observation model, px|o(x|0) or fx|e(x|€), which tells us the probability of
observing data X for a given value of ©.

o After observing X = x, we use Bayes' rule to compute the posterior distribution, pg|x(6|x) or
foix(0]x). This represents our updated belief about ©.
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The Output of Bayesian Inference

The primary output of a Bayesian inference problem is the full posterior distribution. It
encapsulates all available information about the unknown quantity.

From this posterior distribution, we can derive simpler summaries:

e Point Estimates: A single "best guess” for the value of ©.
e Error Analysis: Measures of how confident we are in our estimates.
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Point Estimates in Bayesian Inference @

An estimator, © = g(X), is a rule (a function) for generating a guess based on the
observation X. The resulting guess, § = g(x), is the estimate.

Two common types of Bayesian point estimates are:

Maximum a Posteriori Probability (MAP)
The MAP estimate is the value 6* that maximizes the posterior distribution.

Omap = arg max peix(f]x) or arg max fo1x (0]x)

Conditional Expectation (LMS)
The Least Mean Squares (LMS) estimate is the expected value of the posterior distribution.

éLMS = E[@‘X = X]
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Case 1: Discrete ©, Discrete X @

This is the classic hypothesis testing scenario.

pe(8)px|e(x|0)
px(x)
e MAP rule: Choose the hypothesis 6 that maximizes the posterlor po|x (0]x).
¢ Conditional Probability of Error: Given X = x, the probability of error for the MAP estimate
fis PA#0OIX=x)=1- p@|X(0A|x). The MAP rule minimizes this for every x.
e Overall Probability of Error: P(© #0) =3 P(6 # ©|X = x)px(x).

poix(0]x) = where ZP@ )Px|e (x16")

0.6
Pe|x(¢9 | =)
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Case 2: Discrete ©, Continuous X

This case is common in signal detection, e.g., identifying a discrete transmitted signal © from a
noisy continuous observation X = © + W.

W where fx(X):ZP@(e/)fXIG(XW)
Py

The MAP rule and error probability calculations are analogous to the discrete-discrete case.

poix(0|x) =

The MAP rule still minimizes the probability of error.

0.6
po|x (0 | z)

0.3
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Case 3: Continuous ©, Continuous X

This is the classic parameter estimation scenario, such as estimating an unknown signal
amplitude © from a noisy measurement X = © + W.

fo(0)fx|e(x|0)

f9|X(9|X) = fX(X)

where  fx(x) :/fe(el)fx\e(x\e/)del

Since the probability of any single point estimate being exactly correct is zero, we evaluate
estimators using a different metric. The most common is the mean squared error:

e Conditional MSE: E[(6 — ©)2|X = X]
e Overall MSE: E[(6 — ©)?]

The LMS estimate E[O]|X = x] is the one that minimizes the MSE.
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Inferring the Unknown Bias of a Coin @

This is a key example in Bayesian inference. Let © be the unknown bias of a coin, with a prior
PDF fo(6). We toss the coin n times and observe K = k heads.

fo(0)pk|o(k|0)
pr (k)

and pxje(kl0) = (7)0%(1 — 6)"*.

1
fornc(01K) = where p(K) = [ fo(t')pa(KIO)d
JO

If we assume a uniform prior fo(6) =1 for 6 € [0, 1], the posterior is:
fork (0lk) = c- 65(1 — 6)"

This is known as a Beta distribution with parameters (k + 1, n — k + 1). If the prior is itself a
Beta distribution, the posterior is also a Beta distribution (this is called a “conjugate prior").
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Inferring Coin Bias: Point Estimates @

e MAP Estimate: We find the value of # that maximizes the posterior fg|x(6]k) o< 6%(1—6)"*.
By taking the derivative with respect to 6 and setting to zero, we find:

A k
Omap = —
n

This is the intuitive sample mean.

e LMS Estimate We need to calculate the mean of the Beta distribution. Using the formula

a alg!
f 9 Bde_ (at+B+1)"

E[OIK = K] = /()le-fex(mk)de: Jo N1 - 0740 (k)0 — K)/(n+2)! _ k1

Johox(1 — 0)r—*do  K(n=K)/(n+1)!  n+2
. k+1
Oms =

n+2
The LMS estimate is slightly different from the MAP, “pulling” the estimate away from 0 and 1.
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Summary @

e Problem Data: A prior distribution pg or fg, and an observation model px|e or fx|e.

¢ Goal: Given an observation X = x, use Bayes' rule to find the posterior distribution pg|x or
foix-

e Estimator vs. Estimate: An estimator © = g(X) is a random variable; an estimate § = g(x)
is a number.

e Common Point Estimates:

o MAP: Maximizes the posterior distribution.
e LMS: The conditional expectation, E[@|X = x]. Minimizes mean squared error.

e Performance Evaluation:

e For hypothesis testing: Probability of error, P(© # ©).
e For estimation: Mean Squared Error, E[(© — ©)3].
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Lecture 17: Linear Models With
Normal Noise



Recognizing normal PDFs

The normal X ~ N(u,o?) with PDF

c.e8(x=3)?

fx(x) = c - e (ax*+Bxt7) a>0

e Normal with mean —3/2a and variance 1/2«
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Estimating a normal random variable

In the presence of additive normal noise

X=0+W,0,W:N(0,1), independent
fxje(x|0) :

fopx(Blx) = el

fx(x) = [ fo(0)fxje(x|0)df

éMAP = éLMS = E[0|X =x] =

Omap = E[O|X] =
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Estimating a normal random variable

in the presence of additive normal noise

X=0+W,0,W:N(0,1), independent

fy x|6
fO\X(9|X) BOF )f;(lf)( )

= [ fo(0)fx|o(x|0)d0
Omar = O1ms = E[O|X] = £

Even with general means and variances:

e posterior is normal
e LMS and MAP estimators coincide
o these estimators are “linear,” of the form © = aX + b
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The case of multiple observations

X1=0+W
X, =0+ W,
© ~ N(xp,03) W; ~ N(0,02)

O, Wy, ..., W, independent

fo(0)fxo(x|0
forx(6]x) = 2fxell?) — [ fo(0)fjo(x10)d0
in\@(XiW) =
fxje(x10) =

ECE 302, A. Hashemi, Purdue ECE



The case of multiple observations

foix (0]x) = c - exp{—quad(6)}

quad(f) = (‘9 XO) + (9 Xl) 4t (0—xa)*

20‘2

Tio ok
Omap = Oims = E[O|X = x] = <—%

i=0 2
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e case of multiple observations

e Key conclusions:
e posterior is normal
e LMS and MAP estimates coincide
o these estimates are “linear,” of the form 0= ao + aixy + -+ -+ anxn
e Interpretations:
e estimate §: weighted average of xo (prior mean) and x; (observations)

e weights determined by variances

n

Ormap = Oims = E[O]X = x] = Znﬁ

ﬁ,\,\nﬁ,\,\f.
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The mean squared error

foix (0]x) = c - exp{—quad(6)}

quad(0) = (9 X°) + (9 Xl) + 4 (0202)

o Performance measures:
o E[(©-O)IX =x] =
. E[(©-6)]=

E[(©@ -0} X =x]=var(O|X =x) =1/ 0oz

fx(x) = c- e (@ +5xt7) o > 0 Normal with mean —3/2« and variance 1/2a
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The mean squared error

E[(©-©PIX=x]=E[(®©-0)y]=1/3 ],

conditional mean squared error same for all x

Example: 03 = 02 = - - - = 02 = o2

e Example: X =0+ W

© ~ N(0,1), W ~ N(0, 1) independent
6=x)2

E[(© - 82X =x] =
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e case of multiple parameters: trajectory estimation

x(t) = 0o + 01t + O t>

400

e Random variables ©g, ©1, 6,

e independent; priors fo, aeor
e Measurements at times ty, ..., t, 300
o x; =0+ O1t; + Oat? + W, :50
e noise model: fy, x(t) = O + 01t + 65t

e independent Wi;; independent from ©;

150+

100
(]
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A model with normality assumptions

o x; = O+ O1t; + Oxt2 + W; i=1,..,n
e assume ©; ~ N(0,07), W; ~ N(0,5?); independent
Given © =0 = (90,01,92), X,' is:

fxjo(xi|0) = c - exp{—(x; — o — O1t; — 0217)? /25°}

fo(0)fxjo(x]0
o fox(6]x) = B0 = [ fo(0)fxjo(x|0)d0
e posterior: fgx(0|x) =

c(x )eXP{**(%+%+—2§)7202 S (% — 0o — 01t — 0,2)2}
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A model with normality assumptions @

forx(81x) = c(x) exp{—3(2% + 2 + B) — 50 21y (xi — o — Oty — 6287)%)

log (2

e MAP estimate: maximize over (6o, 61, 62);

e (minimize quadratic function)
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Linear normal models @

©; and X; and are linear functions of independent normal random variables

o foix(0|x) = c(x) exp{—quadratic(0y, ...,0m)}
e MAP estimate: maximize over (61, ...0,);

e (minimize quadratic function)

° (:)MAPJ linear function of X = (X, ..., X;)
Facts:

* Omar, = E[6)|X]
e marginal posterior PDF of ©;: fo,|x(6;]x), is normal
e MAP estimate based on the joint posterior PDF:

e same as MAP estimate based on the marginal posterior PDF

° E[((:),-_,MAP — 0;)?|X = x] : same for all x
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An illustration

Estimating the trajectory of a free-falling object
©0 ~ N(200,50%),©; ~ N(50,502),

©; = —9.81, W; ~ N(0,502)

X(t) = ©p + O1t + O,t?

X(t) = ©g + O1t + 512

Xi:@0+@1fi+@2t,-2+Wi 200}

minimize over 6y, 61, 0 -

1,68 | 03 | 63 1 n 2V2 el : ‘ ‘
5(?%+7}"r‘é)-i-?zi:l(X,’—30—911’;—921’;) S T B T R R S T S T R
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An illustration

Estimating the trajectory of a free-falling object
©0 ~ N(200,50%),©; ~ N(50,502),

©; = —9.81, W; ~ N(0,502) .
Xi =09 + O1t; + O2t2 + W; .

S X (t) = ©g + Ot + O,t2
minimize over 6, 01 o0}

(6o — 200)2 + (61 — 50)2 o0l
+ 27:1()(/ — 6 — O1t; + 9.811‘,-2)2
X(t) = ©g + O1t + O,t? ‘ : :
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An illustration

Estimating the trajectory of a free-falling object o
©0 ~ N(200,50%),©; ~ N(50,502),
©; = —9.81, W; ~ N(0,502)
x; = g + O1t; + O2t2 + W,
minimize over 6, 01
(6o — 200)? + (61 — 50)?

+ >0 (xi — 0 — 61t +9.81t2)?
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An illustration

Estimating the trajectory of a free-falling object N
©0 ~ N(200,50%),©; ~ N(50,502),
©; = —9.81, W; ~ N(0,502)
x; = g + O1t; + O2t2 + W,
minimize over 6, 01
(6o — 200)? + (61 — 50)?

+ >0 (xi — 0 — 61t +9.81t2)?
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An illustration

Estimating the trajectory of a free-falling object
©0 ~ N(200,50%),©; ~ N(50,502),
©; = —9.81, W; ~ N(0,502)
x; = g + O1t; + O2t2 + W,
minimize over 6, 01
(6o — 200)? + (61 — 50)?

+ >0 (xi — 0 — 61t +9.81t2)?
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An illustration

Estimating the trajectory of a free-falling object
©0 ~ N(200,502),0; ~ N(50,502),
©, = —9.81, W; ~ N(0,502) :
x; =Op + O1t; + Oxt? + W,

2001

100+

minimize over 6, 01
(6o — 200)2 + (01 — 50)?
+ 27:1()(/ - 00 - 91 ti + 981t,2)2 ™ E}:r;gi;;;:;h?);zz.au

-200 H True trajectory
+  Sampled points
Estimated trajectory based on MAP
95% confidence interval
_agol——T——— — S I . )
0 1 2 3 4 5 6 7 8 9 10
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Lecture 18: Least Mean
Squares (LMS) Estimation



LMS Estimation Without Observations

Consider estimating an unknown parameter © when we only have its prior distribution fo(6)

(or pe(0) for discrete cases) and no specific observations.

We are interested in finding a single point estimate 6 that best represents ©.

Methods for choosing 8:
5 - : fe(0)
e MAP rule: Choose 6 to maximize the prior fg(6).

e Expectation: Choose § = E[©)]. 1/6

LMS Criterion: Minimize the Mean Squared Error
(MSE), E[(© - 6)°]. A | 4 10 6
We want to find the value # that minimizes this

expectation.
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LMS Estimation Without Observations: Solution

e Least Mean Squares Formulation:

e We seek to find the constant § that minimizes the MSE: min, E[(© — )?].
o Let g(A) = E[(© — 6)?]. To minimize, we set the derivative to zero:

d AN2] i 2| 7 AV — )
EE[(OfG)]_E[dé(G 6)]_E[ 2(0 — §)] = —2(E[©] — )

e Setting the derivative to zero gives —2(E[©] — §) = 0, which implies § = E[©)].
e The LMS estimate in the absence of observations is the prior mean.
e Optimal Mean Squared Error:

e The minimum possible MSE is achieved when § = E[©].
e The minimum MSE value is E[(© — E[©])?], which is the definition of the variance of ©.
e Optimal MSE = var(©).
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LMS Estimation Based on Observation X @

Now, suppose we have an observation X related to the unknown parameter ©.

e We have the prior fg(6).

e We have a model for the observation, the likelihood fx|e(x|0) (or px|e(x|f)).
e We observe a specific value X = x.

e Minimizing overall MSE: E[(© — )?] without using x leads to § = E[©].
e Minimizing conditional MSE: E[(© — 0)2|X = x] after observing x.

LMS Estimate Definition: The estimate § that minimizes the conditional MSE
E[(© — 0)?|X = x] is the conditional expectation:

Oims = E[O|X = X]

The LMS Estimator is the function of the random variable X that gives the estimate:

BLms = E[O]X]
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Optimality Properties of LMS Estimation

Recap of minimization results:

e £[O] minimizes the overall MSE E[(© — c)?] over all possible constant estimates c.

e E£[O|X = x] minimizes the conditional MSE E[(© — c)?|X = x| over all possible constant
estimates ¢, given the specific observation x.

A more general optimality property:

e The LMS estimator O ms = E[©|X] minimizes the overall MSE E[(© — g(X))?] among all
possible estimators g(X) that are functions of the observation X.

e Thatis, E[©|X] is the function g(X) that is “closest” to © in the mean squared error sense.
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LMS Performance Evaluation @

LMS estimate (given X = x): § = E[O|X = x], LMS estimator (function of X): © = E[O|X]

e Conditional MSE: Expected performance after obtaining a specific measurement x.
e This is the minimum value of the conditional MSE criterion:

MSEcond(X) = E[(e — E[@\X = X])2|X = x]
e By definition, this is the variance of the posterior (conditional) distribution of © given X = x:
MSEcond(X) = VQI’(@|X = X)

e Note: This value generally depends on the observed value x.
e Overall MSE: Expected performance of the estimator design before making an observation.
e This is the expectation of the conditional MSE over all possible values of X:

IvlSEovera\ll = E[(e - E[@‘X])2] = E[Var(@‘x)]

e This averages the conditional performance across all possible outcomes of the observation.
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Relationship Between L and MAP

e LMS estimation is focused on minimizing squared error, making it suitable for estimation
problems where the magnitude of errors matters quadratically. It is generally not directly used
for hypothesis testing.

e When does the LMS estimate 0 ms = E[©|X = x] coincide with the MAP estimate dyap
(which maximizes fg|x(0|x))?

o They are the same if the posterior distribution fg|x(6|x) is unimodal (has a single peak) and is
symmetric around its mean.

e A key example is when the posterior distribution is normal. In this case, the mean, median, and
mode are all identical.

e Recall from the previous lecture that linear models with normal priors and normal noise result in
normal posteriors. Therefore, in “linear-normal” models, LMS and MAP estimates coincide.
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Example: Uniform Prior and Uniform Noise

Prior: fo(0) = 1/6 for 4 < 6 < 10.

0
fe(6) 10
1/6‘ [
I 4 10 6
4
fxje(z|0)
1/2
> T
3 5 9 11
| 6-1 641

Joint: (X, ©) is uniform over the parallelogram

Likelihood: fx|e(x|¢) = 1/2 for defined by 4 <9 <10and § —1 < x <0 +1.
f—-—1<x<0+1.
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Example: Calculating the LMS Estimate @

To find ©,ms = E[O|X = x], we need the posterior PDF forx (01x).
f@,x(97x)
fx(x)
The joint PDF fg x(0,x) = fo(0)fxje(x|0) is constant (1/6 x 1/2 = 1/12) over the
parallelogram, and 0 elsewhere.

fox (0]x) =

To find fg|x(0]x), we fix x and consider the shape of the joint PDF along the vertical line at x.

o If 3 < x < 5: 0 must satisfy 4 < 0 < x + 1. fg|x(0]x) is uniform on [4,x + 1].
o If 5 < x <9: 6 must satisfy x — 1 < 6 < x + 1. fgx(f|x) is uniform on [x — 1, x +1].
e If 9 < x < 11: 0 must satisfy x — 1 < 0 < 10. fg|x(0|x) is uniform on [x — 1,10].

The LMS estimate is the mean of the conditional (posterior) uniform distribution:

o If 3<x<5: E[@‘X:X]:wzxzﬂ-
o If 5< x <9 E[O|X = x] = bDFbal) —
o If9<x <1l E[@|X:X]:w:x2ﬂ_
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Example: Conditional Mean Squared Error @

The conditional MSE is var(©|X = x). Since the posterior distribution is uniform over an

interval [a, b], its variance is (bI;)z.
e If 3 < x < 5: Uniform on [4, x + 1]. Length
2
fo®) fxie(=10) b—a=(x+1)—4=x—3. Variance = (XI23) .
1/2
1/6’ ‘ e If 5 < x < 9: Uniform on [x — 1,x + 1]. Length
b—a=(x+1)—(x—1)=2. Variance
4 10 6 I 6-1 641 22 4 1
=L=1n- 3
. 0 e If 9 < x < 11: Uniform on [x — 1,10]. Length
b—a=10-(x—1)=11— x. Variance
_ (11—x)?
=1
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LMS with Multiple Observations or Unknowns

The LMS principle extends directly to more complex scenarios.

We have an unknown parameter © (scalar or vector) with prior pe(8).
e We have multiple observations X = (X1, Xa, ..., X;,) with a model px|e(x|6).
We observe the specific vector X = x.

The relevant probability space is now conditioned on the event {X = x}.

LMS Estimate: The estimate minimizing the conditional MSE E[(© — )2|X = x] is the
conditional expectation: n
Oims = E[O|X1 = X1, ..., Xn = Xn]

N

If © =(©1,...,0n) is a vector of unknown parameters, the LMS estimate 6= (©1, ...,ém) is
found by applying the principle to each component separately:

N

Oj,ms = E[©;|X = x]

We must calculate the conditional expectation for each parameter given all the observations.
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Properties of the Estimation Error | @

Let & = E[O|X] be the LMS estimator. Define the estimation error as & = © — 6.

e 1. Conditional Error Mean is Zero: The expected error, given the observation, is zero.
E[B|X =x] = E[© — 6|X = x] = E[O|X = x] — E[6]|X = X]
Since © = E[©|X] is a function of X, E[6|X = x] = O|x—x = E[O|X = x].
E[BIX =x] = E[O|X =x] — E[O|X =x] =0

This holds for any specific value x, so E[©]X] = 0.
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Properties of the Estimation Error Il @

e 2. Orthogonality Principle: The error © is uncorrelated with the estimator ©. More strongly,
the error is uncorrelated with any function h(X) of the observations.

E[6h(X)] =0

Proof (using iterated expectations):

E[©h(X)] = E[EA[@h(X)\X]lf E[A(X)E[©|X]] = E[h(X) - 0] = 0.

Setting h(X) = © shows E[©O] = 0.

If E[8] = 0 (which it is, E[B] = E[E[O]|X]] = E[0] = 0) and E[&)] exists, this implies
cov(6,6) = 0.
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Properties of the Estimation Error IlI @

e 3. Variance Decomposition (Law of Total Variance): The variance of the original
parameter © can be decomposed:

var(©) = E[var(©|X)] + var(E[O]X])
Substituting © = E[©|X] and E[var(©|X)] = E[(© — ©)?] = MSEoveran:
var(©) = E[(© — 6)?] 4 var(©)

Or: var(©) = var(8) + var(8).
This shows that the variance of the estimator is always less than or equal to the variance of the
original parameter.
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Lecture 19: Linear Least Mean
Squares (LLMS) Estimation



Challenges in LMS Estimation @

e Model Accuracy: The calculation relies on having the correct prior fg(#) and likelihood model
fxjo(x]#). In reality, these models might be approximations or partially unknown.

fo(0)fxje(x|0)

f@|X(9|X) = fX(X)

- fel) = [ (6o (x6) 0
Errors in the assumed models will lead to a suboptimal estimate.
e Computational Complexity:
o Calculating the posterior PDF fg x(60|x) often requires computing the normalization constant
fx(x), which involves integration (potentially high-dimensional if © is a vector).
e Calculating the conditional expectation E[©|X = x] = [ 0fg|x(0]x)d0 requires another
integration step.
e These integrations can be analytically intractable for complex models, requiring numerical
methods (e.g., Monte Carlo simulations).
e Implementation and Analysis: The resulting estimator © = E[©|X] might be a complex,
nonlinear function of X, making its analysis difficult. Linear-normal models are an exception
where the estimator is simple (linear) and analysis is easier.
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LLMS Formulation

e Unknown parameter ©, observation X. 0
e Overall Goal: Minimize MSE E[(© — ©)?].
e General estimators: © = g(X).

e Optimal general estimator: &, s = E[O|X].

e LLMS: Consider only linear estimators 4

N

©=aX+bh.
e Find best a, b z
by minimizing E[(© — (aX + b))?].
o If E[O]X] happens to be linear in X, then the optimal
LMS estimator is already linear, so ©; s = @11 ums.
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Solution to the LLMS Problem @

Objective: Minimize J(a, b) = E[(© — aX — b)?] with respect to a and b.

Steps:

1. Take partial derivatives: % =0 and % =0.

2. Solving 2 =0: E[-2(© — aX — b)] =0 = E[0] — aE[X] — b= 0. b= E[O] — aE[X].
(Optimal b depends on optimal a).

3. Substitute b back into J(a, b) and solve % =0
J(a) = E[(© — aX — (E[©] - aE[X]))*] = E[((© — E[O]) — a(X — E[X]))?].
52 = E[-2(X — E[X])(( — E[®]) — a(X — E[X]))] = 0.
E[(X — E[X])(© — E[O])] — aE[(X — E[X])?] = 0. Cov(©, X) — avar(X) = 0. Optimal
_ Cov(©,X)
- var(X) -
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Solution to the LLMS Problem @

Optimal Linear Estimator 6, (or éLLMS)5 Substitute optimal a back into expression for b:
b= E[0] - CAFOEX]. 6, = aX + b= 2UEIX + E[0] - BN E[X].

var(X) var(X)
Cov(©, X)
= E[6] + T(X E[X])
Using correlation coefficient p = €4©-X) ang var(X) = o%:

0e0Xx

= E[€] +p (X E[X])

e Depends only on second moments: The LLMS estimator 6, depends only on the means
(E[®], E[X]), variances (var(©), var(X)), and covariance (Cov(©, X) or p). No need for full
distribution details.
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Remarks on the LLMS Solution @

Cov(©, X)

O, = E[6] + var(X)

(X - EX]) = E[®]+p (X E[X])

e Interpretation: Starts with the prior mean E[©] and adds a correction term proportional to
how much X deviates from its mean E[X]. The scaling factor depends on the correlation and
variances.

e If p > 0 (positively correlated): If X > E[X], estimate increases. If X < E[X], estimate
decreases.

e If p < 0 (negatively correlated): If X > E[X], estimate decreases.

e If p =0 (uncorrelated): &, = E[O]. Observation X provides no useful linear information.
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Remarks on the LLMS Solution @

&, = E[O] + C‘i‘;(r?)’(;( )

LLMS Error Variance (MSE): The minimum MSE achieved by the linear estimator is:

(X - EX]) = E[®]+p (X E[X])

E[(© —©1)%] = (1 — p*)var(©)

e MSE reduction depends on |p|. Larger |p| means better estimation.
o If |p| =1 (perfect linear relationship): MSE = 0. © can be perfectly determined linearly from X.
o If p=0: MSE = var(©). No improvement over prior variance.
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Example Revisited: LLMS Calculation

Recall © ~ U[4,10] and X|{© =0} ~ U[f — 1,0 + 1].

We need E[O], E[X],var(©),var(X), Cov(0, X). -

e E[O] = (4+10)/2=7.
e var(0©) = (10 — 4)2/12 = 36/12 = 3. So 0 = V/3.
o E[X] = E[E[X]|€]].

Since X|© ~ U[© — 1,0 + 1] 4
E[x|e] = E=2fE — o,
E[X] = E[@] = 7. z
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Example Revisited: LLMS Calculation

e var(X) = E[var(X|9)] +v2ar(E[X|@])
var(X|©) = (e+1)— (e n)° _ 1; _ 3_ 0
Elvar(X|0)] = E[1/3] = 1/3. 0
var(E[X|©]) = var(©) = 3.
var(X) = 1/3 43 = 10/3. So ox = /10/3.

e Cov(©,X) = E[6X] — E[O]E[X].

E[©X] = E[E[©X|O]] = E[OE[X|O]] = E[©-©] = E[©?]. 4
E[©?] = var(©) + (E[0])2 = 3+ 72 = 52.
Cov(©, X) = 52— (7)(7) = 52 — 49 = 3.

3 5 9 11
LLMS Estimator:
Cov(0©, X) B B 9
= E[O] + var(X) (X—EX]) =7+ 10/3(X N=7+ 0(X 7)
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LLMS for Inferring Coin Bias

e Unknown coin bias ©. Prior fg(6).

e Experiment: Flip coin n times.

e Observation X: Number of heads obtained. X|© ~ Binomial(n, ©).
e Goal: Estimate © based on X.

e Assume a uniform prior: © ~ U[0, 1].

LMS Estimator (derived previously using Beta posterior):

X+1

Notice that this LMS estimator is already linearin X (a=1/(n+2),b=1/(n+ 2)).
Since the optimal LMS estimator is linear, it must also be the optimal linear LMS estimator.
Let’s verify this using the LLMS formula:

Cov(©, X)

Ouews = EIOT+ =51%)

(X = EIX])

ECE 302, A. Hashemi, Purdue ECE



LLMS for Coin Bias: Moment Calculations

Need E[O],var(©), E[X], var(X), Cov(©, X).

e Prior © ~ U[0,1]: E[©] = (0+1)/2 = 1/2. var(©) = (1 — 0)?/12 = 1/12.
E[02] = var(©) + (E[O])% = 1/12 + (1/2) = 1/12 + 1/4 = 1/12 + 3/12 = 4/12 = 1/3.
e Conditional distribution X|© ~ Binomial(n, ©): E[X|0] = n®©. var(X|©) = n©(1 — ©).
E[X?|©] = var(X|©) + (E[X|©])? = nO(1 — ©) + (n©)? = n® — nO? + n?©2.
e Unconditional moments of X: E[X] = E[E[X|©]] = E[n©] = nE[O] = n/2.
var(X) = E[var(X|©)] + var( E[X|©]).
E[var(X|©)] = E[n©(1 — ©)] = E[n© — n©®?] = nE[O] — nE[©?] = n(1/2) — n(1/3) = n/6.
var(E[X|©]) = var(n®) = n?var(©) = n?/12.
var(X) = n/6 4+ n?/12 = 2n/12 4 n?/12 = 212,
e Covariance: Cov(©, X) = E[©X] — E[O]E[X].
E[6X] = E[E[6X|0]] = E[OE[X|O]] = E[©(nO)] = E[n©?] = nE[©?] = n/3.
Cov(©,X)=n/3—-(1/2)(n/2) =n/3 —n/4 =4n/12 — 3n/12 = n/12.
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LLMS for Coin Bias: Final Result

Substitute moments into the LLMS formula:

Cov(0©, X)

Ouims = E[O] + var(X)

(X —EX])

We found: E[@] = 1/2. Cov(©, X) = n/12. var(X) = % E[X] =n/2.

Cov(0©, X) n/12 1

var(X)  n(n+2)/12 T ht2

A 1 1 n 1 X n

OLims = = X—2)==Z -

tms =5+ X =3 =5t 2(n+2)
_ n+2 n 2X n  (n+2)+2X—-n 2X+2 X+1
2(n+2)  2(n+2) 2(n+2) 2(n+2) S 2(n+2) n+2

This confirms O, us is identical to ©ms for this specific prior and likelihood.
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LLMS with Multiple Observations @

e Unknown parameter ©. Observations Xy, ..., X,.
e Restrict to estimators that are linear combinations of the observations, plus a constant:

O=aXi+--+aX,+b=a'X+b
e Goal: Find coefficients a1, ..., a, and constant b that minimize the MSE:

min bE[(G) — (a1 Xy + - + an X, + b))?]

e Solution involves setting partial derivatives w.r.t. b and each a; to zero. This results in a
system of n+ 1 linear equations for b, ay, ..., a,.

e The coefficients a; and b depend only on the means, variances, and covariances involving ©
and X;. (E[©], E[Xj], var(©), var(X;), Cov(O, X;), Cov(Xi, Xj)).

e If E[©|X] happens to be linear in Xy, ..., X, then Oims = OLis.

o If estimating multiple unknown parameters ©;, apply the LLMS framework separately for each
O,

j-
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Simplest LLMS Example with Multiple Observations

Model: X;=©+W;, i=1,..n

e O has mean xy and variance 2. (Note: xp here is prior mean, not an observation).

W; have mean 0 and variance o2

All variables ©, W, ..., W, are uncorrelated.

Case 1: Assume ©, Wy, ..., W, are independent and normal.

From Lecture 17, we know the LMS estimator is:
. B+
Oivs = ElOIX] = +———7—+
g'ig + Zl 1o

N N‘ = \QN‘}(

This estimator ©; s is already a linear function of X, ..., X,,.

Therefore, it must be the best linear estimator as well: ©;;ms = © 1 ms.
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Simplest LLMS Example with Multiple Observations

Case 2: Assume general distributions (not necessarily normal).

e Assume only the means, variances are the same as in the normal case, and the variables are
uncorrelated.

e The LLMS solution only depends on these first and second moments (means, variances,
covariances).

e Since all relevant moments are the same as in the normal case, the LLMS solution must be the

same linear function found in Case 1.

Xo noX
Ous — B2
-1 n 1

=t it

[og Ui

e In this non-normal case, ©;;us is the best linear estimator, but it might not be the true LMS
estimator E[©|X] (which could be nonlinear).
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The Representation of Data Matters in LLMS @

The restriction to linear estimators makes LLMS sensitive to how the data is represented.

e LMS: The optimal estimator is E[@|X]. Since the information contained in X is the same as
the information in X3 (assuming X + X3 is invertible, or carefully handling non-invertibility),
conditioning on X is equivalent to conditioning on X3.

E[©|X] is the same as E[O|X3]

e LLMS: The class of estimators considered depends explicitly on the data representation.

e LLMS based on X: © = aX + b. While LLMS based on X3: &' = cX® +d
e Generally, ® # ©@’. The best linear function of X is not necessarily the best linear function of X3.

e Extended Linear Models: We can enhance LLMS by considering linearity in functions
(features) of the data:

e Eg., O = a1 X +aX?+ asX3®+ age” + as log X + b. (Linear in X, X2, X3, eX7IogX).
crucial for the performance of LLMS if the true relationship (i.e., E[©|X]) is nonlinear.
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Lecture 20: Inequalities,
Convergence, and the Weak
Law of Large Numbers



The Markov Inequality: Concept @

e Goal: Use minimal information (like the mean) about a distribution to bound probabilities of
“extreme events’.

e Intuition: “If a non-negative random variable X has a small mean E[X], then X is unlikely to
take on very large values.”

e Markov Inequality: If X > 0 and a > 0, then:

_EX

P(X > a) ;5
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The Markov Inequality: Examples

Markov Inequality: If X >0 and a > 0, then P(X > a) < E[X]
e Example 1: X ~ Exponential(A = 1).
e X >0.
E[X]=1/)=1.
Markov bound: P(X > a) < 1.
e (Exact probability: P(X > a) = e™?). The bound is simple but can be loose.
e Example 2: X ~ Uniform[—4,4].
e X is not non-negative. Markov inequality cannot be directly applied.
o If we wanted P(X > 3): Markov does not apply.
e (Need other tools, or apply to |X| or similar if applicable).
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The Chebyshev Inequality: Concept @

e Uses more information: Mean 1 and variance 2.

Applicable to any random variable X with finite mean and variance (need not be non-negative).

2

e Intuition: “If the variance o° is small, then X is unlikely to be far from its mean p.”

Chebyshev Inequality: For any ¢ > 0:

2
o
PIX —ulzc)< =

Proof idea: Apply Markov inequality to the non-negative random variable Y = (X — u)?. Let
a=c? Then Y > aifand only if [X —u| > c. P(|X — u| > c) = P((X — n)? > c?). By
Markov: P((X — )2 > c2) < EIXw] — o2

c2 "
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The Chebyshev Inequality: Examples

Chebyshev Inequality: P(|X — pu| > ¢) <

_C2

Alternative form (let ¢ = ko where k > 0):

P(IX — ul = ko) < =13

Probability of being k or more standard deviations away from the mean is at most 1/k?.

e Example: X ~ Exponential(A = 1).

w=E[X]=1

o =var(X) =1/ =1.

Chebyshev bound on P(X > a)? Need to relate to P(|X —p| > c¢). If a>p=1, then X > a
implies [ X —1| > a—1. P(X > a) < P(|X — 1| > a—1). Using Chebyshev with ¢ = a — 1:
P(|X—1\2a—1)§(£71)2:(371 (for a > 1).
Compare: Markov: P(X > a) < 1/a. Chebyshev: P(X > a) < 1/(a—1)? Exact: P(X > a) = e~
Chebyshev is often tighter than Markov, but still can be loose.
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The Weak Law of Large Numbers (WLLN) @

e X1, X, ... sequence of independent and identically distributed (i.i.d.) random variables.

e Assume finite mean E[X;] = u and finite variance var(X;) = o2.

e Sample Mean: M, = X1tt%,

Properties of the Sample Mean:

e Mean: E[M,] = E[1 37 Xi] =17 | E[X/] = £(np) = p. (Sample mean is unbiased
estimator of population mean).

e Variance: var(M,) = var(1 "7 | X;) = Lvar(3]_; X;). Due to independence:
var(M,) = 5 527 var(X;) = % (no?) = £ (Variance decreases as n increases).

Applying Chebyshev to M,: M,, has mean p and variance o2/n. For any ¢ > 0:

var(M,)  o%/n o2
P(\Mn—M\ZE)ST: =

€2 ne
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The Weak Law of Large Numbers (WLLN) @

PMy— | > €) < var(M,) _ o?/n o2

€2 €2 ne?

WLLN Statement: As n — oo, the Chebyshev bound ,‘7’—:2 — 0. Since probability is
non-negative:

lim P(|M, —p| >¢)=0
n—o0

For any small ¢ > 0, the probability that the sample mean M, is further than ¢ away from the
true mean p approaches zero as the sample size n grows.
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Interpreting the WLLN @

WLLN: M, = (X1 +---+ X,)/n. For any € > 0, P(|M, — 1] > €) — 0 as n — occ.

e Scenario 1: Repeated Measurements
e Experiment: Measure a fixed quantity u.
Xi = p+ W;, where W; is i.i.d. measurement noise with E[W;] = 0. Then E[X]] = u.=
Moo= 23 (p+ W) = p+ 2 3 Wi,
WLLN implies P(|u+ 1> W — pu| > €) = P(|12 > Wi| > ¢) — 0.
The average measurement M, becomes arbitrarily close to the true value p with high probability,

as n increases. Averaging reduces noise.

e Scenario 2: Repeated Independent Experiments

e Experiment: Bernoulli trial (e.g., coin flip, event occurs/doesn’t occur).
Event A, with P(A) = p.
Xi =1 if A occurs on trial i, Xi = 0 otherwise. (X; are i.i.d. Bernoulli(p)). Then, E[Xj] = p.
M, = % is the fraction of times A occurred in n trials (empirical frequency).
WLLN implies P(|M, — p| > ¢) — 0.
The empirical frequency M, converges to the true probability p (in a sense defined by WLLN).

Connects probability theory to relative frequencies.
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The Pollster's Problem

p: True fraction of population that will vote “yes”. (Unknown).

e Randomly select n people for polling.

e X; =1 if person i says “yes", X; = 0 if “no”. (Assume X; ~ Bernoulli(p), i.i.d.).
e M, = (X1 +---+ X,)/n = fraction of “yes" in the sample. (Our estimate of p).
e Goal: Ensure estimate M, is close to true p with high probability.

e E.g., want error less than 1

Using Chebyshev/WLLN bound: P(|M, — p| > €) < "argw”) = ,‘1’—:2 Here 1 = p,
0?2 =var(X;) = p(1 — p). € = 0.01.

P(IM, — p| > 0.01) < M

Bound depends on unknown p. Worst case: p(1 — p) = 1/4 happens at p =1/2.

P(IM, — p| > 0.01) < = = -
(I pl > ) < n(0.01)2 ~ 4n(0.0001) ~ 0.0004n n

ECE 302, A. Hashemi, Purdue ECE



Convergence “in Probability” @

WLLN states: P(|M, — p| > €) — 0 as n — oo, for any € > 0. This prompts a formal definition
of convergence for sequences of random variables.

We want to say "M, converges to p”’. What does “converges” mean here?
Consider a sequence of random variables Y3, Y2, ... (not necessarily independent).
Definition: Convergence in Probability A sequence of random variables Y, converges in

probability to a number a if, for any € > 0:

lim P(|Y,—a| > ) =0

Notation: Y, ﬁ) a.

WLLN can be restated as: If X; are i.i.d. with mean p and finite variance, then the sample
mean M, converges in probability to p. (M, LN 1). (Note: WLLN holds even if variance is
infinite, but proof is harder).
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Understanding Convergence in Probability

Compare with ordinary convergence of a sequence of numbers a,,.

e Ordinary Convergence: a, — a.

e Meaning: “a, eventually gets and stays arbitrarily close to a".
e Formal: For every € > 0, there exists np such that for all n > ng, we have |a, — a] <e.

e Convergence in Probability: Y, b
e Meaning: “Almost all of the probability mass (PMF/PDF) of Y,, eventually gets concentrated
arbitrarily close to a".
e Formal: For every € >0, P(|Y, —a| > €¢) — 0.
e Y, can still take values far from a, but the probability of doing so becomes vanishingly small as n

increases.
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Some Properties of Convergence in Probability @

Let X, 2> aand Y, &5 b.

e Sum: X, + Y, i>a+b.

e Product: X, Y, ©> ab.

e Continuous Mapping Theorem: If g is a continuous function, then g(X;) L g(a). Example:
X2 £ 22

e Expectation Limitation: Convergence in probability X, P, a does not necessarily imply that
E[X,] — a. The expectation might not converge, or might converge to a different value.
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Convergence in Probability: Example (Expectation)

Consider a sequence Y, with the following PMF:

pv,(¥)
1-(@/n) 1-1/n ify=0
pv.(y) =14 1/n if y = n?
1/n
| 0 otherwise
n? Y

Does Y,, converge in probability to 07 Check the definition: For any € > 0:

P(]Y, — 0| > €) = P(Y, > ¢). If nis large enough such that n? > ¢, then the only way |Y,| > €
isif Y,=n2 P(|Y,—0| >¢)=P(Y,=n?) =1/n.

limn_sos P(|Yn — 0] > €) = limp_00 1/n = 0. Yes, Y, 2 0.

What about the expectation? E[Y,] =0-(1—1/n)+ n?-(1/n) = n.

lim,_ o0 E[Ys] = limy—oo n = 00. Here, Y, Lt 0, but E[Y,] — co. Convergence in probability
does not imply convergence of expectations.
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Convergence in Probability: Example (Min)

o X1, X, ... i.i.d., X; ~ Uniform[0, 1].
e Y, =min{Xy,.., Xy}

Intuitively, as n increases, it's more likely one of the X; will be very small, so Y,, should
approach 0. Does Y, 207

Check the definition: For any € > 0 (assume 0 < e < 1): P(|Y, —0| > €)= P(Y, >¢€). Yo > ¢
if and only if X; > e for ALL i = 1, ..., n. Due to independence:
P(Yo,>e)=P(X1>¢...,X,>€)=P(Xy >¢)--- P(X, > ¢). For a single X; ~ U[0,1],
P(Xi>e)=1—-P(Xi<e)=1—¢€.So, P(Yo>¢€)=(1—¢)".

Now take the limit: lim,_ oo P(|Yn, — 0] > €) = lim,00(1 — €)". Since 0 < € < 1, we have
0<1—e<1. Thelimitis0. Yes, Y, = min{Xy, ..., X,} = 0.
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Related Topics and Other Convergence Types @

Beyond Markov and Chebyshev:

e Tighter bounds on tail probabilities exist, e.g., Chernoff bound (uses the moment generating
function).

e Central Limit Theorem (CLT): Provides an approximation for the distribution of sums/averages
(often Gaussian), not just bounds on probabilities.

Other Forms of Convergence for Random Variables:

e Convergence in Probability (WLLN): P(|Y, — a|] > €) — 0. Probability of being far from
limit goes to zero.

e Almost Sure Convergence (Convergence with Probability 1): P(lim,—oo Y5 =a) = 1. The
sequence of outcomes Y, (w) converges to a for almost every outcome w. Stronger than
convergence in probability.

e Strong Law of Large Numbers (SLLN): Under similar conditions as WLLN, M, — u almost surely.

e Convergence in Distribution: The CDF of Y, converges to the CDF of a limiting random
variable Y, Fy (v) — Fy(y) at continuity points. (Related to CLT).
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Lecture 21: The Central Limit
Theorem (CLT)



Different Scalings of the Sum of i.i.d. Random Variables

e Xi,..., X, i.i.d., finite mean p and variance o

¢ So=Xi+--+X,

e variance: no? (variance grows)

o M, = 5 — KX,
. 2 . .
e variance: - (variance shrinks to 0 = WLLN)
Sy Xat 4 Xy
N Vn

e variance: o (variance is constant)
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The Central Limit Theorem (CLT)

e Xi,..., X, i.i.d., finite mean p and variance o

e S, =Xy + -+ X, (variance: no?)
o S XatedX (
7

NG
Standardized sum:

variance: 02)

Sn— nu
z, ="
\/no
E[S,]—nu np—n
[ ] E[Zn] = 7[\/%0_/ = 7‘:1'/50_# :0
o var(Z,) = var (S ) = () - 22l 1

Let Z be a standard normal r.v. (zero mean, unit variance), Z ~ N(0,1).

Central Limit Theorem
For every z: lim, 0o P(Z, < 2) = P(Z < 2) = ®(2)

o P(Z < z) is the standard normal CDF, ®(z), available from normal tables.
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Usefulness of the CLT @

Sn:X1+"'+Xn
S,—np
Z, = TU‘ Z ~ N(0,1)
Central Limit Theorem: For every z: lim,_,oP(Z, < z) = P(Z < z)
e Universal: Applies regardless of the underlying distribution of X; (as long as p, o2 are finite).
e Easy to apply: Only requires means and variances.

e Fairly accurate computational shortcut for sums of many RVs.

e Provides a justification for using normal models in many real-world scenarios (where noise is
the sum of many small effects).
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What exactly does the CLT say? - Theory @

So=Xut ot Xy Zy=STU 7 N(O,1)

Central Limit Theorem: For every z: lim,_, o P(Z, < z) = P(Z < z)
e The CDF of Z, converges to the standard normal CDF.
e There are further results for convergence of PDFs or PMFs (requires more assumptions).
e There are versions of the CLT that do not require the X; to be identically distributed.
e There are versions that hold even under “weak dependence” (not fully independent).

e Proof: Typically uses “transforms” (Moment Generating Functions):

E[es*] — E[e*?] = e /2, for all s
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What exactly does the CLT say? - Practice

Sp=Xit- Xy Zy=2 7~ N(O,1)
Central Limit Theorem: For every z: lim,_, o P(Z, < z) = P(Z < z)

e The practice of normal approximations:
e Treat Z, as if it were a standard normal random variable.
o Hence, treat S, as if it were a normal random variable: S, ~ N(nu, na®).

e Can we use the CLT when n is “moderate™? (e.g., n=30 or n=>50)

e Usually, yes. The approximation is often good enough.
o If the underlying distribution fx(x) is symmetric and unimodal (bell-shaped), the convergence is

very fast.
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CLT Illustration: Sum o
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Example 1: Find Probability @

Standard problem: P(S, < a) & b. Given two parameters, find the third.

e Package weights X; are i.i.d. exponential, A = 1/2. From formula sheet: u = E[X;] = 1/\ = 2.
e 02 =var(X;)=1/A2=4.50, 0 =2.
e Load container with n = 100 packages. Find P(S, > 210).

Standardize the sum S,;:

5 _ So—mu_ S, —100(2) _ S, — 200

J/no /100(2) 20

Sp— 200 S 210 — 200
20 20

Using CLT, approximate P(Z, > 0.5) with P(Z > 0.5), where Z ~ N(0,1).

P(S, > 210) = P ( ) = P(Z, > 0.5)
P(Z>05)=1—-P(Z<05)=1—®(0.5)

From table: (0.5) = 0.6915. Thus, P(S, > 210) ~ 1 — 0.6915 = 0.3085
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Normal Table

Z .00 .01 .02 .03 .04 .05 .06 07 .08 .09
0.0 | .50000 .50399 .50798 51197 51595 .51994 52392 .52790 53188 53586
0.1 | .53983 54380 54776 55172 55567 .55962 56356 56749 57142 57535
0.2 | 57926 58317 58706 .59095 59483 .59871 60257 60642 .61026 61409
0.3 | 61791 62172 .62552 62930 63307 63683 64058 .64431 .64803 65173
04 | 65542 65910 66276 66640 .67003 .67364 67724 68082 .68439 68793
0.5 | .69146 69497 69847 70194 70540 70884 71226 71566 71904 72240
0.6 | .72575 72907 73237 73565 73891 74215 74537 74857 75175 75490
0.7 | 75804 76115 76424 76730 77035 77337 77637 77935 .78230 78524
0.8 | .78814 .79103 79389 79673 79955 .80234 80511 80785 .81057 81327
09 | 81594 81859 82121 82381 82639 .82894 83147 .83398 .83646 .83891
1.0 | 84134 .84375 84614 .84849 85083 85314 85543 85769 .85993 86214
1.1 | .86433 .86650 86864 87076 87286 .87493 87698 87900 .88100 .88298
1.2 | .88493 88686 88877 89065 89251 .89435 89617 .89796 .89973 90147
1.3 | .90320 .90490 90658 90824 190988 91149 91309 91466 91621 91774
14 | 91924 .92073 92220 92364 92507 .92647 92785 92922 .93056 93189
1.5 | 93319 93448 93574 93699 193822 93943 94062 94179 .94295 94408
1.6 | .94520 .94630 94738 94845 94950 .95053 95154 95254 .95352 95449
1.7 | 95543 95637 95728 95818 195907 .95994 96080 96164 .96246 96327
1.8 | .96407 96485 96562 96638 96712 96784 96856 96926 96995 97062
1.9 | 97128 97193 97257 97320 97381 .97441 97500 97558 97615 97670
20 | 97725 97778 97831 97882 97932 97982 98030 98077 98124 98169
2.1 | 98214 98257 .98300 98341 198382 98422 98461 .98500 98537 98574
2.2 | 98610 98645 98679 98713 98745 98778 98809 98840 .98870 98899
23| 98928 98956 98983 199010 199036 99061 99086 99111 99134 99158
24 | 99180 99202 99224 99245 99266 99286 99305 .99324 99343 99361

2.5 | 99379 99396 99413 99430 99446 .99461 99477 99492 .99506 99520
ECE 302, A. Hashemi, Purdue ECE




Example 2: Find Threshold @

e Same setup: X; i.i.d. exponential, A=1/2, u=2, 0 =2,
e n=100.
e Choose capacity a so that P(S, > a) ~ 0.05.

We want to find a such that:

S,—200 _ a—200 a— 200
P >a)=P > ~ 0. = Pl|Z> =~ 0.05
(50 = 2) ( 20 ~ 20 ) 005 ( -2 )

This is equivalent to:

a—200 a—200
1—<D< 20 >~0.05:>¢< 0 >~0.95

From the normal table, find z such that ®(z) ~ 0.95. ¢(1.64) = 0.9495, ®(1.65) = 0.9505.
Let's use z =~ 1.645.

a— 200
20

ECE 302, A. Hashemi, Purdue ECE

~ 1.645 = a = 200 + 20(1.645) = 200 + 32.9 = 232.9



Example 3: Find Sample Size @

e Same setup: X; i.i.d. exponential, A=1/2, u=2, 0 =2.
e How large can n be so that P(S, > 210) ~ 0.057

We want to find n such that:

Sp—nu _ 210 — nu 210 — 2n
P >210)=P > ~005 = P(Z>—)=0.05
(52 20— p (P20 = 2020 ) (2=5577)

From Example 2, we know this means the argument must be ~ 1.645.

210 — 2n
2/n

This is a quadratic equation in \/n. Let y = v/n. 2y? + 3.29y — 210 = 0.

~ 1645 = 210—2n~329y/n = 2n+3.29y/n—210~0
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Example 3: Find Sample Size (Cont’d) @

This is a quadratic equation in \/n. Let y = y/n. 2y? + 3.29y — 210 = 0.

=329+ ,/3.292 — 4(2)(-210)  —3.29 + /10.82 + 1680

2(2) 4

Since y = /n > 0:

~ 9.46

)~ ~3.29 +/1690.82 _ —3.29 +41.12 _ 37.83
- 4 - 4 T

n=y?~ 946~ 89.5

So, n ~ 89 or 90.
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Example 4: Alternative Formulation @

e Same setup: X; i.i.d. exponential, A=1/2, u=2, 0 =2,
e Load container until weight exceeds 210.

e N: number of packages loaded.

e Find P(N > 100).

The event N > 100 (it takes more than 100 packages to exceed 210) is the same as the event
S100 < 210 (the sum of the first 100 packages is less than or equal to 210).

P(N > 100) = P(SIOO < 210)

This is the complement of the probability from Example 1.

210 — 200

P(S100 <210) =P (ZIOO < 20

) = P(Z100 < 0.5)
Using CLT, we found P(N > 100) =~ ¢(0.5). From table: $(0.5) = 0.6915. Thus,
P(N > 100) ~ 0.6915.
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Normal Approximation to the Binomial

e X;: independent, Bernoulli(p); 0 < p < 1
e S, = X1+ -+ X,: Binomial(n, p)
e E[S,] = nu = np, var(S,) = no? = np(1 — p)

Applying the CLT to S,: The CDF of Z, = % converges to the standard normal CDF.
np(1—p
Example: n =36, p = 0.5. Find P(S, < 21).
e Mean: np = 36(0.5) = 18, Variance: np(1 — p) = 36(0.5)(0.5) = 9, Standard Deviation:
np(l—p)=3
Exact answer: Zilzo (%) (%)% = 0.8785

CLT approximation:

P(S,<21)=P (5” ; 18 < 21 ; 18) = P(Z, < 1)~ (1) = 0.8413

This approximation is not very good. We can improve it.
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The 1/2 Correction for Integer Random Variables

e S, is an integer random variable.

The event P(S, < 21) is the same as P(S, < 22).

e The normal approximation (a continuous distribution) assigns
probability to the interval (21, 21.5).

A better approximation is to use the midpoint 21.5.
P(S5, < 21) = P(S, < 21.5) (since S, is integer).

Revised CLT approximation (with 1/2 correction):

P(S, < 215) = P (5,,—18 < 21.5—18) 35

—P(Z, < 22Y=P(Z, < 1.166...
= <=2 (Zy < %) = P(Z, < 1.166..)

~ ®(1.17) = 0.8790

This is much closer to the true value of 0.8785.
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De Moivre-Laplace CLT to the Binomial PMF

e We can also approximate the PMF value P(S, = k).

e We approximate P(S, = k) as the area under the normal curve over the interval
[k — 0.5, k +0.5].
P(S,=k)=P(k—05<S5,<k~+0.5)

o <k+0.5—np> e <k—0.5—np>
np(l — p) np(l — p)

Example: n =36, p = 0.5. Find P(S, = 19).

Exact answer: (ig)(%)% =0.1251

CLT approximation:

18518 10.5 — 18
P(185 < S, <19.5) = P < )

< Z, <
3 - "= 3

= P(0.166 < Z, < 0.5) ~ #(0.5) — (0.17) ~ 0.6915 — 0.5675 = 0.1240
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The Pollster's Problem Revisited

e p: fraction of population that will vote “yes".
e X; ~ Bernoulli(p), E[Xi] = p, 0® = p(1 — p).
e M, =S,/n: fraction of "yes" in our sample.
e Goal: P(|M, — p| > 0.01)

This is P(M, — p > 0.01) + P(M, — p < —0.01).

P(M, —p >0.01) = P(S,/n—p >0.01) = P(S, — np > 0.01n)

Sp—np 0.01n 0.01y/n
= =P(z,> —YL
P(x/np(l—p)Z \/np(l—p)> ( - p(l—p))

Worst case variance 02 = p(1 — p) is when p = 0.5, 02 = 0.25, o = 0.5.

0.01y/n
05

P <Z,, > ) = P(Z, > 0.02y/n)
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The Pollster’s Problem Revisited (Cont'd) @

So, P(|M, — p| > 0.01) ~ P(|Z| > 0.02y/n) = 2- P(Z > 0.02\/n).

e Try n=10,000:
0.02y/n = 0.02¢/10000 = 0.02 x 100 = 2

P(|Mioooo — p| > 0.01) ~ 2 P(Z > 2) = 2(1 — ®(2)) ~ 2(1 — 0.9772) = 2(0.0228) = 0.0456
This is = 4.6%. (Chebyshev gave < 25%).
e Specs: Find n so that P(|M, — p| > 0.01) < 0.05.

2P(Z >0.02y/n) <0.05 = P(Z>0.02y/n) < 0.025 — ©(0.02y/n) < 0.025

So, #(0.024/n) > 0.975. From the table, $(1.96) = 0.975.

1.
0.02y/n>1.96 = f—ogg 98 = n>98%=09604

CLT suggests n = 9604, whereas Chebyshev required n > 25000.
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Lecture 22: Classical Statistics |



Classical Statistics

¢ Bayesian Inference (Recap):
e Unknown parameter 6 is a random variable.
e Observation X is a random variable.
o Goal: Find posterior pg|x(6|x) or fyx(6]x).
e Classical Statistics:
e Unknown parameter 0 is a fixed, deterministic constant.
e Observation X is a random variable.
e Model: px(x;0) or fx(x;0).
e These are not conditional probabilities; 0 is not random.
e We have a family of models, one for each possible 6.
e Estimator © = g(X) is a function of X used to guess .
e Extends to vectors: px,,.. .x,(X1, e, Xn; 01, ..., Om).
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Problem Types in Classical Statistics @

Setup: Unknown constant § = Model px(x;#) = Estimator ©

e Hypothesis Testing (Binary):

e Ho:0=1/2versus Hy : 0 = 3/4.
e Composite Hypotheses:

o Hy:0=1/2versus Hy : 0 #1/2.
e Estimation:

e Design an estimator © = g(X).
e Goal: Keep estimation error © — 0 “small”.
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Estimating a Mean

e Xy,..., X, are i.id.
e Unknown mean: 6 = E[X].

e Unknown variance: 02 = Var(X;).

Estimator: Sample Mean

Properties and Terminology
e 6, is the estimator (a random variable).
e E[6,] = 0. This estimator is unbiased.

e WLLN: 6,, . 0. This estimator is consistent.
e Mean Squared Error (MSE): E[(©, — 6)?].
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On

ECE 302,

the Mean Squared Error of an Estimator

For any estimator © of a constant 6:

Use the property E[Z2] = Var(Z) + (E[Z])2.
Let Z=6 —9.

E[(© — 0)?] = Var(6 — 0) + (E[6 — 0])?
Since 6 is constant, Var(® — §) = Var(8).
The bias is b(©) = E[6] — 0.

MSE = Var(8) + (bias)?

Var(®) is called the standard error.
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Confidence Intervals (Cls) @

e A point estimate § alone may not be informative enough.

e A 1—« confidence interval is a random interval [©~,&+] computed from the data.
e |t must satisfy: P((:)_ <fh< é*) > 1 — q, for all possible values of 6.

e « is the error probability (e.g., & = 0.05 for a 95% Cl).

e Interpretation (Subtle): 6 is fixed. The interval is random. If we repeat the experiment many
times, the computed interval will contain the true 8 at least 100(1 — a))% of the time.
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Cl for the Estimation of the Mean (¢ Known)

e Estimator: ©, = M, M

Standardized estimator (by CLT): Z, = 9;\_/% ~ N(0,1)

For a 95% CI (« = 0.05):
e Find z such that P(—z < Z < z) = 0.95.
This implies P(Z < z) = 0.975. From normal tables, z = 1.96.

P( 196<@/7‘l<196)z0.95

Invert the inequality to isolate 6:

A o A o
P —-196— <0< 1.96— | ~ 0.
(@n 96\/5 <0<0O,+ 96ﬁ) 0.95

The 95% Cl is: [é ~1.96%,6,+1.96%
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Cls for the Mean when ¢ is Unknown

The formula {én + 1.96%} requires o. What if o is unknown?

e Option 1: Use an upper bound on o.
e E.g., if X; are Bernoulli(9), 0> = 60(1 —6) < 1/4,s0 0 < 1/2.
e This gives a conservative (wider) interval.

e Option 2: Use an ad hoc estimate 5.

e E.g., if X; are Bernoulli(), estimate 5 = 1/6,(1 — &,).

e This is a “plug-in" estimator.
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Cls for the Mean when ¢ is Unknown (cont.)

e Option 3: Use the sample variance estimate.
e We know o® = E[(X; — 6)?].
e By WLLN, 137 (X; —0)? & 2.
e Since we don’t know 6, we plug in our estimate ©,:

1 A 12
An:* X/'_ n
v, n;( ©hn)

o This estimate ¥, also converges to o2 and is consistent.
e This Cl relies on two approximations:
1. The CLT approximation (assuming Z, is normal).
2. The variance approximation (using ¥, for o2).
e For small n, if X; are exactly normal, the statistic \(%7;7/6" (using unbiased variance
$2 = L 3°(X; — ©,)?) follows a t-distribution, which is wider and accounts for the
uncertainty in the variance estimate.

ECE 302, A. Hashemi, Purdue ECE



Other Natural Estimators (Method of Moments)

We can estimate any moment by its corresponding sample average.

Mean: 6x = E[X]
e Estimator: Ox = 1 377 X
e Variance: vx = E[(X — 0x)?]
e Estimator: 0x = 1 37 (X; — 6x)?
e Covariance: Cov(X,Y) = E[(X —8x)(Y — 6y)]
e Estimator: Cov(X, Y) =257 (X — &x)(Yi — 6v)

Function Mean: 6 = E[g(X)]
e Estimator: © = 1 377 | g(X))

The next step is to analyze the properties (MSE, Cls) of these estimators.
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Maximum Likelihood (ML) Estimation

A core principle of classical estimation.

e ldea: Pick the parameter 6 that “makes the observed data x most likely.”
e The likelihood function is px(x; 0) or fx(x;8), viewed as a function of 8 for fixed x.

e The ML estimate ) is the value of § that maximizes this function:
O = argmax px(x;0)  (or fx(x;6))
)

Comparison with Bayesian MAP
e MAP maximizes: px|o(x|0)pg(0) (likelihood x prior)
e ML maximizes: px(x;8) (likelihood only)
e ML is equivalent to MAP estimation when the prior py(8) is uniform (flat).

e The interpretation is different: 6 is a fixed constant.
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Comments on ML Estimation @

e In practice, we maximize the log-likelihood log px(x; ) (since log is monotonic and turns
products into sums).
e For ni.i.d. observations, ©, (the ML estimator) has strong properties:
e Consistent: &, 2 0.
e Asymptotically Normal: The error ©, — 6 is approximately normal.

N

O =0 am, pyio,1)
a(©n)

e This allows for constructing Cls: [6, 4 1.965(8,)].
e Asymptotically Efficient: For large n, ©, has the smallest possible variance among “good”
estimators. It is "best”.
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ML Example: Parameter of Binomial

e K: number of successes (Binomial) in n (known) trials.
e 6 (unknown) is the probability of success p.
e Likelihood function: px (k;6) = (})0*(1 — 6)"*.

Log-likelihood: L(8) = log (}) + klog8 + (n — k) log(1 — 6).
Differentiate w.r.t. 8 and set to O:

%7k nfk70:>57nfk
d9 6 1—-6 6 1-6

k(1—0)=(n— k)0 = k— k0 =n0 — kb

N k
k=n — Oy =—
n

The ML estimator is the sample mean: OmL = K /n. (This is the same result as the MAP
estimator with a uniform prior U[0, 1]).
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ML Example: Normal Mean and Variance

o Xi,..., X, are i.id. N(u,v), where v = o2

e Parameter vector 6 = (pu, v).

_ (Xf—llr)z

e Likelihood: fx(x; p,v) =11, \/217/ exp{ > }

n

)2
Log-likelihood:  L(u,v) = log fx(x; p, v) = Z (—; log(27) — %Iog v— (X'2/i)>
v
i=1

n 1 <
L(p,v) = C—§|0gV— EZ(X:'—M)Z
i=1
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ML Example: Normal Mean and Variance (Cont’d)

1. Minimize w.r.t. u: This means minimizing > (x; — ).

n

% = —2—1‘/22(X,- -w(-1)=0 = ;(Xi —p)=0

i=1

ZX,'—”M:O = ﬂML_j;;Xi

2. Minimize w.r.t. v: Plug in fipy and set % =0:

oL n 1< Y
E—_E‘FWE(XI_NML) =0

1 o N L1 v
2,2 Z(Xi — fim)* = 2 = VML = - ;(Xi — fime)

The ML estimators are the sample mean and the (biased) sample variance.

ECE 302, A. Hashemi, Purdue ECE



Lecture 23: Classical Statistics
I



Linear Regression

e We have n data pairs (x1,y1),- -+, (Xn, ¥n)-
e We want to model the relationship between X and Y.
e Assume an approximately linear relationship:

Yz&o—&—ﬁlX

e (g, 01 are unknown parameters to be estimated.
The Least Squares Approach
e Find the line y = 6y + ;x that “best fits” the data.
e Residual: The error for data point i is y; — (éo + élx,-).

e Goal: Minimize the sum of the squared residuals over all 6, ;:
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Visualizing Linear Regression

Cost Function to Minimize:

n

J(00,61) =D _(vi — b0 — b1x)°

i=1
This is a quadratic function of 8y and 6;.
O
o
el
o
o _.°
P Residual
o s
e o o
.-~ ©
. o
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Linear Regression Solution

Minimize J(6o,0:1) by setting partial derivatives to zero:

oJ oJ

8700:0 and 8791:0

This gives a system of two linear equations in 8o and 6; .
Regression Estimates
Let x =137 x and y =237 | y; be the sample means.
The optimal estimates are:
n - -
b, = 2 —x)(yi —¥)
i (i = %)?

o =y — b1%

Note: The line of best fit always passes through the “center of mass” (X, y) of the data.
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Example: Leaning Tower of Pisa

Data: Lean (in meters) vs. Year.

o (1975, 2.9642)
o (1976, 2.9644)

(1987, 2.9757)

Model: y = 6y + 61x, where x is the year, y is the lean.
Calculations from data (13 points):

X = 1981
7 = 2.9694

Estimates (from formulas):

01 ~ 0.0009 (meters per year)
o 0o~ 1.1233

Estimated Model Y =1.1233 4+ 0.0009x
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Probabilistic Justifications for Least Squares

Why minimize the square of the residuals?

e 1. Maximum Likelihood (ML) Estimation
e Assume a linear model with normal noise:

Yi =00+ 01xi + W;

Assume W are i.i.d. N(0,0?).

Then Y; ~ N(6o + 01x;, 0?).

The likelihood function is fy(y; 0) =[]\, \/ﬁ 7%

e Maximizing this likelihood (or log-likelihood) w.r.t. 69, 61 is equivalent to minimizing the sum of

exp {

squared residuals:
n

Z(y/‘ — 0o — 61x;)°

i=1
e 2. Approximate Bayesian LLMS
e We can also show that the regression formulas are sample-based approximations of the Bayesian

LLMS estimator coefficients.
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Bayesian Linear Regression @

We can also treat g, 01 as random variables 6y, 6;.

e Model: =0+ O01x; + W,
e Priors: 00 ~ N(0,03), 61 ~ N(0,02), W; ~ N(0,0?)
e Assume all are independent.

MAP Estimation

Find (0o, 01) that maximize fg |y (0]y) o< fyje(y|0)fe(f). This is equivalent to minimizing:
" (yi— 00— 61x)2 63 63

yo Wiz fo—bui) by | B

i—1 g o5 01

e This is a “regularized” Ieast squares problem.

e The prior terms 6‘2 and L pull the estimates toward their mean (0) to prevent overfitting.

e If prior variances <;0 o1 —> oo (a “flat” prior), the solution becomes identical to the classical
least squares / ML estimate.
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Multiple and Nonlinear Regression

The linear regression framework is very general.

e Multiple Linear Regression

e Model with multiple explanatory variables.

e Eg, Y0+ 61X+ 0:X.

e Data: (xj1, X2, ¥i)-

o Goal: mingg 0,00 > 11 (¥i — o — O1xi,1 — O2xi2)°.

e Solved by setting 3 partial derivatives to 0 (3 linear equations).
e Polynomial Regression

e Model: Y = o + 01X + 62X>.

e This is a special case of multiple regression.

o Let Xy = X and Xz = X°.

e This is still a linear regression model because it is linear in the unknown parameters 6, 61, 0>.
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Binary Hypothesis Testing

e We must decide between two competing hypotheses, Hy and H;.

e This is a choice between two probabilistic models for our data X.

Setup

e Null Hypothesis (Hp): The parameter is 6y.
o X ~ px(x;00) or fx(x; 6o).

e Alternative Hypothesis (H;): The parameter is 6;.
o X ~ px(x;61) or fx(x; 61).

e 0 is a fixed constant (not a random variable).

Goal: Design a decision rule based on X to choose Hy or Hj.
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Decision Rules and Types of Error @

e A decision rule is a partition of the observation space into:
o Rejection Region (R): The set of observations x for which we decide to reject Hp (and accept
H1).
e Acceptance Region (R): The set of observations x for which we accept Ho.

Two types of error are possible:

e Type | Error (False Rejection): We reject Hy when Hy is actually true.
e Probability: a(R) = P(X € R; Ho).

e Type Il Error (False Acceptance): We accept Hy when H; is actually true.
e Probability: B(R) = P(X € R; H1).

Acceptance Region R¢
Accept Hyp

Rejection Region R
Reject Ho

Hp True H, True Hp True H; True
No Error Type 1I Error Type 1 Error No Error
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The Likelihood Ratio Test (LRT)

e How do we choose the "best” rejection region R?

e Bayesian MAP Motivation:
o If 6 were random, MAP rule says: Decide H; if P(Hi|x) > P(Ho|x).
e — P(x|Hi)P (H1) > P(x|Ho)P(Ho).
o — FUIH > P = threshold,

e Classical LRT: We adopt this same test structure.

e Define the Likelihood Ratio L(x):

fx(x; 01)
x(x; 6o)

px(x; 01)
px(x; 6o)

L(x) = (or 2 )

e The LRT rule is: Reject Ho if L(x) > &.
o R={x|L(x)> &}, where ¢ is the critical value.
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Choosing the Critical Value ¢ @

e There is an inherent tradeoff between o and 5.
e Increasing ¢ = R gets smaller = « decreases (good), but R€ gets larger — f
increases (bad).

The Neyman-Pearson Framework
The standard approach to setting £ is:

1. Fix a maximum acceptable significance level o for Type | error (e.g., a = 0.05).

2. Find the critical value £ that gives exactly this probability: \
False Acceptance

Probability

P(L(X) > & Ho) = « . Set £ of pairs (a(R), 3(R))

/

3. This defines the rejection region R. (a(R), B(R))

~
Efficient Frontier

0 1 False Rejection
Probability
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Neyman-Pearson Lemma @

Neyman-Pearson Lemma
Among all possible decision rules (rejection regions R) that have a false rejection probability

a(R) < «, the Likelihood Ratio Test (LRT) with P(L(X) > &; Hp) = « achieves the smallest
possible false acceptance probability 3.

e The LRT is the most powerful test.

e It gives the best “bang for your buck” in the a-3 tradeoff.

e It is the optimal test in the classical framework.
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Example: Testing Normal Means @

e Observe X ~ N(6,0?), where 02 is known.
e Test Hy : 6 = 6 versus Hy : 6 = 6;. (Assume 61 > 6).
1. Find the LRT structure:

x—01)
Caot) U e (-6
L(x) = - — exp

fx(x; 0o) 1 exp{_w} 202

202

2mo

The test L(x) > £ is equivalent to log L(x) > log¢&:

1
52 ((x* — 2x00 + 03) — (x> — 2x01 + 67)) > log &
1 2 g2
? (2X(91 - 90) + 90 - 91) > Ing
Since 01 > 6, this simplifies to x > ~ for some threshold ~.

The LRT is a simple threshold test: Reject Hp if x > ~.
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Example: Finding v and

2. Find the threshold ~ for a given a: We set the false rejection probability to «.
P(Reject Hy; Ho) = P(X > ~; Ho) = «

Under Hy, X ~ N(6p,0?). We standardize X:

P(X‘% >79°;H0>_P<Z>70°>_a
g g

g

Let z, be the value from the N(0,1) table such that P(Z > z,) = a (or ®(z,) =1 — «).

v —th
o

=z, = Y=0p+ 240
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Example: Finding v and § (Cont’d)

3. Find the resulting Type Il Error 3: 5 = P(Accept Ho; H1) = P(X < v; Hy). Under Hy,
X ~ N(01,02). Standardize X:

pop (XS ) —p (22250
(o)

Substitute the value of ~:

pmo (Lot o, o)

g
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Example: Discrete LRT (Coin Flips)

e n = 25 independent coin tosses.

e X = number of heads.

e Ho : 6y = 1/2 (fair coin). S, ~ Binomial(25,1/2).

o H; : 61 =2/3 (biased coin). S, ~ Binomial(25,2/3).

e Set significance o = 0.1.

Likelihood Ratio:

Ly = Pxlki ) _ (0)(2/3) (137

(2/3)(1/3)*°*

px(kiHo) — ()(1/2)k(1/2)2

IPCE
IO

L(k) is a monotonically increasing function of k.
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Example: Discrete LRT (Coin Flips) (Cont’'d)

The LRT "Reject Hp if L(k) > £" is equivalent to “Reject Hp if k > +".

We find the smallest  such that P(X > v; Hy) < 0.1. Under Hy, X ~ Binomial(25,0.5).
E[X] =12.5. 0 = 1/25(0.5)(0.5) = 2.5. Using CLT approx. (with 1/2 correction):

1) —-0.5-12.
P(X>'y;H0):P(X>’y+1)RrP<Z>(’y—i_) 05 5)

25
v—12
PlZ> <0.1
(227557 <

>1.28 = v >12+25(1.28) =12 +3.2 = 15.2

From table, P(Z > 1.28) ~ 0.1.

v —12
25

Since k must be an integer, we set v = 16. Decision Rule: Reject Hy if X > 15.
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Lecture 24: The Bernoulli
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The Bernoulli Process

e A sequence of independent Bernoulli trials, X;

e At each trial, I
o P (X,' = 1) = P(success at the i-th trial) =p Jacob Bernoulli Daniel Bernoulli Johann Bernoulli
. . . (1654-1705) (1700-1782) (1667-1748)
e P(X; = 0) = P(failure at the i-th trial) =1 —p :
e Key assumptions:

e Independence of trials
e Time-homogeneity (constant parameter p)

o Model of:

e Sequence of lottery wins/losses

e Arrivals (each second) to a bank
e Arrivals (at each time slot) to a server
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Stochastic Processes

e First view: sequence of random variables X, X>, . ..
e Interested in:

e Mean: E[Xi]

e Variance: var(X;)

e Marginal distribution: px;(x)

e Joint distribution: px,,... x,(x1,. .., %n)
e Second view: sample space ()

Q = (The space of all possible infinite sequences of outcomes)

Example (for Bernoulli process):
e P(X;=1forall i)
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Number of Successes/Arrivals S in n Time Slots

e S=Xi+Xo0+ -+ X,

e S follows a Binomial distribution with parameters n and p.
P(S=k)= (Z)pk(l —p)"k for k=0,1,...,n.
E[S]=np

var(S) = np(1 - p)
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Time Until the First Success/Arrival

e T; = time of the first success/arrival

T, follows a Geometric distribution with parameter p.

P(Ty=k)=(1—p)<1p, for k=1,2,...

[ ]
o E[T] =1
e var(Ty) = 1;2”
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Independence, Memorylessness, and Fresh-Start Properties

e Memorylessness is a key property of the Geometric distribution.

o Fresh-start after time n:

e The sequence X,41, Xnt2,... is also a Bernoulli process with parameter p.
e This future sequence is independent of Xi, ..., X,.

e Fresh-start after time Ti:

e Ti is the time of the first success.
e The process immediately following the first success is statistically identical to the original process
starting at time 1.
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Independence, Memorylessness, and Fresh-Start Properties @

Fresh-start after a random time N:

Consider a random time N that is defined causally (i.e., its value depends only on X1, ..., Xy).

Examples of causal random times:
e N = time of the 3rd success
e N = first time that 3 successes in a row have been observed
e N = the time just before the first occurrence of 1,1,1

The process Xni1, Xni2, ... is:

e a Bernoulli process with parameter p.
e independent of N, X1,..., Xy.
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The Distribution of Busy Periods @

e At each slot, a server is busy (B) or idle (). This sequence X; is a Bernoulli process.
e First busy period:

e Starts with the first busy slot (X; = 1).

e Ends just before the first subsequent idle slot (X; = 0).

e Length of a busy period: Number of consecutive successes. This follows a Geometric
distribution shifted to start at 1.

e Length of an idle period: Number of consecutive failures. This also follows a Geometric
distribution (with parameter 1 — p) shifted to start at 1.

B I
e

5] L ST I Y T ) % R I ]

I B

Lefejejofsysfssjijrjijr]s]
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Time of the k-th Success/Arrival

e Y = time of the k-th arrival

Y, is the sum of k inter-arrival times: Yy = T1 + To +---+ Ty
e T, = k-th inter-arrival time = Yy — Yi_1 (k > 2).
Distribution of T;:

e The T; are i.i.d., Geometric(p) random variables.
e This is a direct consequence of the fresh-start property after the occurrence of a success.

Distribution of Y:

e Y follows a Negative Binomial or Pascal distribution.
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Time of the k-th Success/Arrival (Negative Binomial)

o Yi=Ty+ To+ -+ T, where T; are i.i.d., Geometric(p)

Expected Value: E[Yi] = E[S/, Ti] = kE[T1] =

Variance: var(Yy) = var(Zf.;l T) = fozl var(T;) = k132

P2

e Probability Mass Function (py, (t)):

py,.(t) =P(Yu=1t) = (k_ 1>pk(1 —p) K t=kk+1,...

Interpretation: The k-th success occurs at time t if there are exactly k — 1 successes in the first
t — 1 trials AND the t-th trial is a success.
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Merging of Independent Bernoulli Processes @

e Consider two independent Bernoulli processes: X; ~ Bernoulli(p) and Z; ~ Bernoulli(q).

Merged Process (M; = X; or Z;): An arrival occurs in the merged process if there is an arrival
in X OR in Z.

P(M;:1):P(X,':].UZ,':1):P(X;:1)+P(Z/:1)—P(X;:1QZ;:1)
Since X; and Z; are independent we have P(M; = 1) =p+ g — pq

The merged process is also a Bernoulli process: Bernoulli(p + g — pq).

Bernoulli(p) LLILIIITIILIITT11
time
merged process
_ LLLttrr i rrtld
Bernoulli(p + q — pq) e
(collisions are counted as one arrival)
Bernoulli(e) | | [ | [ LI LI L1111
time
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Merging of Independent Bernoulli Processes

)

e If an arrival occurs in the merged process (M; = 1), the probability that the arrival came from
the first process (X; = 1) is given by the conditional probability:

e Collisions (when X; =1 and Z; = 1) are counted as one arrival.

P(X;=1|M;=1)= =
( | ) P(Mi=1) p+q—pq
Bernoulli(p) LI 111 III1T11]]
time
merged process

Bernoulli(p+q—pgy AALLLLLLTTTT11]

(collisions are counted as one arrival)

Bernoullie) | | | | [ QLI LI Ll1]

time

time
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Splitting of a Bernoulli Process @

e Start with a Bernoulli process X; ~ Bernoulli(p).

e Splitting rule: Each success (X; = 1) is independently assigned to one of two streams (Stream
1 or Stream 2) based on an independent coin flip with bias g.

e Stream 1 (Successes assigned here): Bernoulli(p)

e Stream 2 (Successes assigned to the complement): Bernoulli(pz)

Bernoulli(pg) LLLIII1TLII LTI 1]1]

time

Bernoulli(p) LLL L LI LTI11]1
time

Bernoulli(p(1—¢)) LLL I LI UL ITTT]
time
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Splitting of a Bernoulli Process @

e Probability of success in Stream 1 (p1):
e p1 = P(Xi =1 and assigned to Stream 1) = P(X; = 1) - P(assigned to 1) = pq
e Probability of success in Stream 2 (pz):
e p> = P(X; =1 and assigned to Stream 2) = P(X; = 1) - P(assigned to 2) = p(1 — q)
e The two resulting streams are Bernoulli processes: Bernoulli(pg) and Bernoulli(p(1 — q)).

e The two resulting streams are not independent

Bernoulli(pg) LLL LI ITIILTITT11]1

time

Bernoulli(p) LII I I I 1111111111
time

Bernoulli(p(1—¢)) LLL I L LI LTI LT L]
time
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Poisson Approximation to Binomial

e This approximation is relevant in the rare events regime:

e Large number of trials n
e Small probability of success p
e Moderate expected number of successes: A\ = np

o Number of successes S in n slots:
ps(k) = P(S = k) = (:) PK(L—p)" %, k=0,....n

e Fact: Substitute p = \/n and take the limit as n — oo.
e For any fixed k > 0, the binomial probability ps(k) converges to the Poisson PMF:

k
lim ps(k) = 2 e

= —¢€
n—o0 k! ’

k=0,1,...

e The term lim, (1 — A/n)""K = e~ is used in the derivation.
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Definition of the Poisson process @

Poisson process is the continuous-time analogue of the Bernoulli process.
Rate \: “Arrival rate” per unit time.

Independent Increments: Numbers of arrivals in disjoint time intervals are independent.
e Time Homogeneity: )\ is constant over time.

Bernoulli

I ) A Y R

e Independence

¢ Time homogeneity:
Constant p at each slot
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Definition of the Poisson process (cont.)

e P(k,T) = Probability of k arrivals in an interval of duration 7.

e Small Interval Probabilities: For a VERY small duration ¢:

1-X ifk=0
P(k,d0) = A if k=1
0 ifk>1

e More rigorously, including terms of order 62, denoted O(62):

1-X+0(8%) ifk=0
P(k,3) = 4 Ad + O(62) if k=1
0+ 0(6?) if k> 1
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Applications of the Poisson process

e Originally applied to rare events in the military, e.g., deaths from horse kicks in the Prussian
army (1898).

e Particle emissions and radioactive decay.
e Photon arrivals from a weak source (optical communication).
e Financial market shocks (e.g., extreme price changes).

e Placement of phone calls, service requests to a help desk.

7
POTSSON %///,r’/(ﬂ
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The Poisson PMF for the number of arrivals @

e Number of arrivals in [0, 7] is N.. We want P(k,7) = P(N, = k).
Relate to Bernoulli: Divide time 7 into n = 7/6 small slots, each with success probability
p = 6+ O(62).

N is approximately Binomial(n, p).

Limit: Let n — oo and p — 0 such that the mean np remains fixed at np = \r.
e The Binomial PMF converges to the Poisson PMF (Poisson Approximation to Binomial):
()\T)kef/\T

P(k,T):P(NT:k)zikl , k:O,]_’

0 T time
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Mean and variance of the number of arrivals @

e The number of arrivals N in a time interval of duration 7 follows Poisson(\7).

e The mean and variance of a Poisson random variable are equal to its parameter, A7.

e Expected Value:

e Variance:

e Derivation of E[N.]:

EIN,] = A7

var(N;) = At

o0 ke T
EN] =Y k%
k=0 ’

The calculation simplifies, yielding A\7.
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Example: Mail arrivals

e Email arrivals follow a Poisson process at rate A = 5 messages per hour.
e Time unit is 1 hour.

e Mean and variance of mails received during a day (24 hours):

e 7 = 24 hours.
o A1 = (5)(24) = 120.
e E[N2s4] = 120 messages; var(/N.4) = 120.

P(one new message in the next hour):

e 7 =1 hour.
1_—AT —
o P(Ny=1)= 00 — 5e® 50,0337,

1! 1!

P(exactly two messages during each of the next three hours):

e Np,, Ny, Ny, are independent (disjoint intervals).

o P(Ny, =2,Np, =2,Nyy =2) = P(Npy =2)- P(Np, =2)- P(Nuy =2)
2 _—5 —5

o P(Ny =2) =" = 25¢° 1 (0842,

o Total probability = (0.0842)* =~ 0.000597.
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The time T; until the first arrival

e T; is the time of the first arrival. T7 is a continuous random variable.
e Find the CDF: P(Ty < t):
e The event {T1 > t} means “no arrivals in [0, t]".
— —0) = QA%
e P(T1<t)=1-P(Ty>t)=1—e> fort>0.
e This is the CDF of the Exponential distribution with parameter .

e PDF is fr,(t) = SP(Ty < t) = Xe * for t > 0.
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The time Y, of the k-th arrival

Y is the time of the k-th arrival.

Can be derived by first finding the CDF: P(Y < y) = P(N, > k).

More intuitive argument (using small time interval ¢):
o fr(¥)d = Ply < Yi <y+9)
e This event occurs if: (k — 1 arrivals in [0, y]) AND (1 arrival in [y, y + 0]).
o P(N, = k= 1) P(Nyo5 = 1) ~ [ 2055 ] - Do)

Dividing by 9, we get the PDF:

k k—le—

A
fr(y) = Mzkfl)ly for y > 0.
This is the Erlang distribution (or Gamma distribution).

AN
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Memorylessness and the fresh-start property @

e The Poisson process exhibits memorylessness and a fresh-start property analogous to the
Bernoulli process.

e This is plausible due to the relationship between the two processes as the Bernoulli limit.

e These properties can be proved rigorously using the definition of the Poisson process.

e We often use intuitive reasoning based on the independence of disjoint intervals.
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Memorylessness and the fresh-start property (cont.) @

e Fresh-start at fixed time t: If we start observing at time t, the future sequence of arrivals is a
Poisson process with rate )\, independent of the history until time t.

e Time until the next arrival: If we have observed no arrival until time t, the remaining time
T1 — t until the next arrival is still Exponential()), confirming memorylessness.

o Fresh-start at random time T;: The time between the first and second arrival,
To=Y>—Yi, is:
e Exponential()\), independent of T;.
e Similarly, all interarrival times Ty = Yx — Yi_1, for k > 2, are i.i.d. Exponential(}).
e Yi=T;+ -+ Ty is the sum of k i.i.d. exponentials.
o E[Yi] = k/X and var(Yy) = k/)\2.
e The property of having i.i.d. Exponential interarrival times can serve as an equivalent
definition of the Poisson process.
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Bernoulli/Poisson relation

e The Poisson process is the continuous limit of the Bernoulli process.

e Discretization: Time 7 is split into n slots of length §, with p = Ad and np = A7.

Property POISSON (Continuous) | BERNOULLI (Discrete)
Times of Arrival Continuous Discrete

Arrival Rate A /unit time p/per trial

PMF of # of Arrivals Poisson (A7) Binomial(n, p)
Interarrival Time Distr. Exponential()) Geometric(p)

Time to k-th arrival Erlang(k, \) Pascal (Negative Binomial)
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Example: Poisson fishing (Part 1) @

e Fish are caught as a Poisson process, A = 0.6/hour.
e Stopping Rule: Fish for 7 = 2 hours. If N, > 1, stop. Else, continue until the first fish is
caught (i.e., until Ty occurs).
e \T=06-2=1.2.
¢ P(fish for more than two hours):
e This event occurs if and only if no fish are caught in the first two hours: N> = 0.
o P(N> =0) = P(0,2) = Q2T — =12 5 0301,
o Also equivalently P(T1 > 2)
o P(fish for more than two and less than five hours):
e This occurs if: (N2 =0) AND (2 < T1 <5).
e ... Wait, this is just P(2 < T1 < 5) since N> = 0 is equivalent to Ty > 2.
P(2< Ti<5)=e*?—e3%~0301 - 0.050 = 0.251.
Also equivalently P(N> = 0)P(N3 > 1) = P(0,2)(1 — P(0,3))

time

- N -+

time
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Example: Poisson fishing (Part 2) @

e A\ = 0.6/hour. Stopping Rule: If N, > 1, stop. Else, continue until T;.
e P(catch at least two fish):
o Ny >2 P(Ny>2)=1—P(Ny=0)— P(Np =1).
e P(N» =0)=e?~0.301.
P(Ny =1) = Are ™ =1.2¢7 2 ~ 0.361.
P(N> >2)~1-0.301 —0.361 = 0.338.
e Also equivalently P(Y>2 < 2)
e E[future fishing time | already fished for three hours]:

e If 3 hours have passed, the initial rule is long over. At time 3, the process starts fresh
e Due to memorylessness of the Exponential interarrival time T,

E[T: —3| T1 >3] =E[T1]=1/A.
e Effuture time] =1/0.6 =5/3 ~ 1.667 hours.

time

4+ N+

time
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Example: Poisson fishing (Part 3) @

e A\ = 0.6/hour. Stopping Rule: Fish 2 hours. If N > 1, stop. Else, continue until Ty.
e E[total fishing time Tl

® Tiotal =2 if No > 1 (Prob 1 —e™*2).

® Tiotal = T1 if N2 =0 (Prob e_l'z).

o E[Tiotal]l = E[Tiotat|N2 > 11P(N2 > 1) + E[Tiotat| N2 = 0] P(N2 = 0).

o E[Tiotal] =2 (1 — e_l'z) +E[T1|T1>2]- e 12,

o Memorylessness: E[T1|T1 > 2] =2+ E[T1]=2+1/A=2+5/3=11/3.

o E[Tiotal] = 2(1 — e 12) + (11/3)e 2.

® E[Tiotal] =2+ (11/3 = 2)e 22 =2 4 (5/3)e "2 ~ 2 + (1.667)(0.301) ~ 2.502 hours.
e E[number of fish Nial]:

o If No =k >1, Nigtal = k. If N2 =0, Nioral = 1.

® Niotar = N2 + I{n,—03-
E[Niotal] = E[N2] + E[l;n,=03] = E[N2] + P(N2 = 0).
E[Niotal] = M7+ e =124+ e 2 ~ 1.2 4+ 0.301 = 1.501 fish.

time

- N -+

1
I -
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The sum of independent Poisson random variables @

e Consider a Poisson process of rate A = 1.

e Let M be the number of arrivals in an interval of length 7.

e M is a Poisson random variable with parameter A\t = 7.

e Let N be the number of arrivals in a subsequent interval of length v.

e [V is a Poisson random variable with parameter \v = v.

e Are M and N independent? Yes, by the independent increments property of the Poisson
process.

e The sum M+ N: M + N is the number of arrivals in the combined interval of length 7 + v.

e M+ N is a Poisson random variable with parameter 7 + v.

e Theorem: The sum of independent Poisson random variables, with means/parameters 1 and
v, is Poisson with mean/parameter u + v.
o Pk,7)= Qe
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Merging of independent Poisson processes

o Consider two independent Poisson processes l?;d_bulb)ﬂashes
'oIsson
with rates \; and \».

e Example: Red bulb flashes (Poisson A1) M
and Green bulb flashes (Poisson Az).

Ay

e The merged process counts all flashes S,

(Red OR Green). (Poisson)
e In a very small interval 4: < e T
e P(Red arrival) & A\1d. P(Green arrival) = \20.
e P(Combined arrival) &~ P(Red arrival) + P(Green arrival) : time
(since the probability of a simultaneous arrival is O(s%)).
e P(Combined arrival) & (A1 + A2)0. : % %* time

e The merged process is a Poisson process
with rate A1 + As.
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Where is an arrival of the merged process coming from?

)

e If an arrival occurs at time t in the merged process (rate A\; + A3), the probability that it

originated from the Red process (rate ;) is:

P(Red | arrival at time t) = ﬁ
1+ A

e P(k-th arrival is Red) = /\1>j:>\2.
e The decision of which source the arrival came from is

independent for different arrivals.
e Example: P(4 out of first 10 arrivals are Red).

e Each arrival is independently “Red”
A

/\1+1>\2 :

o The number of Red arrivals follows a

with probability p =

Binomial distribution with parameters n = 10 and p.
e P(4 Red arrivals) = () p*(1 — p)°.
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The time the first light bulb burns out @

e Consider three lightbulbs with independent lifetimes X, Y, Z.

e Assume X ~ Exponential(Ax), Y ~ Exponential(Ay), Z ~ Exponential(\z).

e The time until the first burnout is min{X, Y, Z}.

e Exponential lifetimes correspond to the first arrival in independent Poisson processes with
rates Ax, Ay, Az.

e The time min{X, Y, Z} is the time until the first arrival in the merged process.

e The merged process is Poisson with rate A = Ax + Ay + A\z.

e Therefore, min{X, Y, Z} is Exponential with rate Ax + Ay + Az.

1

e The expected time until the first burnout is E[min{X, Y, Z}] = x5+
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The time the last light bulb burns out

e Three lightbulbs with independent lifetimes X, Y, Z.

e Find expected time until all burn out: E[max{X, Y, Z}].

e This calculation is generally more complex than for the minimum.

o If Ax =Ay = Az =X Let M = max{X,Y,Z}.

e The CDFis PIM<t)=P(X <t Y<t,Z<t)=(1-e )3

e The expected value requires integrating 1 — P(M < t) or t - fy(t).

o Theresult for Ax = Ay = Az =Xis Emax{X,Y,Z}| =+ + L + & = &.
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Splitting of a Poisson process @

e Start with a Poisson process of rate \.

e Splitting Rule: Each arrival is independently classified into Stream 1 (with probability g) or
Stream 2 (with probability 1 — q).

e The probability g is independent of the original process.

e Result: The resulting streams are Poisson processes.

e Stream 1 rate: \; = Aq.

e Stream 2 rate: A» = A(1 — q).

e Property: The two resulting streams (Poisson Ag and Poisson A\(1 — q)) are independent.
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“Random incidence” in the Poisson process @

e Consider a Poisson process (or any renewal process) that has been running forever.
e Interarrival times Ty are i.i.d. Exponential with E[T,] = 1/\.
e Example: A = 4/hour. E[Ty] = 1/4 hour = 15 minutes.

e You show up at a “random time” t* and measure the interarrival time V — U during which you
arrived.

e Intuition suggests the observed average interarrival time should be E[T,] = 15 minutes.

e Observation: Experiments consistently show the average measured interarrival time is closer to
% hour or 30 minutes! Why is the observed time longer?
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“Random incidence”’ in the Poisson process analysis

e t*: Random arrival time.

e U: Last arrival time before t*.

e V: Next arrival time after t*.

e V — U: The interarrival time observed upon arrival.

e V — U is not identically distributed as the typical interarrival time Ty.
e Interarrival time T,: Exponential()\), E[Tx] = 1/\.

e Observed time V — U: Gamma(2, \) or Erlang(2, \).

e Expected length of the observed interval: E[V — U] = 2/\.

e For A =4/hour, E[V — U] =2/4 = 1/2 hour = 30 minutes.
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Random incidence “paradox’ is not special to the Poisson process @

e The “paradox”’ arises because the sampling method is biased toward longer intervals.
e General Example: Interarrival times T i.i.d., equally likely to be 5 or 10 minutes.
e Expected value of k-th interarrival time: E[T] = 1(5) + 3(10) = 7.5 minutes.

e Bias: The probability of arriving during a 10-minute interval is twice that of arriving during a
5-minute interval.

e P(arrive during 5-minute interval) = S-EW = %
e P(arrive during 10-minute interval) = % = %

e Expected length of interarrival interval during which you arrive:

1 2 2 2
E[Observed Length] =5 - 3 +10- 3= 5%0 = ?5 ~ 8.33 minutes

e The expected observed length is always > E[T].

e This generalizes to renewal processes (i.i.d. interarrival times from some general distribution).
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Different sampling methods can give different results @

e The discrepancy highlights that the sampling method matters and leads to different
expectations (or weighted averages).

e Average family size?:

e Look at a "random” family (uniform probability over families): This gives the true average.
e Look at a “random” person's family (weighted by family size): This is biased toward larger families.

e Average bus occupancy?:

e Look at a “random” bus (uniform probability over buses): Gives the true average occupancy.
e Look at a "random” passenger's bus (weighted by number of passengers): Biased toward full buses.

e Average class size?: The same principle applies. Sampling students biases the average toward
larger classes.
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Markov process definition @

e A stochastic process where the future state depends only on the current state, and not on the
sequence of events that preceded it (the past).

e Markov property/assumption: “Given the current state, the past doesn't matter.”

e The state at time t + 1 is a function of the state at time t and some noise:

state(t + 1) = f(state(t), noise)

e Time index can be discrete (n =0,1,2,...) or continuous (t > 0).

e State space can be finite, countable, or continuous.
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Checkout counter example

e State X,: number of customers at time n.

e Time: Discrete time n=0,1,...

Customer arrivals: Bernoulli(p). (One arrival or no arrival per time step).

Customer service times: Geometric(q). (One departure or no departure per time step).
e Transitions:

e State / can transition to i — 1 (departure), i (no change), or i + 1 (arrival).
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Discrete-time finite state Markov chains

e State X,: The state after n transitions, belonging to a finite set.
o Initial state Xj: Either given or random.

e Transition probabilities:
pij = P(X1 = j|Xo = i) = P(Xp41 = j|Xo = i)
e Markov property/assumption (time-homogeneous):
pij = P(Xoy1 = j|Xn = i) = P(Xpy1 = j|Xo = i, Xp—1, ..., X0)

e Model specification: Identify states, transitions, and transition probabilities.
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n-step transition probabilities @

e n-step transition probability r;j(n): The probability of transitioning from state i to state j in

exactly n steps.
fij(n) — P(Xn :J|XO — I) — ’D(Xn+s :Jlxs — I) Time 0 Time n-1 Time n

e Key recursion (Chapman-Kolmogorov equation): rig(n-1)

To go from i to j in n steps, one must go from i to

some intermediate state k in n — 1 steps, and then
take a single step from k to j.
m

rg(n) =) ri(n = 1)py

k=1

rim(n-1)

e Random initial state: The unconditional probability
of being in state j at time n is the average over all initial states i:

POG=1)= 3 P = (o)
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Example: Two-state Markov Chain

e Consider a chain with states 1 and 2 and given
single-step transition probabilities. 0.5 0.8

e Compute the n-step transition probabilities r;j(n) 0.5
for small n and discuss long-term behavior (n — o).
e Initial conditions (n = 0): r11(0) =1, r12(0) =0,
r21(0) =0, rp(0) = 1. 0.2
e One step (n=1): r11(1) = 0.5, r2(1) = 0.5, r21(1) = 0.8, (1) = 0.2.
e Two steps (n = 2): Using the recursion r1j(2) = r11(1)p1j + ri2(1)p2j:

e r1(2) = (0.5)(0.5) + (0.5)(0.8) = 0.25 + 0.40 = 0.65.
e ri2(2) = (0.5)(0.5) + (0.5)(0.2) = 0.25 4 0.10 = 0.35.
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Generic convergence questions @

e Convergence: Does rjj(n) converge to a limit as n — oco?

e Initial State Dependence: Does the limit lim,_, rjj(n) depend on the initial state i?

e Example 1 (Non-convergence/Oscillation): States 1, 2, 3. The process oscillates between

the states.
0.5 0.5
1 |
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Generic convergence questions @

e Convergence: Does rjj(n) converge to a limit as n — oco?

e Initial State Dependence: Does the limit lim,_, rjj(n) depend on the initial state i?

e Example 2 (Multiple Recurrent Classes): States 1, 2, 3, 4. The limit depends on whether
the chain starts in {1,2} or {3,4}.

e nodd: rp(n) =0. neven: rp(n) = 1. (For a chain where py; =0 and p; =1, p12 =1,
implying X, alternates between 1 and 2).

e ri1(n) = 1. r31(n) = 0.
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Recurrent and transient states

e Recurrent state /: Starting from state i (and from wherever you can go from i), there is a

guaranteed way of returning to i with probability 1.
e Transient state /: If a state is not recurrent, it is called transient. Once the process leaves a

transient state, it may never return.
e Recurrent class: A collection of recurrent states that only communicate (have non-zero

transition probability) among themselves.
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Recurrent and transient states

e In the figure: States 1 and 2 are transient. State 5 is recurrent (absorbing). States {3,4} form
a recurrent class. States {6, 7,8} form another recurrent class.

e Any path starting in a transient state (like 1 or 2) will eventually move to a recurrent class
(3/4,5, or 6/7/8) and remain there.
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Review

e Discrete time, discrete state space, time-homogeneous chain.
e pjj: One-step transition probabilities.

e Markov property: Future depends only on the present state.

n-step transition probabilities:

rj(n) = P(Xo = j[Xo = i) = P(Xors = j|Xs = 1)

Key recursion (Chapman-Kolmogorov):

m
ru g rig(n —1) pkj

k=1
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Warm-up: Calculating Trajectory Probabilities

¢ Probability of a specific trajectory (path):
P(X1=2,X=6,X3 =7 | Xo = 1) = p12pa6per

e n-step probability: r;(n)
P(X4 =7 ‘ XQ = 2) = I’27(4)
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Review: Recurrent and transient states

e Recurrent state /: Starting from i, the probability of returning to i is 1.
e Transient state /: If not recurrent, it is transient. The process may never return.

e Recurrent class: A collection of recurrent states that communicate only among themselves.
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Periodic states in a recurrent class @

e The states in a recurrent class are periodic if they can be grouped into d > 1 groups.

e All transitions from one group lead deterministically to the next group, forming a cycle of
length d.

e Example 1 (Chain-link): States alternate between the top and bottom groups (d = 2).

e Example 2 (Cycle): States {1,2,3,4,5,6,7,8,9} form a cycle, with period d =9 if no
self-loops exist.
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Steady-state probabilities @

e Convergence Question: Does the n-step probability r;j(n) converge to some limit 7; as
n— oo?
e Convergence Theorem: Yes, if the Markov chain satisfies:
1. Recurrent states form a single class (i.e., irreducible).
2. The single recurrent class is not periodic (i.e., aperiodic).
¢ Balance Equations: Assuming convergence (lim,_ o rjj(n) = 7;), we take the limit of the
recursion:

n—o0

lim r,-j(n) = Z nleoo r,-k(n — 1)ij — T = Zwkpkj
k k

¢ Normalization: We also need 3, 7; = 1 (total probability).
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Example: Steady-state calculation

e Balance Equations:

1. m1 = mip11 + m2p21 — w1 = 0.5m1 + 0.2m2
2. T2 = mip12 + Mep2 —> w2 = 0.571 4 0.8m2 0.5 O 8
e Normalization: m; +m =1
e Solving for m; and m,: 0.5
e From equation (1):
0.5m =0.2m, — m = 2.5m;.
e Substitute into normalization:
m +25m =1 — 357 =1.
o m =1/35=2/7. 0.2
e mp=1-2/7T=5/T.
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Visit frequency interpretation: Balance Equations

e 7; represents the long run frequency (or probability) of being in state ;.
e Frequency of transitions into j: >, mipy.

e Frequency of transitions out of j: 7; )", py =7 -1 =7;.

e Balance Principle: In steady-state, the long-run frequency of entering state j must equal the
long-run frequency of leaving state j.

Tn Pmj
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Birth-Death processes | @

e Definition: A Markov chain where transitions are restricted to adjacent states (i.e., only +1 or
0).

e p;: Probability of moving from i to i + 1 (birth).

e g;: Probability of moving from i to i — 1 (death).

e The queue model (checkout counter) is a birth-death process.

e Flow Balance: For any two adjacent states i and i + 1, the long-run frequency of transitions
from i — i + 1 must equal the frequency of transitions from i +1 — /.

mipi = Tit1qiv1 for i=0,1,....,m—1

I-po I-p1-q) I-qmy

q] q2 9m
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Birth-Death processes I| @

e Steady-State Solution: The local balance equations (m;p; = mi+1gi+1) can be solved
recursively.
e Special Case: p; = p and g; = g (constant rates):
e Let p = p/q (the ratio of birth to death rate).
® i1 =Ml =mip.
e This leads to a geometric probability distribution: m; = mop'.
¢ Infinite Case m ~ oo (and p < q):
e The normalization > 2, 7 = 1 requires p < q (p < 1).
e 7o solves the geometric sum: mp =1 — p.
e Expected steady-state size: E[X,] = > 2, imi = -

1-po I-p1-q) I-qmy

9m
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Review of steady state behavior @

e Convergence: For an aperiodic Markov chain with a single class of recurrent states, the n-step
probability converges:

lim ri(n) = lim P(X,=j|Xo=1i)=m, Vi
n—o0o

n—o0

e Solution: The steady-state distribution {=;} is the unique solution to the balance equations:
ﬂ'j:Zﬂ'kijv j:]'?"'am
k

e Normalization: Together with the normalization condition >, m; = 1.
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On the use of steady state probabilities

e Assume m; = 2/7,m = 5/7 for the given two-state chain (p1; = 0.5, pp; = 0.2).

e P(X;=1and X;o0=1]| Xo = 1):
pi1 - P(Xi00 = 1| X1 = 1) = p11 - 11(99) = puim
e P(Xip0=1and Xio1 =2 | Xp =1):
P(Xi00=1|Xo =1)- P(Xi01 =2 | X100 = 1) = 71 - p12
e P(Xio0o=1and Xo00 =1]| Xp =1):

P(Xlo():l ‘ Xo = 1)~P(X200:1 ‘ X100: 1)%71’1-7‘1’1
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Design of a phone system

e Model: Calls originate as a Poisson process (rate A).
e Each call duration is Exponential (parameter p).
e Goal: Decide on the number of lines, B, to minimize blocking.
e Discrete-time approximation (small duration §):
o P(new call arrives) = AJ.
e If j active calls, P(a departure) = iud (superposition of i Exponential distributions).

0.04
Exponential
0.03
2
g
a Erlang (2)
20.02
=
=3
2
= 0.01
0
0 10 20 30 40 50 60
Time (years)
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Phone system: discrete time approximation

e State /: Number of active calls (0 </ < B).

e Birth-Death Process: Transitions only to i £ 1.

e Arrival Rate: \; = ) (for i < B).

e Departure Rate: p; =~ ip (for i > 0).

e Local Balance Equations (Continuous-time rates): Am;_y = ipm; fori=1,...,B

i

e Steady-State Probability 7;: 7; = 1o 2 where p = A/ (traffic intensity)

B o . -
o mo =1/ ,_ % is the normalization constant.

e Blocking Probability: P(arriving customer finds busy system) = w5 (Erlang B Formula).
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Calculating absorption probabilities @

e Absorbing state k: A recurrent state k with py = 1.
e Absorption Probability a;: Probability that the chain eventually settles in absorbing state 4,
given it started in .
e Boundary Conditions:
e =4 — a4=1
e =5 = a5 =0 (5 is another absorbing state, pss = 1).
e Governing Equation (for transient states i # 4,5): a; = >, pja;
e The system of linear equations yields a unique solution for a;.
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Expected time to absorption @

e Expected Time p;: Expected number of transitions until reaching the absorbing state 4, given
the initial state is /.

e Boundary Conditions: ;; =0 for i = 4,5
(absorbing states).

e Governing Equation (for transient states i # 4,5):
pi=1+> pj
J

e The time u; must include the first step (the 1)
plus the expected future time, weighted by the
transition probabilities pj;.

ECE 302, A. Hashemi, Purdue ECE



Mean first passage and recurrence times @

e Chain with one recurrent class (non-absorbing states).
e Mean first passage time t; from j to s (i # s):
Expected number of transitions until reaching state s,
starting from /.
e Governing Equations:
e t, =0 (Base case).
o ti=1+> pjt;, foralli#s.
e Mean recurrence time t; of s: Expected
number of transitions until returning to state s, starting from s.
¢ Governing Equation:

=1+ pyt
J

e Relation to Steady State: For an irreducible,
aperiodic chain, the steady-state probability is 7, = 1/t}.
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Gambler’s example @

e Process: Gambler starts with / dollars, bets $1 in a fair game (p = 0.5 win, 1 — p = 0.5 lose)

until wealth is 0 (lose) or n (win).
e States: i € {0,1,...,n}. 0 and n are absorbing states.
e Absorption Probability a; (— n):
e i=0 = a=0.
e i=n — a,=1.
e 0<i<n = a =0.5a3_-1+0.5a;:1.
Solution (fair game): a; = i/n.

e Expected Wealth at the end: 0- (1 — a;) + n-a; = n- (i/n) = i. (Expected initial wealth
equals expected final wealth).
e Expected time y; in the game (— 0 or n):

e po=0,u,=0.
o = 1+ 0.5/1,'71 + 0.5[1,,‘+1.
e Solution (fair game): p; = i(n —i).
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Lecture 30: Stationarity and
Ergodicity



Review: Random Processes @

A Random Process X(t) is a collection of random variables indexed by time t.

For a fixed time t, X(t) is a single random variable.

A single realization of X(t) is a sample function or a time series.

The process is fully characterized by its joint distributions for all time instants t, t2, ..., t,:

Fx(ea),... x(t) (X1, -+ xn) = P(X(t1) < x1,.0, X(t0) < xp)
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Strict-Sense Stationarity (SSS)

e A random process X(t) is Strict-Sense Stationary (SSS) if its finite-dimensional joint
distributions are invariant to a shift in time.
e For any n, any time instants t;,...,t,, and any time shift 7:

Fx(ta),...x(t) (X1, -+ -5 Xn) = Fx(tg4r),e X(totr) (XL - -+ 5 Xn)

o Interpretation: The statistical properties of the process do not change over time.

’ J 'v‘\_ A
e ‘V W"“ h\“‘{j‘lwrwh W *'Nf v\ * wﬂ M‘ \K‘HM
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Implications of SSS

e First-order distribution: FX(t)(X) = FX(tJrT)(X).
e The mean E[X(t)] must be a constant, independent of t.

E[X(t)] = ux (constant)

e Second-order distribution: FX(tl),X(tz)(X17X2) = FX(t1+T),X(t2+-r)(X17X2)-
e The autocorrelation function Rx(t1, t2) = E[X(t1)X(t2)] must only depend on the time
difference 7 =t — t1.
Rx(t1,t2) = Rx(t2 — t1) = Rx(7)

A A | A

stationary mean non-stationary mean stationary mean
stationary variance stationary variance non-stationary variance
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Example: Process that is NOT SSS @

Process: X(t) = Asin(wot), where A is a random variable A ~ U[0, 1].
Goal: Show that X(t) is not SSS by examining the mean E[X(t)].
Mean Calculation: Since A and sin(wot) are independent:

E[X(t)] = E[A]E[sin(wot)], E[A]:‘/O. a-1da=1/2, E[X(t)] = (1/2)sin(wot)

Conclusion: The mean E[X(t)] depends on time t, specifically it oscillates.

Since the mean is not constant, the process cannot be SSS (nor WSS).
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Wide-Sense Stationarity (WSS) @

o A random process X(t) is Wide-Sense Stationary (WSS) if it satisfies two conditions on its
first two moments:

1. The mean is constant and independent of time:
E[X(t)] = ux (constant)
2. The autocorrelation function depends only on the time difference 7 = to — t1:
Rx(t1, t2) = Rx(t2 — t1) = Rx(7)

e WSS is a less stringent condition than SSS.
e Relationship: SSS — WSS (if moments exist). WSS /= SSS.
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Example: WSS Check @

e Process: X(t) = Acos(wot) + Bsin(wot), where A and B are independent N(0,0?) random
variables.

e Goal: Verify the two WSS conditions.

e Condition 1: Constant Mean
E[X(t)] = E[A] cos(wot) + E[B] sin(wot)

E[X(t)] =0 cos(wot) + 0 -sin(wot) =0 (constant)
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Example: WSS Check (Cont.) %

e Process: X(t) = Acos(wot) + Bsin(wot). A, B ~ N(0,02), independent.

e Condition 2: Autocorrelation Rx(ti, t)

Rx(t1, t2) = E[X(t1)X(t2)]

Rx(t1, t2) = E[(Acos(woty) 4+ Bsin(wot1)) - (Acos(wotz) + Bsin(wotz))]

Rx(t1, t2) = E[A?] cos(wot1) cos(wotz) + E[B?]sin(wot1) sin(wot2)

e Since E[A?] = E[B?] = ¢* (variance of zero-mean RVs).
o Rx(t1,t2) = 0?[cos(wot1) cos(wota) + sin(wot1) sin(wotz)]
e Using cos(a — b) = cosacos b+ sin asin b: Rx(t1,t2) = o cos(wo(t2 — t1))

e Conclusion: Rx(t1, to) = 02 cos(woT), which depends only on 7 = t, — t;. The process is WSS.
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WSS and Gaussian Processes @

e Gaussian Process: A random process where all finite-dimensional joint distributions are

multivariate Gaussian.

e The distribution of a Gaussian process is completely defined by its mean and autocorrelation
functions.

e Crucial Exception: For a Gaussian process, the WSS condition (on the mean and
autocorrelation) is sufficient to imply SSS.

WSS ¢ ggg
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Ergodicity: The Time vs. Ensemble Average @

e Stationarity deals with the ensemble (average across realizations at fixed time).
e Ergodicity allows us to replace the ensemble average with the time average from a single,
long realization.

e A process X(t) is Ergodic in the Mean if the time average converges to the ensemble mean:

-
lim % X(t)dt = E[X(t)] (in probability or a.s.)

T—o0 0

e Ergodicity in the Mean requires the process to be WSS.
A

1 Realization 1
i Realization 2
Realization 3

s M=E[X, ]

\
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Example: Process that is NOT Ergodic @

e Process: X(t) = A, where A is a random variable A ~ U][0, 1].
Goal: Show that this WSS process is NOT Ergodic in the Mean.
e WSS Check:
e Mean: E[X(t)] = E[A] = 1/2. (Constant).
o Autocorrelation: Rx(ti, t2) = E[X(t1)X(t2)] = E[A?] = var(A) + (E[A])* = 1/12+1/4 = 1/3.
(Depends only on 7 =0, so it's a constant Rx(7) = 1/3).
e The process is WSS.

Time Average Calculation:

17 1
Time Average = lim — Adt = lim Z[At]g = A
T—oo T

T—o0 0

Conclusion: The time average A is a random variable, while the ensemble mean is a constant
1/2. They are not equal, so the process is NOT Ergodic.
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Application: Signal Processing (WSS) @

e Assumption: Most fundamental results in linear filtering, spectral analysis, and optimal
estimation assume input signals are WSS.

e Example: Power Spectral Density (PSD): For a WSS process, the PSD Sx(w) is the Fourier
Transform of the autocorrelation function Rx(7):

oo

Sulw) = F{Re(r)} = [ Re(r)e 7 dr .

— 00

Power Spectral Density

e Wiener-Khinchin Theorem:

This relation holds exclusively for WSS processes.
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Application: Financial Engineering (Non-Stationarity) @

e Stock Returns: Logarithmic returns R(t) are often assumed to be WSS (or at least
approximately WSS) to simplify modeling (e.g., in the Black-Scholes model).

¢ Real-World Data: Financial time series are highly non-stationary.

e Modeling: Non-stationary models like GARCH (Generalized Autoregressive Conditional
Heteroskedasticity) are necessary to capture time-varying volatility.
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Application: Machine Learning (Ergodicity)

e Monte Carlo Methods / MCMC: Markov Chain Monte Carlo (MCMC) algorithms use
time-evolution to sample a complex distribution.
e The underlying Markov Chain must be ergodic (irreducible and aperiodic) to ensure:
1. The chain converges to the target stationary distribution ;.

2. Time averages computed from a single long chain realization approximate the expected values
under ;.

e Ergodicity is necessary for the outputs of MCMC simulations to be reliable estimates of
expectations.
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Summary and Conditions for Ergodicity @

e SSS: Joint distributions independent of time shift 7.
e WSS: Mean is constant, Autocorrelation Rx(t1, t2) depends only on 7 = t, — t;.
o 555 = WSS. WSS %=k 555

Ergodicity in the Mean: Time Average — Ensemble Mean.

Sufficient Condition: A WSS process is Ergodic in the Mean if its autocorrelation satisfies:
T

) 1
Tlinoo 7/ |Rx(T)|dT =0
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